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A Theory of the Dynamic Plastic Deformation of a Thin Diaphragm* 


G. E. Hupson 
Physics Department, College of Engineering, New York University, New York, New York 


(Received February 23, 1950) 


The theory presented in this article was developed in an attempt to describe the observed motion and 
plastic deformation of clamped metal diaphragms used in certain underwater explosion experiments and in 
certain mechanical gauges. The theoretical attack on this problem enables one to set up certain equations of 
motion, which may be solved in finite form under certain conditions. The solutions enable one to specify, for 
instance, the final deformed diaphragm profile, the distribution of thickness after deformation, the swing- 
time, which is the total time for deformation to take place, and many other quantities. 

The simplest case, termed the “elementary approximation,” turns out, except for relatively minor details, 
to describe adequately for many purposes the motion and final shape of the diaphragm; it is found that the 
deformed diaphragm shape is conical, the thickness distribution shows a marked dimpling at the center of the 
diaphragm, and the swing-time fs is, to this order of approximation 


ts=a/c, 
where a is the radius of the diaphragm, and c is the square root of the ratio of the “yield stress” to the 





density. These results are all in good agreement with experimental facts. 





HISTORICAL BACKGROUND 


N connection with the torpedo-protection program 
which was conducted at the Taylor Model Basin, 
U.S. Navy, during the War, detailed studies were made 
of the damage done by underwater explosions to thin 
metal circular diaphragms, air-backed, and held rigidly 
at their peripheries. The idea was, that if an adequate 
description and explanation of the phenomena attendant 
on the damage to such an apparently simple structure 
could be obtained, some progress toward an under- 
standing of damage produced similarly in more complex 
structures might be made. At the same time smaller 


* This article is a revision and extension of a report written while 
the writer was at the David Taylor Model Basin, U. S. Navy. It 
was then entitled “A Theory of the Impulsive Plastic Motion of a 
Thin Diaphragm Normal to its Initial Plane” and was Part 18 of 
TMB Report R-254 (June 1944). Part of this paper was the subject 
of short talks given at the American Physical Society Meeting 
(Fluid Dynamics Section), Washington, D. C., May 1947, and at 
the Symposium on Plasticity, Brown University, Providence, 
Rhode Island, 9 February 1948. It is expected that the article will 
be one paper of a Compendium on British and American work on 
underwater explosion research to be published under the auspices 
of the U. S. Navy, with Dr. G. K. Hartmann, Chief of the Ex- 
plosives Research Department, Naval Ordnance Laboratory, 
White Oak, Maryland, as American Editor, and Dr. E. G. Hill, 
Chief Scientist, Naval Construction Research Establishment, 
Rosyth, Scotland, as British Editor. 


metal diaphragms were used, by several other research 
groups as underwater gauges for estimating from their 
deformations the relative strengths of underwater ex- 
plosions. These investigations led to certain theoretical 
developments along this line but from a point of view 
different from that taken in this article.t On a later 
occasion, the necessity arose for the development of a 
simple mechanical gauge to measure the velocities 
acquired impulsively by large structures when they are 
subjected to a very great force of very brief duration. 
For this purpose, a small thin lead diaphragm was 
mounted in a rigid closed container which was then 
attached to a given structure. When an impulsive 
velocity was imparted to the structure, normal to the 
plane of the diaphragm, the diaphragm container moved 
and the diaphragm material tended to remain behind. 
The resulting deformation was of course the same as if 
the diaphragm itself had suddenly had impressed on it 
an equal but opposite uniform velocity normal to its 
plane while the container remained fixed, as in Fig. 1. 


f See, for example, J: G. Kirkwood and J. M. Richardson, “The 
plastic deformation of circular diaphragms under dynamic loading 
by an underwater explosion wave,” OSRD 4200 (1944). This 
unclassified report is a summary of most of the work presented in 


two earlier reports by Kirkwood, OSRD 793, and 1115, also 
declassified. 
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Fic. 1. (A) The diaphragm receives an initial impulsive velocity 
v, denoted by vertical arrows. (B) The material has a radial ve- 
locity distribution, denoted by horizontal arrows, and is restrained 
from moving at the periphery. (C) The bending wave, shown by 
the sharp corners in the profile has progressed inward from the 
edge. (D) As the diaphragm deforms further, the central region 
remains flat and moves with its initial velocity ». The bending 
wave is traveling into the central region and progressively de- 
forming it. (E) As the bending wave nears the center it speeds up 
slightly. (F) The speeding up of the bending wave results in 
rounding off the apex of the conically deformed diaphragm. 














The theory presented in this article was developed in an 
attempt to describe the observed motion and deforma- 
tion of metal diaphragms under some of the conditions 
encountered in these experiments and with these 
instruments. 


BASIC SUPPOSITIONS 


The exact nonlinear partial differential equations of 
motion describing the dynamic plastic deformation of 
the metal in a diaphragm such as we have been con- 
sidering are extremely complex. Even if it were possible 
to solve these with existing mathematical techniques the 
solution would without doubt be so unwieldy as to 
necessitate the introduction of radical simplifying ap- 
proximations. Hence, it seems desirable to attack the 
theoretical problem of analysis of this motion by the 
artifice of replacing the actual mechanical system by a 


fictitious one in which are incorporated certain con-' 


straints which do no work and which operate to 
simplify the equations of motion. At the same time, this 
idealized model must be so chosen that most of the main 
qualitative features of the diaphragm motion, as actu- 
ally observed, are preserved. In this way, it is hoped 
that the motion of the model when found agrees closely 
enough with that of the real system so that certain 
quantities, such as thickness distribution, central de- 
flection, total strain, and time of deformation do not 
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differ too much in magnitude from their actually ob- 
served values. 

Consider, therefore, an ideal thin metal circular dia- 
phragm of uniform thickness 4, and radius a, held 
rigidly at its periphery. Initially, suppose that the 
diaphragm material has a uniform velocity component v 
normal to its initial plane. Because in the actual dia- 
phragm, an elastic wave may then quickly set the ma- 
terial in motion radially, we shall suppose in addition 
that in the ideal diaphragm, there may be an initial 
linear radial velocity distribution superimposed on the 
uniform normal velocity v.{ Estimates of the magni- 
tude of this effect will be made in a later section. 

At any later instant, the situation is considered to be 
as follows. A plastic bending wave has traveled inward 
some distance from the edge. In connection with this 
wave, we shall suppose that its shape is as shown in 
Fig. 2; that is, the bending wave represents a true 
discontinuity in the slope of the instantaneous profile of 
the diaphragm. As the wave sweeps over each annular 
material element in the flat central region, in effect it 
tilts it into the shape of an annular truncated conical 
element behind the wave. During this process, it is as- 
sumed that, because of the thinness of the diaphragm, 
no significant amount of work is done in bending. More- 
over, no impulsive thinning is supposed to take place in 
the bend of the wave. We further suppose that the only 
stresses of importance at the bending wave are radial 
and circumferential principal stresses just ahead of the 
wave, and behind the wave in the tilted region, a normal 
stress component along the generator of the tilted 
element, a shear stress component, and a circumferential 
normal stress component. 

Now the material passed over by the wave shall be 
supposed to have come to rest. The stresses which exist 
in this region are supposed to be such as to just hold the 
material in equilibrium—although their tendency to 


FLAT CENTRAL REGION 








Fic. 2. Cut-away sketch of the diaphragm at some instant after 
the motion has begun. The flat central plastic flow region ahead of 
the bending wave, the wave itself, and the deformed region behind 
the bending wave, in which the material is supposed to be rigid and 
at rest, are clearly shown. 


t This initial elastic stress phase has been investigated, but not 
published to the writer’s knowledge, by F. Bohnenblust. He indi- 
cated orally some years ago to the writer that the circumferential 
stress component rises very quickly behind the elastic-stress wave 
in which the only nonvanishing stress component is the principal 
radial stress. 
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cause further plastic flow or not is a subject for further 
investigation, and might constitute a partial theoretical 
test of the model. 

Within the central region which is as yet unaffected 
by the plastic bending wave, the diaphragm is still sup- 
posed to be flat, and therefore in the absence of normal 
force components it retains its uniform normal velocity 
vy. At the same time, the material in the flat central 
region is supposed to be flowing radially outward and 
thinning. To avoid the extreme complexities of con- 
sidering the probably nonuniform distributions of ten- 
sion and thinning in an actual diaphragm, we introduce 
in this region a distribution of constraint forces which do 
no work and which produce a uniform thinning over the 
region during the motion. These constraints must be 
considered to yield a nonuniform stress system which is 
superimposed on the stresses arising from the uniform 
plastic deformation of this region.§ Their total effect is 
simply to bring about a simple radial velocity distribu- 
tion and to afford a means of transferring the kinetic 
energy lost at the bending wave into kinetic energy of 
radial motion in the flat central region. Kinetic energy 
of thinning is supposedly very tiny, and is neglected. 

As regards the properties of the metal of which the 
diaphragm is composed, we shall suppose the following. 
Because we are here dealing with finite deformations 
and strains, all purely elastic effects, other than those of 
the initial stress wave which have already been men- 
tioned, would seem to be negligible. Consequently, we 
shall suppose that except for the initial elastic action, we 
are dealing with an ideal incompressible plastic material, 
with a zero elastic strain range. This is consistent of 
course with the surmise of the initial very high speed 
elastic stress wave and the “freezing” of the material 
when it unloads as the bending wave passes by. Further- 
more, we shall suppose that there are no strain rate 
effects affecting the plastic flow. We shall suppose, 
therefore, that the data obtained from a tensile test of 
the diaphragm material in which the tensile stress is 
exhibited as a definite function of the natural elonga- 
tional strain, are, in combination with general laws of 
plastic flow, sufficient to specify the plastic properties of 

the material. 

Naturally the mathematical statement of the problem 
depends to a certain extent upon the choice of the type 
of plasticity theory, although in any case an apparently 
consistent formulation may result. As a matter of fact, 
for the type of motion herein investigated, no differences 
arise whether one applies the plastic deformation type 
of theory, or the plastic flow theory of plasticity.|| The 
point of view of the latter is taken in this article. 

With the foregoing picture in mind, it is found possi- 
ble to develop a consistent mathematical formulation of 
the theory of the main motion so as to satisfy the 


_§ Henceforth, these latter are denoted as “plastic stresses” to 
distinguish them from the stresses arising from the constraints. 

| For a discussion of these basically different theories see W. 
Prager, J. Appl. Phys. 19, 540 (1948). 


PLASTIC DEFORMATION OF A THIN 








DIAPHRAGM 




















Fic. 3. A sketch of the diaphragm configurations at two suc- 
cessive instants, ¢ and ¢+dt. The various quantities which enter 
into the several geometric and kinematic relations are portrayed 
here. 


fundamental laws of mechanics.{ This is done in the 
following sections. 


MATHEMATICAL FORMULATION OF THE THEORY 


The basic suppositions and assumptions introduced in 
the preceding section lead to certain quantitative rela- 
tions between the parameters which describe the con- 
figurations and state of the diaphragm material. The 
development of these relations can be divided into four 
main parts. Part 1 has to do with conservation of mo- 
mentum, energy, and mass (volume) in the neighbor- 
hood of the bending wave. In Part 2, the equations of 
motion of the material in the central flat plastic portion 
are derived, and in Part 3, plasticity theory is introduced 
and applied. Part 4 is concerned with the specification 
of the initial state of the motion. 


1. Conditions in the Neighborhood of 
the Bending Wave 


Suppose that, at any time /, after the start of the 
motion, the distance of the bending wave from the 
center of the diaphragm is R, as shown in Fig. 3. Let dL 
be the width of an elementary ring of thickness H just 
ahead of the bending wave. During the time interval dz, 
this ring is swept over and, in effect, tilted by the 
bending wave as it is propagated inward. The radial 
distance traveled by the wave in this time is —Rdt, the 
negative sign being affixed because R, the velocity of the 
bending wave, is negative. Let the material at a distance 
dL ahead of the bending wave have a radial velocity UV 
outward, so that it moves a distance Udt in time dd. 


. Hence, as is evident from Fig. 3, the rate at which 


material is swept over by the wave is 
dL/dt=—R+U. (1) 


As the wave travels by, the material ring of width dZ in 
effect is tilted impulsively into a truncated conical ring 
of width dL and thickness H. In deforming, the inner 
edge of the annulus undergoes a displacement vdt 
normal to the original plane of the diaphragm while the 


{ The treatment of the initial elastic action is perhaps not 
quite as satisfactory, except when the hypothesis of a zero elastic 
strain range is rigidly maintained. This appears to be a subject for 
further investigation. 
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outer edge remains fixed. Actually, then, the bending 
wave travels a distance dL along the generator of the 
conical element while it is traveling inward along the 
radius a distance —Rdt. Hence, the rate at which the 
wave travels along the profile of the deformed dia- 
phragm is given by 


dL 
== (+04) (2) 


It is clear, from this and Fig. 3, that the generator of the 
conical element makes an angle a with the outward 
pointing radius, defined by the relations 


dL/dt cosa=R, (3) 
dL/dt sina=1, (4) 


which together are equivalent to (2). 

Let Ser’ be the total normal stress component parallel 
to a generator in the diaphragm at a point just behind 
the bending wave, and let Sru’ be the total shear stress 
component parallel to a plane element normal to the 
generator at this point as in Fig. 4. By total stress. is 
meant here the sum of the plastic and the constraint 
stresses. These components exert forces of magnitude 
Srr'HRdé and Srx’HRdé respectively on the outer 
edge of a segment of width dZ and thickness H which 
subtends an angle d@ at the center of the diaphragm. 

In time di, this segment loses all its momentum com- 
ponent, pH Rd@dLv, normal to the original plane of the 
diaphragm. If the change in momentum is equated to 
the impulse [—Srr’ HRdé sina+S rx’ HRdé cosa |dt de- 
livered in this direction in time dt, there results the 
relation 


p(dL/dt)v=Sprr’ sina—Spy’ cosa. (5) 


Similarly, if Sz is the total principal radial stress 
component in the diaphragm material just ahead of the 
bending wave, as in Fig. 4, the net radial force com- 
ponent on the same segment of the annular element 
while it is being tilted is —Srr’HRdé? cosa—SpHRdé 
— Sru’ HRdé sina. In time dt this effects the removal of 
the radial momentum pHRd6dLU from the segment. 
Again if the change in the radial momentum component 





Fic. 4. Plastic and constraint stresses at the bending wave. The 
bending wave has traveled partly through a segment of an annular 
element, and the various stresses which serve to remove the 
momentum from this segment are shown. 
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is equated to the impulse, we obtain the relation 
p(dL/dt)U=Sr+Srr’ cosat+Spy’ sina. (6) 


As the bending wave sweeps inward over the element 
depicted in Fig. 4, the stress Sz does work of amount 
—SprHRdéUdt on it, while the stresses Spr’ and Sex’ 
being of the nature of constraint forces in the rigid 
stationary material behind the wave, do no work. The 
work which is done in the time dt equals the increase in 
kinetic energy, so that 


dL 
e+e) Sal’. (7) 


Several consequences of interest can be deduced quickly 
from Eqs. (1) through (7) inclusive. Recognizing from 
(1) and (2) that 


U?+v?=2U(U—R) 


and incorporating this in (7), and combining the result 
with (6), we find that 


dL | 
— =Sppr’ cosa+ Srp’ sina. (8) 
t 
Substituting for R in (8) and for » in (5) from (3) and 
(4), we find, since the determinant 


sina, —cosa 
#0 








cosa, sina 


that the speed of the bending wave with respect to the 
material on either side of it is 


dL /Srr'\' 
4 m 
dt p 





and that the shear stress behind the bending wave is 
Srv’ =0. (10) 
Substituting the value of U obtained from (1) into (6) 
and utilizing (8) and (9), we find that 
Serr’ =Sr (11) 


so that there is no stress discontinuity and no shock in 
this sense at the bending wave. In addition (3) and (4) 
may be combined to give 


tana=0/R. (12) 
Similarly (1) and (2) yield 
U?—2UR—v?=0 (13) 


while utilization of U?++0?=2U(U—R), obtained previ- 

ously from (1) and (2), in (7), and then substituting for 

(U—R) from (1) and for (dL/dt) from (2), yields 
p(R?+0?)=Srp. (14) 


Equations (9) through (14) inclusive are entirely 
equivalent to the original six independent relations 




















PLASTIC DEFORMATION 


described by (1) through (7), inclusive. Clearly we may 
regard these equations as defining the six quantities 
dL/dt, Sen’, Srr’, a, R, and U in terms of »v and p, 
and Spr. 


2. Equations of Motion in the Flat Central Region 


The component velocity of any particle in the flat 
central region, perpendicular to the original diaphragm 
plane, is supposed to have the constant value » until the 
bending wave sweeps inward over it. This normal 
motion is quite independent of the radial motion, which 
in general might conceivably be much more complicated. 
The radial motion is of importance, for upon it depends, 
in part, the distribution of thinning in the diaphragm. 
Let us now consider this radial motion. 

As mentioned previously, in order to avoid the 
mathematical complication of nonuniform thinning in 
the flat central region and the necessity of attempting to 
solve nonlinear partial differential equations of motion, 
we introduce a system of constraints which serve to 
maintain a uniform thickness H throughout this region. 
Consequently, at time ‘+d, a disk which was of radius 
R—dL, and uniform thickness H at time ¢, has stretched 
into one of radius R—dL+ Udt and uniform thickness 
H+Hdt. Since its volume is conserved we are led to the 
equation 

H/H+2U/R=0. (15) 


A similar consideration of an interior disk of mo- 
mentary radius r<R, at time ¢, and initial radius ro, 
shows that 

r/ro= Or/Oro=(h/H)* (16) 


so that r/ro is a function of time only. Equations (16) 
will be termed the “‘constraint equations” for the flat 
central region. 

Now the forces exerted on each material particle in 
the central region are due to the constraints and to the 
plastic stresses. We are supposing that the only normal 
plastic stresses in the central region are radial and 
circumferential stress components o, and a9, respect- 
ively. On an elementary segment, of width dr and thick- 
ness H, which is a distance r from the center of the 
diaphragm where it subtends an angle dé@, these stresses 
exert a net force 


[0/dr(ro,)— o¢ |Hdédr. 


But from the constraint expressed by (16), it is clear 
that the radial and tangential strains, and hence the 
radial and tangential strain velocities are equal and 
functions of the time only. It follows from plasticity 
theory that the radial and tangential plastic stress 
components are equal and are functions of the time only 
(see Part 3). Hence, the plastic stresses exert no net 
accelerating force on the particles in the flat central 
region interior to the bending wave. The only possible 
accelerating forces in this region are the constraint 
forces; that is, we may define the outward accelerating 
force on the element of mass pHrdrdé by a differential 
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quantity df'd@=(dI'/dr)drdé, except for elements just 
ahead of the bending wave. Combining (16) with the 
equation of motion of this element, we find that 


asi or 
pa—(— ) =—. (17) 
dt??\ Ht or 
At the bending wave itself we must have 
RHSr=RHo,4+T r (18) 


where Iz is the value of when r=R, and is to be so 
chosen that the constraint forces do no work. This means 
that the rate of working by the whole set of constraint, 
forces is zero, viz., 


Qn R Or 
f —dT'd0—2nT RU =0; 
0 %o Ot 


if this integration is carried out, using (15), (16), and 
(17), we see that 


Rai 
lr =pHi— —(—). (19) 
4 d?\H} 
Equation (17) may now be integrated to yield 
ds i 
r = tyolt'(4r-—R)—(—) (20) 
d?\ Hi 


as the quantity defining the distribution of constraint 
forces in the flat central region. 

It is interesting to note (and a check on the work) 
that if one now equates the total rate of decrease of 
kinetic energy for the whole diaphragm to the rate at 
which energy is being absorbed in plastic working of the 
material, viz. —o,H7R?, the resulting relation, after a 
bit of manipulation, is identical with (7), as it should be. 


3. The Application of Plasticity Theory 


To complete the discussion in the previous section it is 
necessary now to introduce certain stress and strain 
relationships in the flat central region. Because the rates 
of change of the principal strains are proportional to the 
principal strains themselves, as a result of the constraint 
relation (16), it is not important to formulate the plastic 
flow relationships in a completely general fashion.** It 
suffices to write these laws in terms of the principal 
stresses 01, ¢2, ¢; and principal natural strains €1, €2, €3 
in the form 

eit etes=0 
and 
O1—03 o2—03 Ty) 








Gi €3 Eg €3 ¥ 3 


** For such formulations, see, for example: Handelman, Lin, and 
Prager, Quar. Appl. Math 4, 397-407 (1947). In the present report, 
the plastic flow laws reduce to a form identical with that of the 
deformation theory of plasticity. 
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The first states the law of conservation of volume, while 
the second, as a consequence of the first, states that the 
principal strains (more generally the strain rates) are 
proportional to the deviations of the stresses from an 
isotropic stress state. The factor of proportionality, +/+, 
is the ratio of the octahedral shear stress 


7t=4[(01—2)?+ (o2—03)?+(o3— 0)? }! 


to the octahedral shear strain 
v= 43(e:?+ €:?+ €:")! 


and, when the material is yielding plastically, the ratio 
is a function of y, having a form determined empirically 
from a tensile test for example. According to our previ- 
ous supposition, in a tensile test, the tensile stress a7, is 
related to the natural longitudinal strain, ez, by 


or=a(ez). 


In a tensile test r= (V2/3)o7, while y= (V2/2)ex. Hence, 
we may rewrite the above relation as 


1(y) = (V2/3)o(v27) 


which is now applicable to a more general stress state 
than that occurring in a tensile test. 

Let us now apply these laws to the central flat region 
of the diaphragm. In this case 


o1=¢,, C2= 08, o3=0nH=0, 


or 
€:=€,=log—, ¢€2:=e9=log(r/ro), €3:=€n =log—, 
Oro h 
where cy is the principal stress in the thickness direc- 
tion, and ¢,, €s, and ey are the natural (logarithmic) 
strains in the directions indicated by the subscripts. As a 


consequence of (16), €:=€:= — es, so we find that 
o,= 08 (21) 
and 
o,=a(logh/H). (22) 


Equality (21) has already been used in the previous 
section in obtaining (17). 


4. The Specification of the Initial State 


As the initial elastic stress wave front sweeps inward 
from the edge it may accelerate the material particles, 
leaving any real diaphragm in a state of plastic flow with 
the material flowing radially outwards. However, for the 
ideal material with which we have been dealing, with a 
zero elastic strain range, the elastic stress wave would 
travel at an infinite speed from the periphery to the 
center. Consequently, although the discontinuity in 
stress across the front of such a wave is quite high, 
jumping from zero to the yield stress ¢= (0), the actual 
impulse delivered to any material particle swept over by 
the front would be zero. This seems to be possibly a 
rather extreme case, however, and since the theory does 
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permit the assumption of an initial radial velocity dis- 
tribution of a certain kind, a rough estimate of the 
possible magnitude of this effect will be made as follows. 

In accordance with the constraints placed on the dia- 
phragm material, we shall assume that the motion, 
generated in the elastic deformation, can be approxi- 
mated by one of a normal type with a linear radial 
velocity distribution which is zero at the center and 
greatest at the periphery. Then the radial coordinate r of 
a particle, initially at ro, is 


rar), 
a 


where g is the normal coordinate of the constrained 
motion, and “a” is the radius of the diaphragm. The 
elastic stresses for such a motion are 


Gy Oy™= (E/1—v)q/a, 


where E is Young’s modulus and » is Poisson’s ratio. The 
motion begins at a time ‘=0, when the stress at the edge 
rises suddenly to the yield stress . Hence the equation 
of motion is, after calculating the equivalent mass from 
the kinetic energy, 


pa q 
—§+(E/1—»)-=0 
4 a 


to be solved subject to g(0)=0, g(0)=0. We find that 


1—v\i 2 E ; 
q(t) -20( ) sin-( ) t, 
pE a\ p(i—v) 


ao(1—v) , “( E ¢ 
#) =———— 1—cos- 
a) E | ~~’ a) 


When gq is a maximum, the stresses in the diaphragm 
reach the yield point, and from that time on, plastic 
flow takes over. This happens at a time 


mwa f p(i—v)\! 
no E ): 


the velocity distribution may be written 


or To To 4o o(1 me v) ; 
dt a a \ pv? E 




















The time for complete plastic deformation of a dia- 
phragm may be estimated roughly, considering the 
bending wave to travel along a radius with a speed 


°>—(a/p)}. 


It reaches the center at a time 


ts>a(p/c)'; 





tk 











the ratio of tg to /s is thus 





fe x fa(i—v) 
=“(— ) =3 percent 
yt 4 


for some steels.f{ Similarly, elastic considerations give 
the radial velocity at the periphery, 


or (i—v)o\'740\! 
-| =o( ) (=) 0.675 v 
Ot SElastic E pv? 


while a rough order of magnitude of a typical plastic 
radial flow rate U may be obtained from (13): 





y2 


pv?\3 
z=o( =) 0.055 », 
—2R 4o 


v [=] —_> 
Elastic 


— 28 percent. 
~ 675 . 
From these results we see that although the initial 
elastic effects occur very rapidly, they may result in a 
radial velocity distribution of significantly large order of 
magnitude. Because of this, it is a bit unfortunate that 
the estimate (23) is not based on a firmer foundation; 
this appears to be a subject for further investigation. 
The remaining initial conditions, other than (23) 
(which we now take to hold at /=0) may be listed. The 
initial radius of the bending wave is 


U= 





so that 





R(O)=a; (24) 
the initial thickness is 
H(0)=h; (25) 
the initial radial velocity at the bending wave is 
4o o(1—v)\? 
v@)=( ———), (26) 
pvr CE 


where E= ~, for a material of zero elastic strain range. 

Finally in order to define the final shape of the dia- 
phragm profile, we introduce the distance Z(t) of the 
central flat region from the initial plane of the dia- 
phragm. Clearly, 


Z=u (27) 


so that once R is found as a function of /, elimination of ¢ 
between R and Z will yield Z= Z(R), the equation of the 
diaphragm profile. This concludes the mathematical 
formulation of the theory. 


tt Typical values of parameters for obtaining these quick 
estimates are: 


o=6X 10‘ lb/in2 
E=3X 107 lb/in? 
y=0.3 


p=0.75X 10 lb sec?/in.* h=0.05 in. 
v= 10? in./sec a=5 in. 


PLASTIC DEFORMATION OF A THIN DIAPHRAGM 


SUMMARY OF THE EQUATIONS OF MOTION 


For convenience, the relevant defining relations are 
collected here: 











Sr R@si 
a A) rena 5 (5) 
4 di?\H} 
tana= Sr= aie 
(A) ; RH 
h 
Srr’ =Sr o=o4=o( log—) 
H 
| Sern’ =0 Z=ut 
(U2—2UR—v? =0 
h 
nt+0) =o log) + tora (— ) 
(B) ) H dt?\ H} 
H U 
Tie ae 
H R 
R(O) =a 
H(0)=h 
(C) 
40 o(1—v)\! 
U(0) =v{ —- ). 
pv? E 


In (A) the quantities on the left of the equations are 
defined in terms of p, h, v, o(logh/H), t, R, and H. The 
relations (B) constitute a differential system of third 
order in H, U, and R, so that (C) furnishes the necessary 
three initial conditions. In order to solve (B), it is 
necessary, in addition, to have an explicit functional 
form for o(logh/H). For example, if the ideal material is 
one which does not work harden, then we have simply 


a(logh/H)=c . (28) 


where o is a constant. 


An Elementary Approximation to the Solution 


In case the effect of the constraint forces, that is, ac- 
celeration of the material in the central flat region, is 
small throughout most of the motion, so that it may be 
neglected, the equations (B) take on a particularly 
simple form, especially if the material is one which does 
not work harden. Then the order of the set of differential 
relations. becomes two, so that only two initial condi- 
tions, those on R and on H, can be applied. Although it 
is not necessary, it is also convenient to suppose that 
a/pv” is a very large number compared to unity, which 
is certainly true for many cases of interest. For the 
typical values listed in a previous section o/pv?= 80. 

Let us denote the constant o/p by c?. Then, neglecting 
high powers of v/c, the solution of the equations may be 
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written 


R (v/c)? 
-) 





v 
Z=-(a—R) (d) 
c 4 


These equations tell us that the radial speed U is a 
small constant at the bending wave, and that the speed 
of the bending wave from the edge to the center of the 
diaphragm is a constant, independent of the initially 
imposed normal velocity v. The thickness distribution in 
the deformed diaphragm given by Eq. (29)(c), shows a 
dimpling tendency at the center; in fact at the last mo- 
ment the thickness becomes zero at the very center—no 
doubt a consequence of the idealizations and approxi- 
mations. In any event, the variation with R is so rapid 
near R=0, the tiny pinhole would not actually be ex- 
perimentally very apparent. Furthermore, this rapid 
variation of thickness indicates that at the last mo- 
ment, when R/a<1, the neglect of the constraint effects 
might be more serious than otherwise; however, this 
does not turn out to be the case in general, as shown in 
the next section. Equation (29)(d) shows that the dia- 
phragm assumes a conical shape, as indicated by ex- 
periment, whose center deflection is proportional to the 
initial velocity v. This last is the basis for the use of such 
diaphragms as impulsive velocity indicators, as de- 
scribed earlier. Quantitatively there is also fair agree- 
ment between these results and experimental observa- 
tions. Indeed, even the total time for deflection, which 
has been called the swing time fs, of the diaphragm, and 
is given by 

ts=a/c, 


is seen to be independent of 2, to this order of approxi- 
mation ; computed values where higher powers of v/c are 
included agree rather well with the experimentally 
observed ones. 

The results of this section on the elementary theory 
were implicit in the writer’s first report on the dia- 
phragm theory. In that report, as in this section, no 
serious attempt was made to estimate the effect of the 
motion in the central flat region on the explicit solution 
of the problem; that is, the nonlinear partial differential 
equations of motion for this region were not taken into 
account by the introduction of constraints. 

The present article is a generalization of the former 
one, as will be seen in the next section; there the exact 
solution of the equations (B) and (C) are obtained and 
inform us as to the effect of radial motion and thinning. 


THE EXACT SOLUTION OF THE EQUATIONS OF 
MOTION FOR A MATERIAL WITH NO 
WORK-HARDENING 


Although the differential equations (B) are non- 
linear, still they may be solved explicitly in a finite form 
involving a single quadrature, at least in the case for 
which there is no work-hardening. Let us introduce the 
nondimensional parameters 


B=R/a, [=vt/a=Z/a, 
ili U/v, 5=4a/ pv’, 
n=H/h, «=((40/pv*)o(1—»)/E}}, 


where, for the values suggested in a previous section 
5= 320, and x=0, or 0.675. 
After a certain amount of algebra, equations (B), 
reduce to 
n'/n=—2(u/B) (a) 
2up’=y?—1 (b) (30) 
(2—?)B’+ Bup’ = (3—5)y (c) 


where a prime means differentiation with respect to ¢. 
These equations are to be solved subject to the initial 
conditions (C) which may be rewritten: 


B=n=1, (d) (30) 


By dividing the sides of (30)(c) by the corresponding 
sides of (30)(b), the variable ¢ is eliminated, and we are 
left with an integrable equation whose variables are 
separated, relating 8, and uw. Similarly by multiplying 
the right side of (30)(a) by the left side of (30)(b) and 
conversely, and employing the previous integrable ex- 
pression to eliminate 8, we find an integrable relation 
involving 7 and u. Finally ¢ is found in quadrature form 
in terms of uw, and B(u) from (30)(b). This explicit solu- 
tion may be exhibited as 


R p2— ax, \ Mar Diaz) 
—=6()=(——) 


a K?— 2X1 


we Xe i( z2—-1)/( 22-21) 
x (a) 


K°>— Xo 


H pe— 2x —2( 21)/( 21-22) 
—=n(u)= ( ) 


h K2— 2X 
p?— x2 —2( x2)/( 22-21) 
x( ) (b) 


K2— Xo 


when ¢=0. 


M=Kk, 


Z ” 2p? 
a = d = 
~0=f cate 


where x1, X2, are the smaller and larger (positive) roots 
respectively of the quadratic equation 


x?— (26—3)x+2=0 





(32) 


and 4=U/»v. Unfortunately (31)(c) is not integrable in 
terms of elementary functions, in general; still a great 
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deal of information can be gained from an analysis of 
(30), (31), and (32), and from a consideration of special 
cases. 

For positive values of 6, which are the only ones of 
physical interest, the roots of (32) occur in pairs of 
positive values for $+V2=5= ~, and as pairs of nega- 
tive values for 0=5=%$—v2 (a very small range). For 
intermediate values of 5, the roots are complex. We shall 
be interested only in values of 523+-v2. At the lower 
limit of this range, corresponding to very large v, or small 
o values, we have x,;=x2=v2. As 5 becomes very large, 
vV2> 2:0 and V2< 2,0. 


Special Cases 


A. A case of considerable interest arises when x? 
coincides with one of the roots of (32). Now from (31) 
we see that the only possibility is for u* itself to be 
constant and equal to x”. From (30)(b) we then find that 
either O=y=x=1 or p= —x=-—1, in order for f’ to be 
negative. The first case only is admissible, since the 
second precludes y= «x initially. Thus we have 


0S p= K8= m= (5—§)— (5-9)? 2151 





and 6=3. 
The solution of (30) may now be written as 
1—«? 1—«? 
R=a———vt=a—- Z (a) 
2k 2k 
Ry e/0-) 
H -1(-) (b) 
a 
(33) 
U=xv (c) 
and 
c> x§+3x?+2 
§ =4— =———_- 333 (d) 


v? 2x? 


where, it will be remembered, c= (a/p)?. 

For x=1, 6=3, and v= (2/v3)c, and the deformed dia- 
phragm is cylindrical, ie., it ruptures completely. 
(Possibly in practice, rupture would occur before this, 
due to excessive thinning at the center, or shearing at 
the edge; experiments indicated the central failure to 
occur first with properly designed edge restraints. The 
above value of » might be regarded as an upper limit.) 

For other allowed values of «(= ), this solution is 
quite similar to the elementary approximation presented 
earlier, even quantitatively so, for large 6 values. For 
then 


K1/5}=0/2cK1, 


and (33) reduces to (29). 

- B. Still another case, perhaps even the most im- 
portant one for purposes of this paper, arises if we sup- 
pose that x may have any desired positive value, within 
reason, and that 6 is very large, so that x, is small and x2 
is large. We shall assume further that x?/x.<1, as is 
u?/x_ (since uw? varies from «x? to x;). Under these 


(6>>3) 
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simplifying conditions it is possible to derive an ap- 
proximation to the integral (31)(c) but in a somewhat 
indirect way, much too long to reproduce here in detail. 
We find that: 


41/6, x25>1, 


where 4, it will be remembered is 4c?/v?. Then, provided 
6 is large enough 


Z ut 7} 
—=—=2U0/(v?— U*)[1—(R/a)] (a) 

a a 

H R (v/c)? 

—-(-) (b)$. (34) 
h a 





U v 2 R \ 'e/v)*) 4 
aes) 
v 2c v? a J 


It can be shown that this approximation is uniform over 
the range of U/v from « to v/2c, and the range of R/a 
from 1 to 0; but the nearer « is to 1, the larger 5 must be. 
Now we may distinguish several possibilities. If «=0, 
which is the case of a material which has strictly no 
elastic strain range, we find that the shape of the de- 
formed profile, described by (34)(a), is conical near the 
center, with a center deflection identical with that given 
by the elementary theory. At the edge, the slope is zero 
(as required by (30)(b)). The thickness distribution is 
identical with that given by the elementary approxima- 
tion, while from (34)(c), the radial velocity increases 
very rapidly from zero to v?/2c. As x increases the solu- 
tion approaches the elementary approximation, the 
slope at the edge increasing, until when x=v/2c, the 
shape is exactly conical as in (29). As x increases further, 
the slope at the edge becomes greater, the center de- 
flection remaining the same, however, as does the 
thickness distribution. The radial velocity U, at the 
bending wave, decreases, again very rapidly, from xv to 
v?/2c. These results all seem physically quite reasonable 
and might have been expected on such grounds. A 
calculation indicates that there is actually very little 
other effect of different x values on the profile, as long as 
6 is very large. 

Apparently, then, we may conclude that the ele- 
mentary approximation is even more reliable than could 
have been hoped for, as long as there is no work harden- 
ing; indeed, under the conditions noted, the entire 
discussion concerning equations (29) is applicable. In 
the next section we consider some effects of work 
hardening. 


CONSIDERATIONS OF WORK-HARDENING 


In line with the results of the last section, it seems 
apropos, when introducing the complication of work 
hardening, to neglect the radial motion, insofar as its 
inertial effects are concerned. This was done in the de- 
velopment of the elementary approximation in the pre- 
vious section, as it is in the following. 
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Fic. 5. Profiles of completely deformed diaphragms. Curves a 
denote diaphragms whose material does not work-harden while b 
refers to diaphragms whose material work-hardens. The subscripts 
1 and 2 refer to different initial conditions in which the initial 
velocity » was taken as 10° in./sec. and 2X 10° in./sec, respectively. 
The effect of work-hardening in decreasing the center deflection is 
shown, and in rounding off the apex of the conical shape. 


Now the stress function of a material which work 
hardens may be written 


(1 ~) ] . (35) 
ol log— } =o+w log— 5 
oH oH 


where as before ¢ is the yield stress and w is the work 
hardening stress per unit natural strain in a tensile test, 
and has a value of approximately 400X 10* Ib/in.? for 
some medium steels. Such a stress-strain relation is not 
at all inconsistent with many empirical data. 

After introducing (35) into the general equations (B), 
with the constraint forces deleted, the differential equa- 
tions of motion can be written in terms of the previous 
non-dimensional notation with the addition of 


e= w/ (pv). 


If, furthermore, we let 


((-1+ene) 
f= 4 a 


the equations take the simple form 


w+ 2ué—1=0 (a) 
(b) (36) 


dg =—dB/t (c) 


where for the time being £, not ¢, may be considered to 
be the independent variable. Although these equations 
can be solved explicitly with but one indicated quadra- 
ture remaining (from (36)(c)), the solutions are so 
complicated that it is more instructive to consider a 
special case in which the approximation §>1 may be 
made. It is clear that for the typical values we have been 
utilizing this is the case (e.g., 5/480). Thus (36)(a) 
immediately yields 


1 
p=—t+(+ 1). (37) 
2¢ 
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After some manipulation, the solutions, to this order of 
approximation, can be rewritten with 8, or R/a, as the 
independent variable. Thus, with c?= ¢/p, as before, and 
d*=w/p, we have 


v? 


U=—{1—9}-* (a) 
2c 


Hh exp——{(1—6)'—1) (b) (38) 


Oh 


c 


R 
z=u-—- f '1-g}-dR — (c) 


Ca 


where ¢ =2(v"d*)/c* logR/a. It is interesting to note that 
as d—0, that is, the work-hardening stress becomes 
small, the above solution reverts to the elementary ap- 
proximation (29), since ¢ vanishes like d? in the limit. 
One major difference stands out between the above and 
the previous solutions—at the center of the deformed 
diaphragm, (dZ/dR) vanishes. That is, the apex of the 
conical shape is rounded off, in complete qualitative 
agreement with the observations. It is also of interest to 
observe that the center deflection of the deformed dia- 
phragm is somewhat less than that of a diaphragm 
whose material does not work-harden, but which has the 
same yield limit and initial conditions. These observa- 
tions are illustrated by the diagrams of Fig. 5, in which 
are compared the deformed diaphragm profiles for two 
materials, one of which does not work-harden. The 
profiles of the diaphragms whose material work-hardens 
were calculated by integrating numerically (38)(c) 
(which, incidentally, may be put in the form of an 
incomplete I'-function). It is probable, that by taking 
account of strain-rate effects, which have not yet been 
incorporated into plasticity theory, an even more 
marked rounding off would occur at the center than is 
evident from Fig. 5. 

One should note that, as a result of neglecting the 
constraint forces in the approximate solution for a work- 
hardening material the initial value of U is completely 
determined, and equal to v?/2c, as in the elementary 
theory. A more general solution including the constraint 
terms would of course allow this initial value to be given 
arbitrarily. Although such a solution has not been 
investigated, it is likely that U would quickly approach 
the value given by (38)(a), after performing its initial 
task of increasing or decreasing the slope of the dia- 
phragm profile near the edge. 


CONCLUSIONS 


In partial conclusion, before summing up the ac- 
complishments of this theory, it might be well to point 
out some of its shortcomings. First, the constraint forces 
imposed on the central flat portion are seen actually to 
yield an infinite constraint tension or stress just at the 
center of the diaphragm. However, other idealized 
theories have frequently led to similar paradoxes; e.g., 
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the pressure (which is actually a constraint stress) im- 
posed by the assumption of incompressibility is infinite 
at a sharp corner in the theory of potential flow of a 
liquid. Second, the imposition of rigidity on the material 
behind the bending wave is an obvious artificiality ; 
finally, the assumption that the bending wave is an 
actual discontinuity in slope is not strictly inaccord with 
the facts. It would indeed be pleasant to be able to relax 
some or all of these idealizations; however, it is clear 
that, having recognized the artificialities for what they 
are, it has been quite necessary to invoke them in this 
paper in the name of mathematical simplicity. 

Equations (A), (B), (C) together with an empirically 
determined stress-strain relation [analogous to (28) or 
(35) ], specify completely the motion and plastic de- 
formation of any diaphragm of radius a, thickness h, and 
initial velocity v. For instance, one may calculate the 
following: 


. The radius R of the bending wave as a function of the time. 
. The diaphragm profile at each instant. 

. The thickness distribution. 

. Displacement—time curves of particles in the diaphragm. 

. Stress and strain distributions. 

. The center deflection as a function of 2. 

. The total time for the deformation to take place. 


The viewpoint presented here admittedly has led to a 
kind of short-cut procedure which is designed to circum- 
vent certain mathematical difficulties inherent in a more 
rigorous theory. Because of this method of attack, it 


may be necessary in the future, in order to make the 
results more generally applicable, to re-examine some of 
the basic assumptions made herein. Outstanding among 
these is the question of the initial radial velocity and 
stress distribution (although the results seem to indicate 
that this has only a slight effect on the final answer). 
Other investigations might consider such effects as the 
magnitude of the energy absorbed at the bending wave, 
equilibrium of the region behind the bending wave, and 
the possibility (which seems small) of plastic flow in it, 
and the possible nonuniform radial flow and tension in 
the central flat region. 

To conclude, the theory presented herein describes a 
dynamically possible mode of motion, and one which 
can be handled simply, in a mathematical sense. Be- 
cause the theory is based, for the most part, on experi- 
mentally observed facts, there is a strong possibility 
that the motion derived from it approximates closely 
that of a diaphragm deforming plastically after having 
been given an initial uniform velocity normal to its 
original plane. 
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The article shows how lines of force of various magnetic fields can be visually depicted in three dimensions 
by means of a gas discharge. The method is illustrated by several photographs proving especially its applica- 
bility when investigating fields of small geometrical dimensions. 


INTRODUCTION 


ECENTLY several papers have been published 
describing particular appearances of gas discharges 
in magnetic fields,! one of them dealing with results 
obtained when using parts of a magnet as cathode.” In 
the latter case the discharge appears as luminous bands, 
in the cathode region of the gas discharge, which follow 
the magnetic lines of force. This suggested the use of 
the phenomenon as a means of mapping magnetic fields. 
The authors have worked out an improved method 
1 Electronics, The Electron Art, edited by Frank Rockett, 
December, 1948. 


2 F. Ehrenhaft, Phys. Rev. 75, 1628 (1949). F. Ehrenhaft, Acta 
Physica Austriaca, Bd IV, 1, 1950. 


which enables one to make visible several chosen lines 
of force at once (i.e. the entire field need not be mapped 
with multiple-exposure photographs)! and to their full 
extent between the opposite surfaces of the pole pieces. 
Furthermore, the new method turned out to be of 
decided advantage in investigating complicated shaped 
fields especially those of geometrically small dimensions, 
the mapping of which is generally difficult. 


APPARATUS 


The set-up used is shown in cross section in Fig. 1. 
The containing vessel is large enough so that the magnet 
can be placed directly in the discharge area and also so 
that the effect of the walls on the discharge will be small. 
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CROSS SECTION a-b 





Fic. 1. Set-up used: 1. Bell jar; 2. Glass plate; 3. Stopper; 
4. Lead to cathode; 5. Lead to anode; 6. Tube for evacuation; 
7. Anode; 8. Magnet (cathode). 


As cathode a permanent magnet was used; the anode, 
consisting of a plate or a cylinder of Cu, Al or some 
other metal, may be placed anywhere within the vessel. 

The field strengths of the magnets tried amounted to 
500-5000 gauss. The voltage between cathode and 
anode ranged from 400-800 volts, the current of dis- 
charge from 5 to 40 ma d.c. 

The pressure in the vessel may be varied from 10 to 
0.01 mm Hg, the gases used being air, carbon dioxide, 
etc. depending on ‘the color desired. 


PRELIMINARY INVESTIGATIONS 


For the first part of the experiments a permanent 
magnet was equipped with two pole pieces shaped as 
truncated cones which were covered with a thin layer 
of Apiezon grease. It may be remarked that the magnet 
and the pole pieces are at the same electric potential, 
namely that of the cathode. The parts of the discharge 
in the region of the anode are normal, though the 
positive column is bent by the stray magnetic field 
present. In the space between and around the pole 
pieces appear intense luminous lines stretching from 
surface to surface, which apparently follow the mag- 
netic lines of force (compare Fig. 2), and closer investi- 
gation showed their actual coincidence. 

These lines often stay unchanged for minutes. The 
cross section of a single line increases with decreasing 


Fic. 2. Pole pieces shaped as truncated cones, covered with a 
thin layer of Apiezon grease. 


A. SCHEDLING 


Fic. 3. Pole pieces as in Fig. 2, only the upper halves 
being covered with grease. 


magnetic field strength. The light intensity seems to 
be weaker at the pole pieces. 

At the moment when a new line appears, at its point 
of origin an intense spark of blue-green color can be 
seen for a short time. The points of origin of such lines 
cannot be fixéd in advance, their random distribution 
seems to depend on the particular local conditions of the 
grease coating. 

As to the function of the Apiezon grease it seems to 
be to screen off the normal glow discharge and to favor 
a sort of arc discharge at some points. This may be 
deduced from Fig. 3, where only the upper halves of the 
pole pieces were covered with Apiezon grease; here the 
lines are clearly seen. In the space between the lower 
bare halves of the pole pieces no single lines following 
the magnetic lines of force can be observed. Instead the 
space is filled by an intense general glow containing the 
layers typical of the cathodic parts of a discharge. In 
the course of these experiments the grease was first 
partly replaced by a perforated solid dielectric material 
as a cover. Figure 4 shows the space between the poles 
screened off solely by two sheets of mica bearing two 
holes, whereas the remaining curved surface is still 
covered with grease. Here- the holes become the points 
of origin for the luminous bands. In this way one can 
fix in advance the number of lines and their starting 
points in any region of the pole surface the magnetic 
field of which"is to be investigated. 


Fic. 4. Pole pieces partly screened off by sheets of mica. 





GAS DISCHARGE 


Fic. 5. Mapping of magnetic fields. Several types of pole pieces: 
A. Two truncated cones; B. Two planes; C. Wedge opposite 
a hole; D. Iron ring put into the field of B; E. Cone opposite 
a plane. 


APPLICATIONS 


In studying this method of screening, the entire 
surface of the various kinds of pole pieces used was 
covered with dielectric materials such as varnish, mica, 
plastics, etc., the covers having small holes of diameters 
of a fraction of a millimeter at points where the lines 
are desired. 

Examples illustrating the type of information about 
the structure of the magnetic field which may be 
obtained from the method are shown in Fig. 5 (scale 
approximately 1:1). In all these examples the holes in 
the cover are adjusted in one plane normal to the di- 
rection of observation, for better photography. By suit- 
able disposition of the holes a picture of the lines of force 
in all three dimensions may be obtained. 


CONCLUDING REMARKS 


Some hints on the formation of the relatively distinct 
luminous lines which are formed in more complicated 


Fic. 6. Small cathode surface placed in the homogeneous mag- 
netic field. The angle between the surface and the direction of the 
magnetic field being approximately 45°. 


electric and magnetic fields may be deduced from Fig. 6. 
In this modification, not the magnet but the flat end of 
a thin copper wire which is sealed in a glass tube serves 
as cathode, the magnet itself being at arbitrary poten- 
tial. The angle between the normal of this surface and 
the direction of the magnetic field is approximately 45°, 
the cathode being located in the homogeneous part of 
the field. 


In Fig. 6 is seen the helix (a) (compare Fig. 7) the 


pole piece 
pole piece 


Fic. 7. Scheme of Fig. 6. 


axis of which coincides with the magnetic line of force 
passing through the surface of the cathode. The diam- 
eter of the helix depends on magnetic field strength, 
the sense of the rotation indicating negatively charged 
particles of certain velocity. In addition, coaxial with 
the helix a weak band (b) can be visually observed 
(Fig. 6 does not show it because of the general illumi- 
nation) which follows immediately the magnetic lines 
of force without having any visible helical structure. 

Furthermore, there is visible a short straight ray (c) 
directed normal to the surface of the cathode. Figure 7 
shows schematically the above described observations. 

Varying the inclination of the cathode the helix 
changes diameter and pitch, and finally, when the 
normal of the cathode surface coincides with the mag- 
netic field, the helix becomes a straight line parallel to 
the lines of force. 
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A theoretical examination is made of the problem of the electromagnetic fields of electric dipoles in the 
presence of an infinitely long, perfectly conducting cylinder. Application of the Green’s function method to 
this problem yields expressions for the fields in terms of an integration in the complex plane. Simplified ex- 
pressions for far zone fields are obtained through the known result of the complex integration for the far zone 
conditions. Results are given for both circular and elliptic cylinders. In the latter case, it is possible to treat 
the problem of dipoles in the presence of a ground plane which is finite in one dimension and infinite in the 
other, since this is equivalent to an elliptic cylinder with a vanishing minor axis. Polar diagrams of calculated 


far zone fields are included for a number of cases. 





INTRODUCTION 


HE problem of the electromagnetic fields of elec- 
tric dipole radiators in the presence of an infinitely 
long, perfectly conducting cylinder of elliptic or circular 
cross section has attracted interest in the past which has 
led to a solution for the far zone field.! The analysis 
presented in this paper represents the application of the 
Green’s function method to this problem, leading to 
expressions for the complete field in the form of an 
integral in the complex plane. Although the complex 
integration is formidable for the field at any point, it 
is shown that the imposing of far zone conditions leads 
to a simplification of the integral. By means of this 
simplification, expressions for the far zone field have 
been derived which are in agreement with previous 
results.' 

Polar diagrams of the results of sample calculations 
are included. Among them is the case of a dipole in the 
presence of a flat strip of infinite length and finite 
width, i.e., a degenerate elliptic cylinder. This form of 
the problem of a finite ground plane gives results which 
agree qualitatively with experimental results for circular 
ground planes. Other sample calculations dealing with 
elliptic cylinders of mild eccentricities give results which 
may be applied to the study of the effect of wings, 
fuselage, and tail surfaces on the radiation properties 
of antennas mounted on aircraft or missiles. 


GREEN’S FUNCTION METHOD OF SOLUTION 


This analysis of the fields of electric dipoles of arbi- 
trary orientation with respect to a perfectly conducting 
infinite cylinder (see Figs. 1 and 2 for examples of two 
orientations) is based upon the Green’s function 
method. As discussed in detail by Morse and Feschbach? 
the application of this method to the solution of electro- 


* The research reported in this paper was made possible through 
the support extended the Stanford Research Institute by the 
U. S. Air Force, Contract No. AF 19(122)78. 

1P. S. Carter, Proc. Inst. Radio Engrs. 31, 671-693 (1943). 
Carter treated the problem of electric dipoles in the presence of 
circular cylinders by a reciprocity method. It is understood that 
he has applied the same method to problems involving elliptic 
cylinders although the results have not been published. 

2 P. M. Morse and H. Feschbach, Methods of Theoretical Physics 
(Technology Press, Cambridge, Massachusetts, 1946). 


magnetic field problems leads to expressions for the 
field vectors within a region in terms of the currents 
and charges in the region and the fields on the surface 
of the region. Stratton* gives a general form of these 
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INFINITE CYLINDER 
| 
1 = . 
| Fic. 1. Electric dipole 
| 
EE ELECTRIC parallel to the axis of an 
DIPOLE 


infinite cylinder. 








f= 


expressions which may be applied to the present prob- 
lem. Stratton shows that the electric and magnetic 
vectors, E(r) and H(r), within a region V bounded by 


Fic. 2. Electric dipole in a 
plane perpendicular to the 
axis of an infinite cylinder. 
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a surface S (with normal ) are given by‘ 
E(r)= ion S(r’)G(r, 7 
= f Tiendir a0, 7) 
+(1/€)p(r’) V'G(, r’) ]dv’ 
— f (iouloxHV]G0, ) 
s 


+[nXxE(r’) JX V'G(, 1’) 


+[n-E(’) ]V'G(, r’)}da’, (1) 


3J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1945), p. 466. | 
4 m.k.s. units and a time dependence of e~*”‘ are assumed. 
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Ho)= f I@)xV'Ge, 
so f {iwe[ XX E(r’) |G(r, 1’) 
Ss 


—[(nXH(r’)]xV'G(, 7’) 
=a [n ? H(r’) |V’G(, r’) }da’, (2) 


in which J(r) and p(r) are the current density vector 
and the charge density scalar, respectively. The operator 
Vv’ involves differentiation with respect to the primed 
coordinates. The Green’s function, G(r, r’), satisfies the 
inhomogeneous wave equation 


(V?-+R)G(r, r’) — i(r—1’), (3) 


in which 6(r—r’) is the three-dimensional Dirac delta- 
function. The solutions of Eq. (3) are arbitrary to the 
degree that the form of G(r, r’) can be chosen to satisfy 
prescribed boundary conditions, such as G(r, r’)=0 or 
dG(r, r’)/8n=0 on an arbitrary surface. 


z 


r=(x,y,z) 


Fic. 3. Coordinate systems. 





When these results are applied to the present problem, 
the surface S of Eqs. (1) and (2) is assumed to consist 
of an infinite, perfectly conducting cylindrical surface 
and the sphere at infinity. A cylindrical surface of 
circular cross section, in circular cylinder coordinates, 
p, o, and z (see Fig. 3), is given by p=a, in which aisa 
constant. In elliptic cylinder coordinates, which are 
determined by the relations® (see Fig. 4), 


x= 4d cos@ coshy, 

y=}4d sing sinhy, 

2=2, 

d=distance between foci. 


To simplify the notation, the defining equations, 
v=Ccos¢, (4) 


are introduced. In these coordinates, therefore, a 
cylindrical surface of elliptic cross section is determined 
by u=coshy=<a in which a is a constant. In spherical 
coordinates, R, 0, and ¢, the sphere at infinity is desig- 
nated by R-~. Electric dipoles, represented by the 
current density vector, J(r), and the charge density, 
p(r), are assumed to be located within the volume V. 
In order to simplify the expression for E(r) in Eq. (1), 
advantage is taken of the arbitrary nature of the expres- 
sions for the Green’s function by setting G(r, r’) equal 
to zero on the cylindrical surface. By introducing this 
5 The notation of J. A. Stratton, P. M. Morse, L. J. Chu, and 
R. Hutner, Elliptic Cylinder and Spheroidal Wave Functions (John 


Wiley and Sons, Inc., New York, 1941), p. 53, hereafter designated 
by SMCH, has been adopted. 


u=coshy, 


ELECTRIC DIPOLES 








ger 


Fic. 4. Elliptic cylinder coordinates. 


form of the Green’s function in Eq. (1), assuming that 
the tangential electric field on the cylindrical surface 
vanishes, and noting that the integration over the 
sphere at infinity vanishes (see Appendix), it is found 
that Eq. (1) yields the z component of the electric vector 
which is given by 


Ese)= f Cian \Gr,") 
+(1/¢)p(r’)(8/a2")Gi(r, r’) ldo’, (5) 


in which G;, is that form of the Green’s function which 
vanishes at p’ or u’ =a. 

Similarly, the z component of the magnetic vector, 
determined by Eq. (2) is found to be 


H)= [ L)xv'Gal, r’) |.dv’, (6) 
Vv 


in which Gz is that form of the Green’s function which 
satisfies 
0G2/dp' =0, or 
p =a, 


EVALUATION OF GREEN’S FUNCTIONS 


In order to evaluate the integrals of Eqs. (5) and (6), 
it is necessary to find the appropriate forms of the 
Green’s Function. These forms are obtained from the 
Morse and Feschbach? solutions, which satisfy Eq. (3), 
when modified to meet the prescribed boundary condi- 
tions. They are: 


0G2/ du’ = 0, 
u' =a. 


(7) 


Circular cylinder, 
H» (Bp) 


Gi(r, r’) = (i/87) > 2 eim(o—$’) pia(z—2’) 
HH, (Ba) 


Cc m= 
X LJ m(Bp’) Hm” (Ba) 
—H»(Bp')J m(Ba) \da, (8) 
G.(r, r’) = (t/87) > eim(—9’) 


Cc m=—2 


HH» (Bp) 
(0/dp)[Hm™ (Bp) ]p~a 
X {Im(Bp’)(8/9p) [Hm (Bp) |p—a 
— Hn (Bp’)(8/dp)[Jm(Bp) |p—a}da. (9) 


eia(z—2’) 
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Elliptic cylinder, 
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© Se, 0,(Bd/2, v)Se, 0,(Bd/2, v’) He, oy (Bd/2, u) 





Gi(r, ')=(i/2e) J 


c =6 Ne, % 


© Se, 0:(Bd/2, v)Se, 0,(Bd/2, v’) 
G.(r, r') = (i/27) 





c =0 Ne, 01 


in which B=[k?—a?]!, k=22/X, and C is the contour® 
in the complex plane of a shown in Fig. 5. In the circular 
case J,, and H,,™ are Bessel functions. In the elliptic 
case the notation e, o denotes summation over the even 
(e) and odd (0) terms such that there are two terms for 
each value of / in the summations of Eqs. (10) and (11). 
The functions Je, 0, He, 0, and Se, 0; represent either 
Je, or Joi, He; = Je,+iNe, or Hoy = Joi+iNo, Se: or 
So;, respectively. The latter terms are solutions of the 
wave equation in elliptic cylinder coordinates. They are 
defined and tabulated by Morse and Feschbach? and 
SMCH.® The term Ne, 0, is a normalization constant 
which is denoted by JN in the cited references. Examina- 
tion of Eqs. (8)—(11) shows that all forms of the Green’s 
function satisfy the prescribed boundary conditions. 
Furthermore, it may be shown that all forms satisfy 
Eq. (3) by the methods demonstrated by Morse and 
Feschbach.? 

Insertion of the appropriate forms of G; and Gz» in 
Eqs. (5) and (6) determines the electromagnetic field 
at the point r caused by any current distribution, J(r’), 
in the presence of an infinite cylinder. The Green’s 
function, however, contains an integral in the complex 
plane whose evaluation is laborious for arbitrary points 
rand r’. To avoid this complexity the far zone (R>R’) 
condition is chosen. For this case, it has been shown that 
the integral in the complex plane yields a simple result. 

To determine the far zone fields, the asymptotic 
forms of the appropriate Green’s function are substi- 
tuted in Eqs. (5) and (6). These forms are dependent 
upon the following asymptotic expressions: 

H»®(Bp)~ (2/mBp) te‘ Be—m+) #/4) 
ps, 
He, oi (Bd/2, u)~ (2/Bdu) te l(84u/2)—@t+1) x/4) 


un, 


(12) 


- —— . 
. -k+io - 7 


Fic. 5. Path of integration in the complex plane of a. 





® A discussion of the contour C is contained in C. Papas, J. Appl. 
Phys. 20, 437-440 (1949). 


pia(z—z 
© 


— He, 0; (Bd/2, u’)(d/du)[ Je, 0,(Bd/2, 4) Juma 


He, oi (Bd/2, a) 


He, 0; (Bd/2, a)Je, 0;(Bd/2, u’) 
—Je, 0:(Bd/2, a)He, 0; (Bd/2, u’) 
He, 0; (Bd/2, u) 
(0/du)[ He, 0: (Bd/2, u) uma 
Je, 0,(Bd/2, u’)(d/du)[ He, 0: (Bd/2, 0) |una 


| eiteehday (10) 


) 





bia, (11) 





Since du/2~p for large u, it follows that 
He, oi (Bd/2, u)~(1/Bp)*e"Be-etai41, (13) 


When Eqs. (12) and (13) are substituted in Eqs. (8)- 
(11), it is evident that the various forms of the Green’s 
function depend on integrals of the form 





ada, 


f expi[_ (k?— a”)!p+ a(z—2’)—(2m+1)x/4] 
c (Lk?— a? }'p)*f(Lk?— a? }!) 


in which f([k?—a?]!) is a function of ¢, ¢’, p and 
[k’—a*]'. This integral has been evaluated by the 
method of steepest descents and the result which is 
given in a different form by Papas,® in the present 


notation, is 
eikR e7 ikz’ cos8 


~ (2a) hei(mt) 4/2 


' (14) 
R f(k siné) 


When use is made of this result the forms of the Green’s 
function in the far zone (R>>R’) are: 


Circular cylinder, 


eik R—ikz’ cos8 
G(r, r’)~ — 2. 
4rR = m= H,,“(ka sin@) 


X [Hm (ka sin8)J m(Rp’ sind) 
—H,(kp’ sind) J (ka sin@) ], 


eikR—ikz’ cosé 


= eim(o—o’)—im(7/2) 





(15) 


_ eim(o—9’)—im(z/2) 


G.lr, r’) at 








4xR 2 [(0/dp)H» (kp sin8) ],—a 

(/dp)[H m™ (kp sin®) |p-aJ m(Rp’ sind) ae 

—(8/dp)[Jm(kp sin9) ],~afl m™ (kp’ sind) 

Elliptic cylinder, 

Gi(r, 7’) ~ et B-ik2' 0088 /(2a7)4R > [e~i*/2) / Ne, 0, 
x [Se, o:(D, v)Se, oD, v’)/He, 0, (D, a) ] 
xX (He, 0: (D, a)Je, o(D, u’) 


~Je, o(D, a)He, a, (D, u’)], (17) 
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Go(r, 1’) ~ eit R-ikz! 0088 /(2e)4R 


o e~tl(#/2) 


Se, o(D, v) Se, o(D, v’) 
xD 
=0 Ne, 0, (0/du)[ He, 0;(D, u) Juno 
X {(0/du)[ He, o:(D, u) Junade, 0(D, 2’) 
— He, 0, (D, u’)(d/du)[ Je, 0(D, u) ]u-a}, 
in which D=3kd siné. 
FAR ZONE FIELDS 


General expressions for the far zone field of electric 
dipole radiators in the presence of a perfectly conducting 
cylinder are found by substituting the appropriate form 
of the Green’s function in Eqs. (5) and (6) and perform- 
ing the integration over the current and charge dis- 
tributions of the dipoles. The latter integration is 
straightforward, and it is thus possible to treat any 
distribution of dipoles. To illustrate the application of 
this formulation the two orientations shown in Figs. 1 
and 2 will be considered assuming that the dipoles are 
of negligible dimensions (A). 


A. Dipole Parallel to the Axis of the 
Cylinder (Fig. 1) 


In the problem of a dipole carrying a total current, 
J, and oriented parallel to the axis of the cylinder, 
Eq. (5) is used to obtain the z component of electric 
field, which in the far zone is simply related to the @ 
component by 





(18) 


E,.= sinbE,. 


(In the evaluation of integrals in Eq. (5), the following 
result which depends upon the equation of continuity 
of charge and current of the dipole, is utilized 


[rere eco (w /ik?) p(r’)(0 / Az! )e~ik2' 0088 dy! 
= Jh{ 1—cos’6]=Jh sin’6. 


The integration is performed over the volume of a dipole 
of length, #.) The results are:’ 





a / Sn * NZ 
ka=0.5, kb =1.5, 9 =90° 
ae ioe 
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Fic. 6. Eg versus @ for an electric dipole parallel to the axis 
of an infinite circular cylinder. 


7In a previous report (W. S. Lucke, Electric Dipoles in the 
Presence of Elliptic and Circular Cylinders, Technical Report No. 1, 
Contract AF 19(122)78, Stanford Research Institute), a result was 
obtained for this problem which differed from Carter’s result (see 
reference 1). This discrepancy has been corrected in this paper by 
taking into account the charge density of the dipole which was 
neglected in the previous report. 
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Fic. 7. Eg versus $ for an electric dipole parallel to the axis 
of an infinite elliptic cylinder. 


Circular cylinder, 


Eo=(E,/sin@) « (Je** sin@/R) 


a T 
x dL exp} im( o—") 


CH m (A)J m(B)— Hm (B)J m(A) ] 
x }, as 
Hy,(A) 





in which A=ka sin@ and B=kb sin@. The radius of the 
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kws9.0 kr,#0.95) 
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Fic. 8. Eg versus $ for an electric dipole parallel 
to an infinite strip. 


cylinder is a, and the coordinates of the dipole are 
p' =b, ¢’=0, and 2’=0. 


Elliptic cylinder, 
Eo=(E,/sin@) « (Je*® siné/R) 
xe .. 0,(D, v)Se, 0,(D, v’) 
1=0 Ne, oHe, 0; (D, a) 
Je, 0,(D, b)He, 0 (D, a) 
— Je, 0,(D, a)He, 0, (D, b) 





(20) 


in which D= (kd/2) sin@. The cylinder is determined by 
u=a and the coordinates of the dipole are'u’ =}, ¢’=0, 
and 2’=0. 

Examples of the application of Eqs. (19) and (20) 
are shown in Figs. 6, 7, and 8. Figs. 6 and 7 show the ¢ 
dependence of E¢ in the plane @=90° for a dipole near 
a circular and elliptic cylinder respectively. Figure 8 
shows the ¢ dependence of Ep in the plane @=90° for a 
dipole near an infinitely thin, infinitely long strip which 
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(d) 


Fic. 9. H, versus ¢ for an electric dipole perpendicular to an infinite strip. 


was treated as a degenerate ellipse. For comparison 
purposes, the field of a dipole correspondingly located 
with respect to an infinite ground plane has been 
included. 


B. Dipole in a Plane Perpendicular to the 
Axis of the Cylinder (Fig. 2) 


In order to treat the problem of a dipole carrying a 
total current, J, and located in a plane perpendicular 
to the axis of a cylinder, use is made of Eq. (6) to obtain 
the far zone components of magnetic field. In the par- 
ticular orientations of the dipole along the p direction 
in the circular case and along the u direction in the 





Elliptic cylinder, 


elliptic case the results are: 


Circular cylinder, 
Je*R 


Rw» (0/0A)H.(A)] 


meim(o— x/2) 





H,(r) « 


X {Im(B)(0/0A) [Hm (A) ] 


in which A=kasin@ and B=b sin@, the radius of the 
cylinder is p=a, and the coordinates of the dipole are 
p' =b, ¢’=0, and 2’ =0; 








H,(r)« 
l=0 Ne, 0,(0/da)( He, oy (D, a) ] 


XxX \Je, o(D, b)(0/da)([ He, a (D, a) |—He, oy (D, b)(d/da)[ Je, o(D, a) jj, 


in which D= (kd/2) sin@, the cylinder is determined by 
u=a, and the coordinates of the dipole are u’=b, ¢’=0, 
and z’=0. 

The z component of the electric field may be obtained 





kr, *.67, kr, = 1.20 
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Fic. 10. H, versus @ for an electric dipole perpendicular 
to the surface of an ellipse. 


Jet < e~(*/) Se, o,(D, v)(0/d¢’)[ Se, 0,(D, cosd’) ]g-—0 


(22) 





by similar means and together with the z component of 
the magnetic field completely determine the far zone 
field. To illustrate these results, the z component of the 
far zone magnetic field of a dipole very close to an 
infinite strip (a degenerate ellipse) is shown in Fig. 9 for 
strips of various widths. This is a form of the problem 
of a finite ground plane and illustrates the experimen- 
tally verified upward tilt of the maximum of radiation 
above a finite ground plane. Figure 10 is a plot of far 
zone field of a dipole in the presence of an elliptic 
cylinder for a particular choice of parameters. 
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APPENDIX 


The derivation of Eqs. (5) and (6) from Eqs. (1) and (2) is 
based upon the vanishing of the integrations over the sphere at 
infinity (R’>~ and the normal » in the R’ direction). This may 
be demonstrated by noting that from the asymptotic relation 
between E(r’) and H(r’) for a source J(r) such that r’>>r given by 


nXE(r’)~(u/e)H(r’), (A-1) 


and from the asymptotic form of the Green’s function given by 


OF LINEAR ARRAYS 


(See Eqs. 8-11) 
G(r, r’)~er*P'/R’, (A-2) 
it follows that 
lim R’ {iwp[nX H(r’) ]G(r, r’) 
R’@ 
+[nxX E(r’) ]Xn(d/AR’)G(r, r')} =0, (A-3) 
and 
lim R’ \iwe[nXE(r’) }G(r, r’) 
‘ R’'0 
—[nX H(r’) ]Xn(8/AR’)G(r, r’)} =O. (A-4) 


Substitution of Eqs. (A-3) and (A-4) and the relations 
n-E(r’)=n-H(r')=0, R’-~, 


in Eqs. (1) and (2) yields a vanishing contribution for the integra- 
tion over the sphere at infinity. 
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The polynomial formulation of the linear array problem introduced by Schelkunoff is studied from the 
point of view of potential theory. An electrical analogy results which is not only very helpful in qualitative 
thinking about the problem, but which also makes possible the construction of an analog computer for the 
synthesis of arrays to produce a desired radiation pattern, and for the evaluation of existing arrays. Such a 
computer has been built, and tested on known patterns with remarkable success. 

Several theorems concerning the effect of the roots of the polynomial on the magnitude and phase of the 
space factor of an array are given. Some of the most important consequences of these are the lack of unique- 
ness in the array synthesis problem, and the evaluation of known methods of synthesis which consider only 


constant-phase patterns. 


A method of analysis is sketched which in principle does the same thing as the computer, and the diffi- 
culties in applying this are described. It is concluded that the computer would be preferable for a wide range 


of practical problems. 


I. INTRODUCTION 


N antenna array may be defined as a series of 

identical and identically oriented radiating ele- 
ments whose respective current distributions are geo- 
metrically similar. If Ao, Ai, A2, --:An—1 are complex 
coefficients to which the currents at corresponding 
points in the several elements are respectively propor- 
tional, the power flux pattern in the far zone may be 
written : 


9 


¥ A, explik(P,-4)]]| « (1) 


n=0 


V=VY, 





Here WV, is the power flux pattern of a single element 
and is known as the element factor. The summation is 
known as the space factor and contains the excitation 


* The work described in this article was performed at Hughes 
Aircraft Company and was made possible by the sponsorship of 
the United States Air Forces under Contract W33-038-ac-18205. 


coefficients A,, the respective position vectors p, of 
the elements, a unit vector @ which points toward the 
observer, and the propagation constant k which is 
equal to 27/\. In most arrays the space factor, which 
will be denoted S, is primarily responsible for the 
directivity of the system; hence, it is the quantity upon 
which most attention is focused. The remainder of this 
paper will consider the space factor of a particular type 
of array, namely, a linear array of equally spaced ele- 
ments. The discussion will be especially concerned with 
the problem of designing linear arrays such that the 
function |.S| fulfills initially specified requirements. 


Il. LINEAR ARRAY THEORY 


We wish to make use of the polynomial formulation 
of the linear array problem discussed in detail by 
Schelkunoff,' so this will be reviewed briefly. Consider 


'S. A. Schelkunoff, Bell System Tech. J. 22, 80-107 (January 
1943). 
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a linear array whose N elements are situated at posi- 
tions xo, Xo+d, --- xo+(N—1)d upon the ~x axis of a 
rectangular coordinate system (see Fig. 1). The space 
factor is given by: 


S= eikzo cosal’ 4 otA 1e1#4 cosa 
+ A re®kd cosa (2) 
+- ° 


<a An yet 1) bdecse ) 
4iN— ’ 


where a is the angle between the observer’s direction 
and the axis of the array. If the quantity kd cosa is 
denoted y, a simplified expression is obtained: 
N-1 
S=eilzoldy _ A,e*"’. (3) 
n=0 
The relationship among y, kd, and a@ is the geometrical 
one illustrated in Fig. 2. Note that |S} is periodic in y, 
repeating itself at intervals of 27. The value of d in 
comparison with a wavelength, that is, kd, determines 
the size of the semicircle in Fig. 2. This in turn deter- 
mines how much of the function | S| is translated into 
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Fic. 1. Linear array and coordinate system. 


a-space, that is, how much of this function is visible 
to an observer who actually travels around the array 
and examines its pattern. If the elements are spaced a 
half-wavelength, for example, exactly one period of | S| 
is visible to such an observer. By choosing the value of 
kd it is possible to have a pattern in which but a small 
fraction of one period of |.S| is visible, or one in which 
many periods are visible. The consideration of all such 
cases is outside the scope of this paper, but from the 
practical point of view 27 is usually considered an 
upper bound for d in crossfire (broadside) arrays and 
is such a bound in endfire arrays because it is unde- 
sirable to have more than one main lobe present in the 
visible portion of the pattern. 

The technique of using a small value of kd to obtain 
a visible range small in comparison with a period of 
| S| and then adjusting |S| so that it exhibits consider- 
ably more directivity within this range than without 
it, is known as “super-gaining” the array. Hansen and 
Woodyard? have shown that the gain of a uniform end- 
fire array can be enhanced by a proper choice of the 
progressive phase shift of the excitation. This amounts 
to a translation of the space factor in the coordinate y 


2, W. W. Hansen and J. R. Woodyard, Proc. Inst. Radio Engrs. 
26, 333-345 (March, 1938). 
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Fic. 2. Demonstrating the relation between y-space and 
a-space for a given kd. 


until the maximum of the main lobe is actually outside 
the visible range, and is a mild form of super-gaining. 
Schelkunoff' has demonstrated that a strategic place- 
ment of the zeros of |S| within the visible range can 
theoretically yield an endfire array of surprisingly high 
gain. A moderate advantage (about 3 db gain) is ob- 
tainable in practice by these techniques. A similar 
strategy is theoretically applicable to crossfire (broad- 
side) arrays also, but the techniques very quickly give 
rise to high “‘invisible” lobes which represent large 
quantities of stored energy in comparison with the 
radiated power. Ramo and Taylor*® and Chu‘ showed 
from the standpoint of basic electromagnetic theory 
that no hope for the significant improvement of high 
gain crossfire arrays by super-gaining can be enter- 
tained in practice. 

Since super-gaining is not usually recommended, 
there is rarely any reason to use a small value of kd. In 
fact, it is desirable to approach the upper bound in 
selecting a value of kd, since this results in fewer ele- 
ments. Thus, the visible range will usually cover, or 
nearly cover, an entire period of |.S| and the problem 
awaiting solution is that of finding the appropriate 
excitation coefficients Ao, A1, As, -** An—1 which will 
yield the required |S| over a 2x-range in the variable 
y. The feature which presents difficulty is that only 
the magnitude is specified. If S(¥) in magnitude and 
phase was given, the solution would be immediately 
available by Fourier analysis. With |.S| specified, the 
problem is more subtle and the solution is not, in 
general, unique. Eaton, Eyges, and Macfarlane® have 
recognized this problem and have given some sugges- 
tions as to its solution. Their method is different from, 
but related to, the methods to be discussed here. 


3T. T. Taylor, Proc. Inst. Radio Engrs. 36, 1135 (September, 
1948). 

*L. J. Chu, J. Appl. Phys. 19, 1163 (1948). 

5S. Silver and others, Microwave Antenna Theory and Design 
(McGraw-Hill Book Company, Inc., New York, 1949), pp. 258 
to 284. 
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Ill. SOLUTION OF THE LINEAR ARRAY PROBLEM 
BY AN ELECTRICAL ANALOG 


To continue with the development of the polynomial 
approach in which S is regarded as a function of the 
complex variable, consider the expression : 


N-1 
S=z'l4) >" A,s". (4) 
n=0 
Here z=x+iy=re'¥. Observe that (4) reduces to (3) 
upon the unit circle r=1. If we take the logarithm of 
(4), magnitude and phase are separated, becoming re- 
lated respectively to the real and imaginary parts of the 
new function, logS: 


logS=log|.S|+iargS. (5) 


It is here that the analog comes into play, for logS 
is a function of the form f(z)=«u(z)+iv(z) and it is a 
well-known fact that « and v are Laplacian in regions 
where f(z) is analytic. The electric potential, U, in a 
two-dimensional isotropic conductor is also Laplacian 
and forms a most convenient analog. It is only neces- 
sary to find a system of sources and sinks for the singu- 
larities of u(z), that is, log|S|, in order to produce a 
potential everywhere proportional to this quantity. The 
problem is similar to that described by Hansen and 
Lundstrom® for network functions. 

Let us now reconsider Eq. (4) with the polynomial 
replaced by the product of its V—1 linear factors: 


S= Ay_12'!® (g—2)(—22)-++(2—Zn-1). — (6) 


Evidently the real part of f(z), log|S|, is as follows: 


N-1 
u=log| Ay_1|+(xo/d)log|z|+ > log|z—z,|. (7) 


n=l 


Consider one term of the above as u;=log|z—2,|. If a 
current J is introduced into the two-dimensional con- 
ductor at the position denoted by the complex number 
s, and removed at infinity, it will be found that the 
electric potential at point z in this type of field is 
given by: 
—IR, 
U;= [log|z—z,| +K;], (8) 
7 

where R, is the per-square resistance of the conducting 
medium and K;, is an arbitrary constant. The case is 
similar for other sources of constant current J at z2--- 
zy—1, So that a superposition of such potential fields will 
evidently yield an analogy to the corresponding terms in 
Eq. (7). To simulate properly the term (x/d)log!z| a 
current of value x J/d is introduced at the origin. 
Addingthis field also, we obtain as a total potential: 


8 


ome N-1 
U= : | (20/dog| =| + ¥ log|=—=.|-+K'] (9) 


Tv n=! 


*W. W. Hansen and O. C. Lundstrom, Proc. Inst. Radio Engrs. 
33, 528-534 (August, 1945). 
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where K denotes the sum of all arbitrary constants. 
This K corresponds to logAy-:, and so may be set 
equal to zero, for in the final array only the relative 
values of the excitation coefficients are significant and 
any one of these, e.g., Av_1, may be set equal to unity, 
whereupon its logarithm becomes zero. With the aid of 
these concepts, we may write: 


U=(—IR,/2m)log| S|, (10) 


and the analogy is complete and exact. In particular, 
if U is measured upon the unit circle it will be found to 
be proportional to log|.S| as a function of y for the 
corresponding linear array. That is, the potential 
measured on the model is proportional to the power 
pattern of the antenna array measured on a logarithmic 
(decibel) scale. The physical equipment required is 
sketched in Fig. 3. The use of this equipment in solving 
the linear array design problem consists in manual 
arrangement of the root positions (points of entry of the 
currents) until the relative variation of the quantity U 
as measured upon the unit circle, preferably by an auto- 
matic device, is as desired. The various currents which 
act as the sources of the field are maintained constant 
during this process, and all are equal to one another with 
the exception of the current entering at the origin, which 
is different from the rest by a factor of xo/d. The quan- 
tity xo is simply the displacement of the first element of 
the array from the origin of physical coordinates (see 
Fig. 1) and should have no effect upon the magnitude 
of the space factor. This is true, for any value of current 
introduced at the origin of the complex plane (see Fig. 
3) produces no potential variation upon the unit circle. 


nagaa ey 
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N 
































Fic. 3. Illustration of the electrical analog for the linear array 
problem. A, B, C, D, E—constant current generators. F, G, H, J— 
roots. K—root at the origin. N—large circular electrode corre- 
sponding to infinity. M—the unit circle. V—voltmeter. 
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Thus x0/d is arbitrary as far as log|S| is concerned. 
For example, all the current entering the field at the 
root positions can be removed at the origin, a device 
which is equivalent to setting xo/d equal to —(N—1) 
and which obviates the necessity of collecting current 
at infinity. The effect of xo/d upon the phase of S will 
be discussed in later paragraphs. 

It is not difficult to become skilled in arranging the 
root positions to obtain a desired relative variation of 
U around the unit circle. Considerable background for 
this already exists in our knowledge of the behavior of 
potential fields in general. Thus the most significant 
effect of any root is localized to its immediate neighbor- 
hood and we may make adjustments upon one portion 
of the pattern without seriously disturbing other por- 
tions. Roots near the unit circle have the greatest effect 
upon the pattern, and roots actually on the unit circle 
correspond to a negative infinity in log|S| or a null in 
the radiation. Complicated patterns obviously corre- 
spond to high directivity and require more roots than 
do simple patterns ; the synthesis of a particular pattern 
should first be attempted with a few roots whereupon 
others may be added if necessary. When the process of 
synthesis is complete, the root positions 2, 22, --- Zv—1 
are recorded as complex numbers and the product 
(z—21)(2—22)---(z—zy_,) is expanded to give the co- 
efficients Ao---Ay-1 which are the desired relative 
currents of the array. 

To help evaluate the usefulness of these techniques, 
a small-scale experimental model of the analog computer 
was constructed. “This model consists of a network of 
resistors arranged in square meshes forming a two- 
dimensional resistive medium which corresponds by 
transformation to the interior of the unit circle in the 
complex plane. (It was found that an imaging process 
could be applied which permitted the use of only the 
interior of the unit circle.) Convenient values of re- 
sistance, current, and voltage could be used throughout 
the model. Data obtained were reliable and repeatable. 
The problem of accuracy was considered in detail, 
especially with regard to the question of the use of a 
network rather than a continuous medium. Errors 
arising from this cause are totally negligible in areas of 
the plane remote from roots but do appear in the 
neighborhood of such points. At the root itself, an 
infinite error exists because the point in question cannot 
assume a potential of minus infinity, although its po- 
tential does reach a very low value. At mesh points ad- 
jecent to the root, the greatest finite error exists; this 
error was found to be about one-third of a decibel for 
a square mesh and was of the opposite sign to that ex- 
pected. Additional research showed that this result 
could be theoretically explained, and that the error 
could be reduced to about one twenty-fifth of a decibel 
by the use of a network with triangular meshes rather 
than one with square meshes. 

It is felt that the model computer gave adequate 
assurance that the principles here developed are cap- 
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Fic. 4. The image points in the unit circle, z, and 1/z,*. 


able of practical utilization and that the accuracy ob- 
tainable is consistent with the most exacting engineer- 
ing requirements. A more detailed description of the 
model will be presented in a later paper. 


IV. THEOREMS RELATING TO THE MAGNITUDE 
OF THE SPACE FACTOR 


Since the basic concepts associated with the solution 
of the linear array problem by an electrical analog have 
been presented, we may proceed to the consideration 
of some important auxiliary theorems. Many of these 
are known to workers in arrays,® and others are more 
or less evident from corresponding theorems of net- 
work synthesis, but they are presented here because 
they are most important to the intelligent use of the 
analog described. The first of these concerns the ques- 
tion of image points in the unit circle. For any complex 
number z,, there is defined an image point 1/z,* which 
occurs at the same polar angle as z, but has a magnitude 
which is the reciprocal of the magnitude of z, (see Fig. 
4). We now state the following theorem: 


Theorem I: If any or several of the zeros of the 
polynomial portion of S(z), hereinafter simply 
called the roots of S(z), are moved to their re- 
spective image points, the relative variation of 
log| S| on the unit circle is unchanged 


As proof of this theorem, consider two space factors S 
and S, defined as follows: 


S= So(z—2n) (11) 
Si= So(s—1/2,*). (12) 


Here So is an abbreviation for all the factors of S ex- 
cept (z—z,), and S;, differs from S only in that z, has 
been replaced by its image point. We will express 2, 
as r,e'*" and proceed as follows: 


log|.S| =} logSS*=} logSoSo* 
+4 log[ (e*”—r,e)(e~¥—r,e-) ] (13) 


log|.S| =4 logSoSo* 
+3 logl1—2r, cos—n)+rn?]. (14) 
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Similarly for S;: 
log| Si| =} logSoSo* 


2 1 
+3 log| 1—— cos(y—v.)+—| (15) 

Tn Tne 
Evidently : 


log|.Si1| =log|S|—logr,. (16) 


Thus the two quantities differ by a constant, which 
means that their relative variation around the unit 
circle is the same. The theorem has been proved for a 
particular root, Zn, and can be extended to cover the 
case in which several roots are moved to their image 
points. 

We are now faced with a question of uniqueness of 
solution, for if a root of S(z) is moved to its image point, 
the relative pattern of the array is unchanged, yet the 
series of excitation coefficients is substantially modified. 
Evidently there are cases in which more than one array 
can produce the same relative power pattern. We will 
attempt to organize these cases, beginning with a state- 
ment of the following theorem. 


Theorem II: If all the roots of S(z) lie on the unit 
circle, the solution to the array problem is unique 


This is evident, for roots on the unit circle already 
coincide with their image points, and no movement of 
roots in the sense of Theorem I is possible. For such 
arrays, |S| goes to zero N—1 times in a 2m range of y. 
High gain arrays are usually of this type, for a high gain 
array is one which gives strong radiation in the neigh- 
borhood of one value of y and as little radiation as pos- 
sible for all other values. There is no better way to 
insure that the average value of |S| be small over a 
particular range than to make |S| go to zero as many 
times as possible within that range. Uniform arrays and 
Dolph’ arrays are particular examples. Arrays which do 
not come within the scope of Theorem II are also im- 
portant, and are more interesting from the point of 
view of this paper. These are usually required when a 
specially shaped pattern is specified, and since such 
arrays have roots not on the unit circle, special unique- 
ness theorems must be developed for them. The more 
elementary of these may be stated as follows. 


Theorem IIIa: If, in a linear array, g, of the roots of 
S(z) lies off the unit circle, and if none of these 
are multiple roots or roots lying at the image points 
of one another, there are 2% different series of 
excitation coefficients which will produce the 


same relative variation of log|S| upon the unit 
circle 


This theorem follows at once from Theorem I, for in 
moving any one of the q; roots to its image point a new 
array is formed, but the relative power pattern remains 
the same, and the total number of permutations is 2%. 


™C.L. Dolph, Proc. Inst. Radio Engrs. 34, 335-348 (June, 1946). 


As a simple example take a three-element array with 
the two roots at } and —}. The 2?=4 possible arrays 
that produce the same relative power pattern are: 


Si(z) = (g—4)(8+3) = —3+0+2 

S2(z) = (2—3)(2+2)= —14+$2+-2 (17) 
S3(z) = (2—2)(2+3)= —1—§2+2 |" 

S4(z) = (2—2)(2+2) = —44+0+2 


The coefficients of the polynomials are the different 
possible current excitations in the three elements. The 
relative power patterns are all the same, since: 


17 
4S,S\* = S_S2* = S3S3* = coendaat We cos2y. (18) 


This lack of uniqueness is especially impressive for a 
large array. For example, a twenty-element array with 
no zeros on the unit circle could have 2!%=524, 288 
different current distributions producing the same rela- 


tive power pattern. We now advance to a more general 
Theorem. 


Theorem IIIb: If, in a linear array, the rgots of S(z) 
not on the unit circle comprise q; single roots, gq, 
double roots, --- g, roots of multiplicity s, there 
are then 2% 3% 4%---(s+1)*% different series of 
excitation coefficients which will produce the 
same relative variation of log|S| upon the unit 
circle. For the purpose of this theorem, two roots 
lying at the image points of one another are 
equivalent to a double root 


The revision of Theorem IIIa to give Theorem IIIb 
depends upon the fact that a double root gives three 
essentially different arrangements rather than the 2? or 
four arrangements that would follow if there were two 
separate single roots, for two, one, or none of the pair 
may be at the original point with the remainder at the 
image point. The situation would not be different if one 
started with two single roots at the image points of one 
another. In general, for a root of multiplicity s there are 
s+1 arrangements. If there are g, roots of multiplicity 
S, it is possible to choose any of the s+1 arrangements 
associated with the first such root, then (independently) 
any of the s+1 arrangements associated with the second 
such root, etc. The total number of arrangements be- 
comes (s-+-1)%; hence, Theorem IIIb is as stated. Note 
that if there are no multiple roots (in the extended 
sense) off the unit circle, Theorem IIIb reduces to 
Theorem IITa. 

An additional theorem pertaining to the “taper” of 
the coefficients may be useful, especially when the 
engineer must decide among alternative sequences of 
coefficients some of which may be more suitable than 
others to the plan envisioned for the feeding of the ele- 
ments. This theorem is as follows. 


Theorem IV: Of all the possible root distributions 
that produce the same relative power pattern, 
the one with all roots which are not on the unit 
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circle lying inside the unit circle has the greatest 
ratio of last-coefficient to first-coefficient magni- 
tudes; the distribution with all such roots lying 
outside the unit circle has the least such ratio. 
If the root distribution is such that the magnitude 
of the product of the roots is unity (as, for ex- 
ample, when all the roots lie on the unit circle), 
the last and first coefficients are equal in magni- 
tude 


This is evident from a study of the formation of the 
product : 
S(z) = (z—21)(t—22)(t—23)---(g—2w-1). (19) 


Here the coefficient of z‘—', i.e., the last coefficient, is 
always unity. The first coefficient is simply the product 
of the negatives of the roots, 


N-1 
Ap= II (—z,) 


n=1 


(20) 


and its magnitude is least when all the z, not on the 
unit circle are within it and greatest when these z,, 
are outside. The magnitudes of the coefficients do not 
always increase or decrease monotonically in the re- 
spective cases. Nevertheless, a limited experience with 
such calculations has shown that a general tendency in 
this direction exists. Attention is called to it becanse 
of its importance to the practical problem of feeding the 
array. 


V. THEOREMS RELATING TO THE PHASE 
OF THE SPACE FACTOR 


Let us now consider the phase surface v(x, y). We 
must go back to Eq. (6) and write: 


N-1 
v=argS = (xo/d)¥+ >> arg(z—z,). (21) 


n=1 


Here again Ay_, has been set equal to unity so that its 
argument becomes zero. Considering terms separately, 
let 

v1 = arg(z—2;) (22) 


and furthermore, let us station an observer at the 
variable point z for the purpose of exploring the varia- 
tion of 2 in all parts of the plane. This observer will 
now find himself upon a sort of helical staircase the 
surface of which is discontinuous at 2, (the central 
supporting member of the staircase) but otherwise in- 
creases smoothly by 2x for every complete revolution 
in the positive direction. This is to be expected, for the 
singularities of f(z)=logS are branch points, and f(z) is 
multivalued, the multiplicity of values being found 
only in the imaginary part. If we were to change the 
analogy, simulating 2; by an electric potential Vi, we 
would be forced to cut the conducting plane from 
infinity to the point z;, and between the shores of this 
“branch cut” we would establish a distributed electro- 
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Fic. 5. Illustration of branch cuts in the z plane. A, B, C, D, E— 
roots of S(z) and hence branch points of logS(z). F, G, H, J— 
branch cuts. K—indented contour which approaches the unit 
circle. 











motive force, B. Then V; would be given by: 


B By, 
Vi =— arg(z—2,;)=—. (23) 
2 ? 


Tv £7 


The cut plane which we now possess simulates only one 
branch of 2, which is all we could hope to accomplish 
in a physical system of this kind. In the case of the 
singularity at the origin, we have a helical staircase 


whose pitch is controlled by the quantity 2x0/d, and f 
may accordingly have any value, positive, zero, or ff 


negative. It will be helpful to note that if x0/d is a 
negative integer, m, the branch cuts from m of the 


roots need not go to infinity, but can terminate at the f 


origin. If x9/d= —(N—1), no branch cuts go to infinity 


—a case exactly analogous to that already discussed in 


connection with the function wu. 


Again, the profile of » upon the circumference of the 


unit circle corresponds exactly to the phase function of 
S in radians. We should note that a passage of a branch 


cut through the circle does not constitute a discon- | 


tinuity in argS. Branch cuts are mental crutches; the 
true picture of v is the totality of all its branches—that 
is, an infinite number of smoothly connected “levels” 
which an observer visits successively if he continues to 
encircle one of the singularities. A branch point (root) 
exactly on the unit circle, however, does introduce a dis 
continuity into argS, for in this case the profile of 1 
will include an abrupt step of magnitude 7. We there. 
fore state the following theorem. 


Theorem V: At every single root of S(z) on the 
unit circle, argS changes by = 


This is an important theorem stating what many readers 
have long suspected or known—namely, that the phase § 
of the space factor reverses itself at points where its 
magnitude goes to zero in the abrupt fashion charac 
teristic of a single root. A more mathematical approach 
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to this phenomenon may be based upon the observa- 
tion that the term arg(z—z,) changes by 7 as z, con- 
strained to follow the unit circle, passes through 2, 
and emerges on the other side. Passage through branch 
points of the type here encountered may be regarded 
as the limiting case of passage around such points via 
the indented contour of Fig. 5 as the radius of the in- 
dentations approach zero. We have already discussed 


’ the case in which xo/d is equal to a negative integer, m. 


We can now see that if a proper choice of m is made, we 
can arrange the branch cuts so that none of these cross 
the unit circle. For this case, then, argS remains on the 
same branch and returns to its initial value after y 
has increased through a 27-range. Specifically, if there 
are /; roots on the unit circle and f. roots within the 
unit circle, x9/d must lie in the range: 


— (tittle) < (x0/d) S — te (24) 


and must be an integer, if argS is to remain on the 
same branch. If none of the roots are on the unit circle, 
we no longer have the privilege of arbitrarily directing 
the associated branch cuts inward or outward, and x9/d 
must be exactly equal to —/, for argS to remain upon 
the same branch. In either case, it requires that the 
origin of physical coordinates be within the array and 
coincident with one of the elements. 

A very important case is the one in which argS isa 
linear function of y upon those portions of the unit 
circle not occupied by roots. We state the following 
theorem. 


Theorem VI: If each of the roots of S(z) lies either 
on the unit circle or at the image point of another 
root, argS is a linear function of ¢ upon all por- 
tions of the unit circle except at those points 
actually occupied by roots. Arrays having this 
property will be known as arrays with linear 
phase variation 


In order to prove this theorem we shall use expression 
(6) with Ay_1=1, and both multiply and divide by the 
factor: 


[s N-l (~z,)(—20)(—23)-- -(—sy_) | ; 


Thus we have: 


ime 


S = gl (20/d)+(N—1)/2] 4 |} 





(z—2,) (z—22) (2—zy-1) . 
ae (25) 
—22,)) (—2z2)! —2y-1)! 
The phase function is then: 
argS =[(x9/d)+(N—1)/2 
N-1 (s—Zn) 
+3 argAot+ > are “ (26) 
n=l —Z2Zn) 


DESIGN OF LINEAR ARRAYS 


We will first consider the case where a root, Zn, lies on 






the unit circle. Then: 





(z—z,,) Mathis wl i(y+¥n)/2 (y—y,) 
=2 sin (27) 
(—2z,)! i 2 
(2—Zn) 
_—_ (28) 


Here g is an integer which either increases or decreases 
by one each time y passes through ¥,. Thus a factor 
such as (27) adds a “stair-step” function to args, 
creating the discontinuities. Let us now consider the 
other possibility, a pair of roots at each other’s image 
points. It can be shown that 


(s— Zn)(z _ 1/2,*) 
—2(2n/2n*)} 


which is always a non-negative real. Hence, any factor 
such as (29) involving a pair of roots at image points 
has no effect upon argS. The continuous portion of 
argS is then given by: 


SY) =U (a0/d)+(N—1)/2W+} argdo, (30) 


which is the linear function required by Theorem VI. 
Evidently, by choosing the origin of physical coordi- 
nates such that x/d=—(N—1)/2, f() becomes a 
constant. We may write a theorem to cover this case 
as follows. 





=(ri+1/r,)—2 cos(¥—Yn), (29) 


Theorem VII: An array with linear phase variation 
becomes an array whose space factor is of con- 
stant phase if the origin of coordinates is chosen 
at the physical center of the array 


By constant we mean constant between discontinui- 
ties, of course. Choosing xo/d equal to —(N—1)/2 is 


fs 
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Fic. 6. Comparison of the space factors of a six-element uni- 
form array (A), and a five-element uniform array (B). Both 
arrays are centered at the origin. 
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equivalent to placing the origin of coordinates at the 
physical center of the array, so the theorem is true. 
Note that the case where argS remains upon the same 
branch as wy increases is not necessarily the same as the 
case wherein argS is a constant between roots. For 
example, consider an array with a space factor of 
constant phase between roots and with an even number 
of elements. The function argS for such arrays changes 
by after each traverse of the unit circle and successive 
periods in y are characterized by a faithful repetition 
of |S| but by an inversion of phase. See, for example, 
the space factor of a six-element uniform array con- 
trasted with that of a five-element uniform array, both 
arrays being centered at the origin (Fig. 6). 


VI. METHODS OF SYNTHESIS BASED UPON 
CONSTANT-PHASE PATTERNS 


There are several well-known methods of array syn- 
thesis which have been used mainly with a real space 
factor S,(a) selected such that |S,(a)| is equal to the 
desired |S(a)|. The patterns are thus limited to those 
which are of constant phase between singularities, as 
in Theorem VII, and the question arises as to the loss 
of flexibility in limiting the problem in this way. 

One method of synthesis which has been described 
by Berndt,* Wolff,® and Schelkunoff' is based upon the 
approximation of S(a) by a trigonometric series with 
a finite number of terms, and this may be produced by 
a finite array. Thus, given the desired magnitude as a 
function of a, the phase angle is set equal to zero so 
that the resulting real S,(a) can be interpreted as a 
function of ~=kdcosa and expanded as a Fourier 
series in y. A finite number of terms, m, is retained to 
approximate the pattern to a desired degree of accuracy. 


SAW) =co+2 > Cq cosgy+d, singy. (31) 
q=l 


This approximating pattern may be obtained with an 
array of (2m+-1) elements if the excitation coefficients 
of the array are related to the Fourier coefficients as 
follows: 


An—q= Cot tdg=A*miq (32) 
A m= Co 


Then 


1 m 
SAW)= Xo Ame '*+AmtL Ame, (33) 
q=m q=l 


which, with the substitution of (32), reduces to (31). 
A second method of pattern synthesis’ utilizes a 
series of terms of the type (siny)/y to approximate the 
desired space factor. The excitation function is found 
by taking the Fourier transform of the space factor to 


8 W. Berndt, Hochfreq. und Elek. 44, 23-28 (July, 1934). 

* I. Wolff, Proc. Inst. Radio Engrs. 25, 630-643 (May, 1937). 

1 P. M. Woodward, J. Inst. Elec. Engr. Part IIa, 95, 1554- 
1558 (1946). 


yield a sum of rectangular current blocks of various 
magnitudes and phases which may be added to give a 
continuous current distribution, which may in turn be 
approximated by the currents in a discrete number of 
elements. This method has been described in the litera- 
ture for use with constant phase patterns only. How- 
ever, it is understood that it has also been used with a 
variation in phase between the terms of the series, with 
a consequent improvement in the economy of design. 
This fact suggests that a limitation to constant phase 
patterns may be uneconomical. The reasons for this 
may be clarified by means of the preceding section. 

Referring to Theorems VI and VII, it is known that 
constant phase patterns result if all the roots lie on the 
unit circle, or if all roots off the unit circle are paired 
at the image points with respect to the unit circle. The 
origin must also be chosen at the center of the array, 
but this is no limitation. For high gain arrays, the roots 
are used to best advantage if placed on the unit circle, 
so for such arrays there should be no loss in limiting 
synthesis methods to those which consider constant 
phase patterns only. 

For a shaped pattern which required roots off the 
unit circle, suppose a synthesis method applied which 
yielded the best distribution of roots, with all roots 
inside the unit circle. The pattern could be made ex- 
actly constant phase only if all such roots turned out 
to be double roots so that one from each pair could be 
moved to the outside image point. This would be un- 
likely, but if there were a large number of roots, it is 
probable that for each root another could be found near 
it (compared with the distance to the unit circle bound- 
ary). Such closely neighboring roots could be combined 
into sets of double roots without doing much violence 
to the pattern, whereupon a constant phase condition 
could be obtained by the expedient just discussed. If 
there are few roots, however, it is not likely that this 
process could be carried out without destroying much 
of the smoothness of the pattern. This is particularly 
true if some of the roots are placed off the unit circle 
but near it (as illustrated in Fig. 7) in order to shape the 
low intensity regions. 

Summarizing, we believe that there is little lost in 
limiting oneself to methods of synthesis which consider 


Fic. 7. Demonstrat- 
ing the shaping of the 
low intensity part of the 
pattern by roots near 
the unit circle. > 
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only constant phase patterns when one is concerned 
with high gain arrays, or with most arrays having a 
large number of elements. These methods will frequently 
lead to uneconomical designs when the number of ele- 
ments in the array to be synthesized is not very great, 
or if it is desired to shape a particular part of the pat- 
tern by roots close to the unit circle. This conclusion 
is in harmony with Eaton, Eyges, and Macfarlane’s 
comments regarding the generality of methods involv- 
ing constant phase patterns.° 


VII. SOLUTION OF THE LINEAR ARRAY PROBLEM 
BY ANALYSIS 


Having carefully considered the potential analog as 
a means for solving the array design problem, it is 
desirable to examine analytical methods which can in 
principle yield the same result. 

We will suppose that w=log|S| has been specified 
for 0<y~< 2m and that the object is to find at least one 
and preferably all of the linear arrays which will pro- 
duce this given function. We will begin by finding a 
particular one of the desired arrays, namely, the one 
in which all the roots of S(z) are either on the unit 
circle or outside it. We will furthermore specify that 
xo/d=0, thereby making the origin free of singularities. 
All branch cuts now retreat to infinity, and an observer 
who follows the indented contour D of Fig. 8 will 
always remain upon the same branch of argS. The in- 
terior of the unit circle is now a circular region in which 
f(z)=logS is analytic, and the function may be written 
as a Taylor’s series about the origin: 


logS=>° C2". (34) 


n=0 


Here C, is complex, and may be written as follows: 
Cr=ant+iBn, (35) 


where a, and 8, are real. The real and imaginary parts 
of logS are then: 


a r"(a, cosny—B,, sinmp) (36) 
v= r"™(a, sinny+ 8B, cosmp). (37) 
n=0 


Of the above functions, u only is specified and this for 
all Y from zero to 2x at r=1. 

If we can find a, and £8, from this knowledge only, 
the problem is solved. By Fourier’s Theorem we can 
find all a, and all 8, except B» in the following way 
(where the Cauchy value of the integral is to be taken 
if « becomes infinite upon the unit circle): 


1 2r 
aq=-— udy (38) 
2r 0 
1 2n 
a,=— J u cosnydy (n¥0) (39) 
To 











Fic. 8. Root configuration for which f(z) =logS(z) is analytic 
in the interior of the unit circle. 


—1 2r 


B,=— 


wT “9 


usinnydy. (nO) (40) 


The two latter formulas may be combined into the more 
concise form: 


1 2r 
oe | ued) (nx¥0), (41) 
T9 


which may also be written: 


1 udz 
C,= lim | f (n¥0). (42) 


Here D is the indented contour of Fig. 8, and Dp is the 
circumference of the unit circle itself. Notice that Co 
is an exceptional case, and its imaginary part cannot 
be found. This is no handicap, for Cp is merely the con- 
stant part of logS (corresponding to a numerical factor 
in S) and is therefore arbitrary. 

If the above process is carried out, we obtain the 
power series coefficients of logS; the problem remaining 
is that of finding a similar set of coefficients for S itself, 
since the latter will actually be the excitation coeffi- 
cients of the array. These coefficients can be found 


merely by applying the expansion theorem to the 
function e!°** as follows: 


A 3 ol 5 & 43 
= ({E, * II. is 


Equation (43) yields the following for the first few 
orders: 
Ap=e™ 
A,\=AGXi 
Ao=$[2A0C2+ AsC1 ] (44) 
As=$L3A0C3+241C2+- Ali] 
Ag=4[4A0Ci4-3A 1C3+2A20C2+-A2C1 | 
etc. 
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As an example of the method, let us consider the 
pattern of a two-element uniform array given in mag- 
nitude by: 


S| =log} 2 cos— 
4 








u=log ; (45) 





| 


The Fourier coefficients, obtainable by Eqs. (38) 
through (42) are:" 





ao=0 

a,=1 

a,=—} 

a=} ,. (46) 
a,=(—1)""'/n (nX¥0) 

B,=0 (n¥0) 


Since the 8, are zero, C, is real and equal to a,. We 
have arbitrarily set 8) equal to zero. The excitation co- 
efficients of the array are given by (44): 


Ao= 1 

A,=Ao'1= 1 
A2=}[2Ao(—3)+41]=0 
A3=4$[3A0(3)+2A1(—3)+42]=0 


A continuation of the process results only in zeros, and 
we see that the pattern of (45) is indeed obtainable from 
an array of but two elements in which Ao=1 and A,=1. 
An example involving a root exactly on the unit circle 
was here chosen in order to emphasize the validity of 
the method even for such cases. 

One of the outstanding features of the practical case, 
which differentiates it from the foregoing simple illus- 
tration, is that the function u, the starting point of the 
entire process, is generally not specified exactly at all 
points. Rather there are certain requirements, toler- 
ances, maximum side lobe specifications, etc., applied 
to uw in such a way that many functions could be used 
with equally good results. The particular functional 
form chosen for convenience of numerical integration 
would probably not dip down to minus infinity any- 
where, although such singularities might actually be 
advantageous in terms of economy of design. The 
sequence of excitation coefficients obtained in a prac- 
tical problem seldom terminate, and an additional 
analysis would have to be made to discover how many 
of these coefficients should be retained. Also, only one 
of the many possible sets of excitation coefficients would 
result from the analytical approach just outlined. To 
obtain the others, it would be necessary to know the 
roots of S(z) in order that the various permutations 
created by moving roots to their image points could 
be investigated. Finding these roots from the excitation 


(47) 


coefficients is the difficult problem of solving an alge-. 


braic equation of high order. Finally, engineers almost 


't See, for example, Philip Franklin, Differential Equations for 
Electrical Engineers (John Wiley and Sons, Inc., New York, 1933), 
p. 275. 
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inevitably want to know what would happen to the 
final solution if the initial requirements were slightly 
modified and to supply such information by the 
analytical method would require a reperformance of 
the entire calculation several times. 

The procedures just discussed are to be contrasted 
with those involving the electrical analog. In using the 
analog, the operator becomes very much aware of the 
possibilities of the number of roots he is using, and by 
gradually adding roots where necessary, he is quite 
well satisfied that the final pattern could not have been 
obtained with fewer roots, that is, with an array of 
fewer elements. He will not be hesitant about putting 
roots on the unit circle, because the reasons which de- 
terred the analyst will not be present. The answer, 
when obtained, will consist of simply a list of the roots, 
and any or all of the associated arrays can be found by 
the elementary operations of addition and multiplica- 
tion. So although it is probable that there are situations 
to which the analytical approach is admirably suited, 
it is felt that the electrical analog method will be 
preferable for the general class of engineering problems. 


VIII. EVALUATION OF AN EXISTING ARRAY 


A problem closely allied with the linear array design 
problem is that of evaluating an existing array. We here 
suppose that an array is already in operation, and it is 
desired to find the excitation coefficients from measure- 
ments upon the far-zone pattern alone. Evidently the 
processes required are exactly the same as in the design 
problem with the exception that the function u=log| S| 
is obtained as a result of experimental evidence rather 
than by arbitrary specification. The number of roots 
involved is known from the beginning, since it is one 
less than the number of elements and convergence to a 
solution, especially by the analog method, should be 
rapid and exact. Lack of uniqueness which was of benefit 
in the design problem (because it allowed a choice among 
several possible arrays) will be a stumbling block in the 
evaluation problem, since it is not known which of the 
possible sequences of excitation coefficients is actually 
present in the array being studied. If the number of 
solutions is small, the correct one may be found by 
eliminating those which are obviously unreasonable, or 
by making some additional measurements directly on 
the array, if this is possible. If the number of solutions 
is large, it is probably impractical to attempt to find the 
correct one. If the array is such that all the roots of the 
space factor lie upon the unit circle, the solution is 
unfque and the evaluation problem is extremely simple. 
In this case log|S| need not even be measured at all 
points ; the positions of the cones of silence are sufficient 
to establish the root values and hence the excitation 
coefficients of the array. 

In the foregoing discussion we have assumed that 
the array to be evaluated is one for which at least one 
complete period of the space factor is visible and there- 
fore determinable by physical measurements. Such is 
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the case if the spacing is greater than or equal to a 
half-wavelength. If the spacing is less than a half- 
wavelength, only a part of one period of the space factor 
is available, and the case is more difficult. The fact 
that the the total number of roots is known will be a 
help, and it is conceivable that the skilled operator will 
be able to say much about the complete period of log|.S| 
even though he begins by knowing only a part of it. 


IX. CONCLUSIONS 


1. The linear array design problem is essentially the 
problem of finding a polynomial whose magnitude, 
when evaluated upon the unit circle, fulfills given 
requirements. 

2. The design problem can be solved by the use of 
an electrical analog device which continually plots the 
logarithm of the magnitude of the polynomial in ques- 
tion in response to the operator’s selection of its roots. 
The operator adjusts the positions of these roots in the 
complex plane until the output of the device is as de- 
sired. The coefficients of the polynomial, which corre- 


spond to the relative currents in the elements of the 
linear array, are then found by elementary methods. 

3. The solution to the array design problem is not, 
in general, unique. 

4. What can be done by the electrical analog can 
also be done by an analytical method ; however, certain 
steps are extremely laborious. It is felt that the analog 
method will be more satisfactory from an engineering 
point of view for several reasons. For example, it is 
better adapted to the form in which the problem is 
likely to be stated, and is capable of investigating minor 
changes with comparative ease. 

5. Closely related to the design problem is the evalua- 
tion problem which begins with an experimental deter- 
mination of the magnitude of the space factor of an 
existing array and yields as a result the excitation co- 
efficients of that array. This is essentially the same as 
the design problem as far as the mechanics of solution 
are concerned, and the work may be performed on the 
analog. Lack of uniqueness in the solution, however, 
will limit the utility of this technique. 
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The circular diffraction antenna consists of a coaxial wave guide fitted with an infinite-plane conducting 
baffle, and open to free space. An equivalent circuit description, appropriate to principal-mode propagation 
in the coaxial region, is investigated theoretically. Variational expressions for the circuit parameters are 


derived, and used for accurate numerical evaluation. 


I. INTRODUCTION 


HE circular diffraction antenna (Fig. 1) is a simple 
system amenable to detailed theoretical analysis, 

and offers the possibility of close experimental com- 
parison. For convenience in. analysis, the antenna is 
assumed to operate with a single propagating mode (the 
principal mode) in the coaxial region; waves incident 
on the open end through the coaxial guide are excited 
by a remote periodic source. With a perfectly conducting 
structure, part of the incident energy flux on the open 
end is returned to the source via reflected waves of the 
same type, and the remainder appears in free-space 
waves. A useful description of the principal-mode be- 
havior is provided by an equivalent circuit, in which the 
stored energy of nonpropagating modes near the open 
end and the energy lost by radiation are accounted for 





*Part of the research reported in this document was made 
possible through support extended Cruft Laboratory, Harvard 
University, jointly by the Navy Department (ONR), the Signal 
Corps of the U. S. Army, and the U. S. Air Force, under ONR 
Contract NSori-76, T. O. 1. 


by lumped circuit elements. This paper is concerned 
with variational methods for calculating the circuit 
parameters. Questions which relate primarily to the 
radiation aspects, such as its angular distribution, are 
not considered. 

As the principal mode of the coaxial wave guide has 
no angular variation in any plane normal to its propa- 
gation direction, the geometrical structure of the an- 
tenna ensures that this symmetry is characteristic of 
the entire electromagnetic field. A further consequence 
of the geometrical symmetry is that the only nonvanish- 
ing electromagnetic field components in cylindrical co- 
ordinates are Hy, E,, E., the last being absent for the 
principal TEM mode. Since the Maxwell equations 
show that the steady-state electric field componehts are 
obtained from H, by differentiation, the latter serves 
as a basic scalar function. 

The construction of field components, in accordance 
with the prescribed excitation and boundary condition 
on the conducting surfaces, is facilitated by dealing 
separately with coaxial and external regions. A continu- 

















Fic. 1. Coaxial line with baffle. 


ous solution for all space is contingent on equality of 
the respective tangential components H,, E, in the open 
end of the coaxial guide (called the aperture), with 
continuity of the normal component £, then ensured. 
This schedule of aperture boundary conditions can be 
fitted into the formal development in different ways. 
The scalar function H, at any point in either region can 
be expressed in terms of integrals involving its z-deriva- 
tive (proportional to Z,) in the aperture, the latter 
function having a null value on the conducting baffle. 
All continuity requirements are satisfied by equating 
the two functions H, at each point of the aperture, with 
the resulting integral equation to determine the aperture 
field E,, and thence the electromagnetic field every- 
where. Alternatively, H, in the coaxial region is given 
by integrals containing its aperture values, whereas the 
function outside is determined by these values together 
with the distribution on the baffle. If the z-derivative 
of the respective functions Hy are set equal in the aper- 
ture, the field component E, is continuous there; more- 
over, the z-derivative of H,, and hence E,, is required 
to vanish on the baffle. Thus a pair of dual integral 
equations for the distribution of Hy in the aperture 
plane is obtained. 

For an engineering description, a principal-mode cur- 
rent and voltage in the coaxial guide are introduced. 
The current and voltage, in any cross section of the 
guide, are given by the line integrals, respectively, of 
the principal-mode part of H, around the inner conduc- 
tor and the corresponding part of EZ, between inner and 
outer’ conductors; the functions thus defined satisfy 
uniform transmission-line equations. An equivalent cir- 
cuit representation, which employs the open end of the 
coaxial guide as a reference plane, involves a terminal 
admittance for the transmission line, specified by the 
current-voltage ratio in the aperture. Real and imagi- 
nary parts of the admittance are measures of the 
radiated and stored energy, respectively. 

By combining the transmission-line quantities with 
the integral equation formulations, a pair of variational 
expressions for the terminal admittance (relative to the 
characteristic admittance of the line) are derived.' These 


' For some of the original wave-guide applications of the varia- 
tional method, see Notes on Lectures by J. Schwinger by David S. 
Saxon, Massachusetts Institute of Technology, February 1945. 
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have the property of being stationary with respect to 
variations about the aperture field E, or the field Hy in 
the aperture plane, and can be exhibited in useful 
homogeneous forms. Application of the variational 
expressions is given, with rather satisfactory experi- 
mental comparison. 


II. FIRST INTEGRAL EQUATION FORMULATION 


In accordance with the preceding section, the electro- 
magnetic field can be derived from a single scalar func- 
tion H, which is independent of the angular coordinate 
¢. For harmonic time dependence exp(—iw/) the differ- 
ential equation which governs the spatial behavior 
of H ¢ is 


f i006 1 
canbe —+—-—+# ) iso, 2)=0, (2.1) 
Op? pdp a2 Pp 


where k?=w*eu=27/A, w=angular frequency, \=free- 
space wavelength, e« and yw denote respectively the 
dielectric constant and permeability of free space. The 
electric-field components are derived from H4 according 
to the Maxwell equations 


te) 
iweE,(p, en z), (2.2) 
2 


0 1 
ore (—+-)as6 2). (23) 
Op p 


In the coaxial region, a< p<b, z<0, Hy must satisfy 
the boundary condition 


0 1 
—+- Holo 2)=0 atp=a,b, = (2.4) 
dp p 


which, according to (2.3), makes E, vanish at the sur- 
faces of the inner and outer conductors. A general 
expansion for H, is 


eikz e~ ike 
*e— 
p p 


+> AnR,(p) exp[(An?— F*)42], 
n=1 
a<p<b, 2<0, (2.5) 





H(p, 2)=0 


where the first and second terms represent the incident 
and reflected TEM modes of amplitudes a and £6 re- 
spectively and the infinite series-represents the higher 
order modes. The eigenfunction R,(p) and the eigen- 
value \, are defined by 


a 10 1 

——<>— ——— +2.) Ralo)=0, (2.6) 
Op? pop Pp 

0.61 
(—+-)Ra(o)=0 at p=a, b. (2.7) 
Op p 
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The eigenvalues are roots of the transcendental equation 
Jo(An@)No(Anb) = No(And)Jo(And), (2.8) 


where Jo(x) and No(x) are the Bessel and Neumann 
functions of order zero, and a, 6 are the respective radii 
of the inner and outer conductors. Since An41>A, and 
k is chosen such that k<Ay, (A,2—#’)! is real and posi- 
tive.? Consequently, all the higher order modes of (2.5) 
are exponentially damped with increasingly negative 
values of z. A corollary of (2.6) and (2.7) is the orthogo- 
nality of the eigenfunctions with one another and with 
1/p. By an appropriate normalization 


f Relphital pele Sem (2.9) 


b 
J R,(p)dp=0, (2.10) 


where dnn=1, dnm=0. With the aid of (2.9) and (2.10) 
the coefficients A, of (2.5) are expressed in terms of the 
transverse component of the electric-field intensity in 
the aperture. Thus applying (2) to (5) we obtain 








F) : eke e~ike 
iweE (p, Z) - —i (p, Z) = tka — ikB 
02 p p 
+> A nRn(p)(An?— k*)! 
n=1 
Xexpl(An’—#)'z], a<p<b, 2z<0, (2.11) 


which, upon setting z=0, multiplying by pR,(p), and 
integrating from p=a to p=), yields 








i ae —f &(p)R»(p)pdp, (2.12) 
— k?)} 
where &(p)=£,(p, 0). Substituting these A,’s into (2.5) 
we have 
eikz —ikz 
Hy (p, z)=a +6- —tive f &(p’)p'dp’ 
p 


ved aan 
= 22k) = exp[(An2— *) 42 ] 


aSpSb, 250, (2.13) 


A direct integration of (2.11) for z=0 provides the 


relation 
b uv\i 
f S(o)de= (a-8)(“) log-. 
a € a 


Our next task is to find an expression for the azi- 
muthal component H,*(p, z) of the magnetic-field in- 


2M. Kline, J. Math. Phys. 27, 37-48, No. 1 (1949); H. B. 
Dwight, J. Math. Phys. 27, 84-89, No. 1 (1949). 


(2.14) 


THE CIRCULAR DIFFRACTION 


ANTENNA 31 


tensity in the half-space z>0. For this purpose we need 
a Green’s function Gp, z, p’, z’) which satisfies the 
inhomogeneous equation 


a? 10 & 


1 
—+- —+———+# }G(p, z, p’, 2’) 
Op? pdp a2 Pp 





,o(e— p’) 
= —§(s—2’) , 220, (2.15) 
p 
and the boundary condition 
fe) 
— 0, p’, 2) =0. (2.16) 
z 


We construct G™(p, p’, z, 2’) by combining two solu- 
tions, one of which satisfies (2.15) for all z while the 
other satisfies (2.15) with the sign of 2’ changed, such 
that their sum is an even function of z [thereby satis- 
fying (2.16) ]. Thus 


G(p, 2, p’, 2')=G(p, p’, s—2')+G(p, p’, 2z+2’), 
2>0, (2.17) 


and G(p, p’, 2’) must satisfy the radiation condition 
and the equation 


of 1d @ 
( +- +48) Go, 0 p', 2F2') 
dp pdp da? Pp 





5(p—p’) 





= —6(22’) » —~e<zsew, (2.18) 


p 


where the upper and lower signs correspond to a source 
at s=2', p=p’ and its image at z=—z’, p=p’ respec- 
tively. To determine G(p, p’, z—z’) we take the Fourier 
transform’ of (2.18), 


ae 14a —65(p—p’) 
|—+- <4 (00 ',f)=————,, (2.19) 


Op” pdp p* p 


where ¢ is a complex variable and 


G(p, 0’, *)= f e-it-G(p, p', 2)dz. 


—~ 


The solution for (2.19) representing cylindrical wave 
propagation outwards along p is 


1 
G(p, p’, $)= oo $)4p> Vil(P—§*)4p<], (2.20) 


where p>, p< respectively designate the larger and 
smaller of p, p’, J:(x) is the first-order Bessel function, 
and H,(x)=J;(x)+iNi(x) is the first-order Hankel 
function of the first kind. We specify the phases of the 
radicals in (2.20) as follows: arg(k?—¢*)'=0, 2/2 for 


*H. Levine and J. Schwinger, Phys. Rev. 73, 383-406 (1948). 





32 H. 


LEVINE AND C. H. PAPAS 


|¢|<k, |¢| > respectively, to insure the proper sense of propagation. Applying the Fourier inversion theorem 
to (2.20) we obtain (Appendix A) 
’ 1 ‘ ’ : , 
Glo, 6',s-2')=— Glo, 6, seas 


T Wx» 


1 a 
--f Hy ((R—§) ps Wil(P— &) pc jet e-2 de 


—o 





1 exp{ik[p?+ p”—2pp’ coso+ (z—2’)?}}} 
=— do cos¢ . (2.21) 
4x J, [e+ p”—2pp’ cosp+ (z—2’)?}} 
where the ¢-integration is along the real axis of the complex ¢-plane with an upward indentation at (= —k and 


a downward one at {=+ (Fig. 2). And by a similar procedure, 











1 ¢”" exp{ikp?+ p”—2pp’ coso+ (z+2’)* }*} 
G(p, p’, z+2’)=— f do cos@ ; (2.22) 
4a J Lp?+ p—2pp’ coso+ (2+2’')?]} 
Hence, from (2.17), (2.21), and (2.22) we obtain the desired Green’s function, 
1 ¢* exp{ ikl p’+ p”—2pp’ coso+ (z—2’)? }*} 
GH (p, p’, 2, 2’)=— f do cos 
wr Jo [e?+ p”—2pp’ coso+(z—2’)?}! 
exp{ik[p?+ p—2pp’ cosp+ (2+2') }}} 
+ pléeL | (2.23) 
[e*+ p’—2pp’ coso+ (z+2')?}! 


Now we apply a modified form of Green’s second identity to H,(p, z) and G*(p, p’, z, 2’) in the volume V 
bounded by the plane S of the baffle and the hemisphere S., with r->~, (Fig. 3). Thus 


f [G(p, p’, 3, 2’) [V?2—1/p?+k JH 6 (p’, 2')— Ho (p', 2’) [V2—1/p?+ 8 JG (p, p’, z, 2) $dr’ 
V ; 


= f [G(p, p’, 2, 2’)n-V'H yg (p’, 2’) — Hg (p’, 2’)n- VG (p, p’, 2, 2')}do’, (2.24) 
S+8S 


Q 
"ao 


where m is a unit vector normal to the bounding surface and directed outward from the region. The integration 
over S, disappears and, hence, the surface integral reduces to an integration over the plane z=0. By virtue of (2.1) 
and (2.15) the volume integration yields H,(p, 2); recalling (2.2), (2.16), (2.23), and the boundary condition 





E,(p, 0)=0, b<p<a, (2.24) becomes 


0 
He (0, 2)=— J GO(p, p', 2, 0) Ho (0, 0)p'dp’ 
Ss 


OZ 





—iwe 7?” ae exp[ik(p?+ p”—2pp’ coso+2")!] | 
-—f S(o')o'd' do cosd , 220. (2.25) 


2n a 0 


Up to this point we have obtained expressions (2.13) 
and (2.25) for H4(p,z) valid in the coaxial region 
a<p<b, 2<0 and the half-space z>0 respectively. To 
proceed further we introduce the quantity of physical 
interest, i.e., the terminal admittance, in terms of the 
electric- and magnetic-field intensities. 

As a measure of the coaxial-line current we take 


I (2) =22(ae*?+ Be-***), (2.26) 


which upon comparison with (2.13) is seen to be the 
integral of the dominant part of H,“(p, z) taken along 


(p?+ p”—2pp’ cosp+z")} 
a circle of radius p surrounding the center conductor. 
And as a measure of the voltage across the coaxial line 
we adopt the line integral of E,“(p,z) from p=a 
to p=), 





b 
V(2)= f E,-(p, 2)dp 


a 


€ 


nu} b 
" (“) (ae'ts— Be-‘t*) log-, (2.27) 
a 








V 
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Fic. 2. Path of integration in complex ¢-plane. 


which follows from (2.11) and the orthogonality rela- 
tion (2.10). In particular 


b u\} b 
vo= f s(ode- (*) (a—B) log-, (2.28) 
a € a 


and 


I(0)=22(a+8). 


The current and voltage as defined by (2.26) and (2.27) 
satisfy the uniform transmission-line equations, 


(2.29) 


(a/dz)I (2) =ikY pV (z), (2.30) 


(8/dz)V (2) =ikZol(z), (2.31) 


where Yo(=1/Zo) is the characteristic admittance and 
is given by 


Qn 





VY 


(2.32) 


a (u/e)} log(b/a) 


b 
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Fic. 3. Region of in- 
tegration. S=plane of 
baffle. S..= hemisphere 
with r= 0. V=volume 
enclosed by S45. 








The admittance Y(z) at any cross section is given by 
the current-voltage ratio Y(z)=J(z)/V(z). Taking the 
open end of the coaxial line as a reference plane we 
obtain an equivalent-circuit representation consisting 
of a lumped admittance Y(0) terminating the trans- 
mission line. From (2.28), (2.29), and (2.32) we see that 
the terminal admittance is given by 


I(0) : atB 





(2.33) 


A knowledge of Y(0) offers a complete description of 
the dominant-mode behavior. 

Returning to the main thread of the discussion we see 
that H,@(p,z) as given by (2.13) can be rewritten 
with the aid of (2.26) as 


T(z) ? ae lie as R,.(p)R(p’) 
H,—(p, z)= tive f &(p’)p'dp’ >> 








—exp[(A,n2—F*)!s], s<0. 


a (2.34) 
(A — k?)3 


Across the aperture H 4(p, z) must be continuous, i.e., Hyp, 0) = H,(p, 0). Consequently setting z=0 in (2.25) 


and (2.34) we obtain the desired integral equation 


1(0) . ; a Ri(p) Ral’) 
—+tiwe f Gis 2, 
2rp a n=1 (X,2—?)4 


— lwe 
2r J 


a 


b 


S(o')o'de' f do cos@ ; 
0 


exp[ik(p?+ p’”—2pp’ cos@)? ] 





a<p<b. (2.35) 


(p’+ p”—2pp’ cos¢)! 


III. SECOND INTEGRAL EQUATION FORMULATION 


Using an alternative existence theorem, which allows the representation of the electromagnetic field within a 
region in terms of the tangential magnetic field on the bounding surface, we now deduce a pair of dual equations 
for the distribution of the magnetic-field intensity 3C(p) in the aperture plane. 


We recall from (2.5) that 


eke eo ikz 


+ 


Hs (p, 2)=a—+B—+ > A,R,(p) exp[(A,2— R’)!z ], 


p p n=l 


a<p<b, 2<0. (2.5) 


Multiplying by pR,(), then integrating from p=a to p=b, we obtain by (2.9), (2.10) for s=0 


b 


An= f 5(p)Rm(p) pdp, (3.1) 


a 


where 5C(p) =H, (p, 0). Similarly by a direct integration of (2.5) 


b 


a 


db. 
f 5K(p)dp= (a+ 8) log-= — log 
a 


(0) 6b 
(3.2) 


z. 
LT a 
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where (2.29) was used to establish the latter equality. Substituting (3.1) into (2.5) we find 


eike e~ tke b oo 
H,—(p, 2)=a—+B—+ ] K(p’)p’dp’ > Ri(p)R,(p’) expl(AnP—F)'z], ax<p<b, 2z<0, 
vp p a n=l 


which, when differentiated according to (2.2) yields 


m } eikz e ike 
EO(p, »=(*) («—-s—) 
€ v p 


1 . 
+— f H(p’)p’dp’ & Ra(p)Rn(o’)(An2—#)! exp[(A2—k)'z], a<p<b, z<0. (3.3) 
1WE Wa 


n=l 


To derive an expression for the transverse component E,‘+)(p, z) of the electric-field intensity for the half-plane 
z>0, we construct a Green’s function I'(p, p’, z, 2’) which satisfies the same differential equation (2.15) as before, 
but with a different boundary condition, 

I'(p, p’, 0, 2’) =0. (3.4) 
Thus 


I'(p, p’, 2, 2')=G(p, p’, —2')—G(p, p’, +2’) 








yw —— coso+ (z—2’)?}}} 
=— do cos@ 
4r J, [e?+ p?—2pp’ coso+ (2+2')?}} 
exp{ik[p?+ p”—2pp’ coso+ eo) 3.5) 
= 5 
Lo*+ p"—2pp’ coso+ (2+2’)? }! 
From Green’s identity (2.24), with Gp, p’, z, 2’) replaced by I'(p, p’, z, 2’), it follows that 
- 0 
Hs (p, = f Hy (p’, oa p’,2,0)p’dp’, 220, (3.6) 
0 z 
from which we get, with the aid of (2.2), 
1 » 00 
E,%(p,s)=— f se(o)——To, 6,2, O)o'de’, 520, (3.7) 
iwe J z Oz 


where 3C(p) =H, (p, 0). 
In the aperture E,“(p, 0) = E,(p, 0). Hence by (3.3) and (3.7) 


u\'/a B 1 b . 
(“) (=--)+— J 5K(p’)p'dp’ yD R,.(p)R2(p’)(A2— FR)! 
. Pp Pp Iwe Hq a 


1p? aa 
on f 5¢(6)— —T(p, p’, 0, 0)p'de’, a<p<b, (3.8) 
WE Ho 2 


° 
~ ~ 


and on the remainder of the plane E,‘*)(p, 0) must vanish: 


e 00 
0= f 3e(o'——T(o, 6',0,0)p'dp’, a2p>0. 3.9) 
0 ° ~ 


~ _ 


Multiplying (3.8) and (3.9) by p3C(p) and integrating, 


ur? b a b “2 
(“) (a—a) f K(p)dp+— > ace f 3e(0)Ra(o)od | 
€ a 


IWE n=l a 


1 ‘ a 00 
=— fi pipse(o) f o'dp'se(o"— —r(p, 6',0,0). (3:10) 
Iwe Jo 0 Oz Oz 
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ao 


oa<#“#g’a sy 
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We rewrite (3.10) in a form involving the terminal voltage V(0) given by (2.28): 


V(0) 6 1 b 2 
KH(p)dp+— are f se(o)Ra(o)odp| 
log(b/a) a 1we n=1 a 





Mm = , da 
=— fi dpieto) f o'de'se(o')— 1%, 6, 0,0). (3:11) 
iwe J, : as 


IV. VARIATIONAL PRINCIPLES 


Utilizing the first integral equation, we construct a variational principle for Y(0) by first multiplying (2.35) 
by p&(p), then integrating from p=a to p=), and finally dividing the resultant equation by [ /2° 8()dp P. Thus, 
recalling that V(0)= J? &(p)dp (2.28) and Y(0)=1(0)/V(0) (2.33), we obtain the desired representation, 


—ik log— &(p)R» 
~ og. |. f (0) oie] 


b 2 Lu (r.2— 2)! 
| f won| 


1 °° , » expLik(o+ p’*—2pp’ cosd)*] 
ina f wile f p'dp! f dep cosp8(p)8(’) (41) 
2a a a 0 (p?+ p?— 2pp" cos¢)! 














4 


for Y(0)/Yo in terms of the aperture electric field &(p), which is homogeneous in &(p) and stationary with respect 
to the first variation of &(p) about its correct value determined by (2.35). 


Another variational principle is deduced by dividing (3.11) by [/2° 3C(p)dp P. Thus, since 27 fo" 3(p)dp=1(0) 
Xlogb/a, Y(0)=1(0)/V(0), 











p’, 0, 0) 


-> ase f se(p)Ra(o)edo| , (4.2) 


n=1 


which is homogeneous in 3C(p) and stationary with respect to first variations about its correct value determined 
by (3.11). 

In both variational principles the stationary quantity, Y(0)=G(0)—iB(O) where G(O) and B(O) are the termi- 
nating conductance and susceptance respectively, is complex. If we substitute the true &(p) in (4.1) and the true 
H(p) in (4.2), obtained from (2.35) and (3.11), respectively, both variational principles will yield the same true 
value for Y(0). However, the two values of Y(0) resulting from approximate &(p) and 3C(p) will differ, but both 
will be close to the true Y(0) if the trial functions are chosen appropriately. The errors in Y(0) are of the order 
of magnitude of the squares of the errors in &(p) and 3(p). 

If the stationary quantity had not been complex, one variational principle would yield a value above the true 
one while the other would yield a value below it. Since Y(0) is complex no such limits can be found. 


V. APPLICATION OF THE VARIATIONAL PRINCIPLES 
We evaluate Y(0) using first (4.1) involving &(p) and then (4.2) involving 3C(p). 
Assuming 


S(o)=¥ eaRalp), (5.1) 


n=0 


where Ro(p)=1/p, we calculate the integrals of (4.1) in terms of a,. Recalling the orthogonality properties (2.9), 
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(2.10) of R»(p), we directly get 


5 7 © b 2 b\2 
f swe -|E 0, f Ra(o)de] =ae( tog-) , (5.2) 
-_“a a n=0 a 


a 











and : ' 
f S(0)R.(o)edo] =| ¥ on f Ralo)Ra(o)odp| -| > anima =a,?, (5.3) 
a L_m=0 m=0 
The remaining integral of (4.1) is cast into a more convenient form by the relation (Appendix A) 
ae exp[ik(p*+p"—2pp’ cosd)'] f* sdf 
—[ dgcoss os -{ Iu(s0)Ju(so'), (5.4) 
2 Jy (p?+ p”—2pp’ cos¢)! 0 (¢°—k*)! 


where the {-integration is along the real axis of the complex ¢-plane with a downward indentation at ¢=+& and 
arg(¢?—k’)!=0, — 2/2 for f2 k, §<k respectively. Thus 




















exp[ik(p’+p"—2pp’ cosd)*] «© « 
"oa f o'dp’ ig 44 cosp6(p)&(0') “ttcim C8 
Qn (p’+ p”—2pp’ cos¢)? n=0 m=0 
where 
* $d . , 
ee f ) f ple f p’dp’Ix(¢p)I(¢0")Rn(p)Rm(0")=Cmn- (5.6) 
a (P—FR)iS, 0 
Carrying out the p and p’ integrations of (5.6) (Appendix B), 
* ¢d¢ 
com= pyle Inl, (5.7) 
where ‘ 
falt)= f odpRa(o)Ju(50) 
2N, 1 
= [J0($b)Jo(Ana) —Jo(Sa)Jo(And) J, (5.8) 
® An Jo(And) A2—-2? 
and 
P Jo(§a) —Jo(fb) 
fuls)= [ pdpRa(o)I.(50)= — (5.9) 
and : 





1 v2 J?(And) , 
—--| -1| . (5.10) 


N, TrAn J e?(And) 


Inserting (5.2), (5.3), and (5.5) into (4.1) we get the following expression for Y(0) in terms of the coefficients a» 
(only the relative amplitudes a,,/a9 are important for the calculation) : 


Y(0)_ —ik [«@ a,” 
Yo ~ log(b/a) 





i Ee GnOmCnmt 2 y= EmCom+ Coo ty (5.11) 
n=1 (A ne— k*)! n=l m=1 m=1 


where dn, = dm/do. 


Owing to the stationary character of Y(0), on differentiating (5.11) with respect to d,, we obtain the following 
infinite set of simultaneous equations, 


an 


. eet E Eufan=0, #=1,2,3,---, @, (5.12) 
Oem at 


which, when multiplied by d@, and summed on 2, yield 


a a,? 


———— ++) ancont GnOmCnm=0. (5.13) 
n=1 (\,,2— k?)! x ' 4 a 

















) 
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As a consequence of (5.13), (5.11) becomes 





YO) —ik ° 
= {Coot 20 GmCom}. (5.14) 
Yo log(b/a) m=1 


Now we proceed with the evaluation of Y(0) using (4.2). In preparation for this, we deduce an appropriate 
representation for 3C(p). From (2.25) and (5.4), 





*  ¢df P 
Hs (p, s)= ~iwe f Hise) f p'dp’'I1(¢p’)8(p’). (5.15) 
0 (g*— A*)? a 


Inserting the expansion (5.1) into (5.15) we find for 3C(p) (apart from scale factors) 





K(p)= ¥ om f 


mf pao) (5.16) 


since 5C(p) =H, (p, 0). From (5.9) and (5.16) 








b - oa) 
K(p)dp= a bad J d 
 w6p)de= E an f sal of 1(¢0)dp 
=X am Saint fold)= AmCom, (5.17) 
from which it follows that 
b 2 - 2 
lf se(o)do| = ( y on‘ ; (5.18) 
a m=0 
Since [Appendix A(13) ] 
00a » 
——T(p, 6 0,0)=— fs) I(go\I(GoDd8, (5.19) 
Zz 0 


we write 


( ) 0 2) i a) 2 
f pdp3e(p) i o’dp’3¢(o' — 16, ,0,0)=— f rare f ndpte(o) (eo) (5.20) 


Oz Oz 


and proceed to evaluate fo” pdp3C(p)J1({p). Utilizing (5.16), we get 








f odeie(o)J(¢e)= f pdpJi(fp) r am f J i(p) fm(&), (5.21) 
0 0 m=0 o (&—F)! 
where & is a complex variable. Recognizing that 
P 6(¢—&) 
f pd t(ce)Ji(G0)=—— (5.22) 
(5.21) becomes : 
‘is * fmnlS) 
J edose(os0¢0)= Em (5.23) 
0 m=0 (¢? _)F 


It follows from (5.7), (5.20), (5.23) that 
f pdp3(p) f p'dp’3(p’)— —I'(p, p’, 0, 0) 
0 0 dz Oz’ 


=- f ree SS = fale fald)=E E artacome (5.24 


n=0 m=0 _ 
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Next we evaluate J/2° 3C(p)Rn(p)pdp. Again, from (5.16) we get 











. 2 *  $df ’ 
J e@Rede= ¥ an f fal) [ pdpRale) Ju), (5.25) 
a m=0 0 (¢?— k?)# a 
which by (5.7) and (5.8) becomes 
5 @ 
J m0 Raloede= 5 ancnm (5.26) 
e m=0 
With the aid of (5.18), (5.24), and (5.26) we get for (4.2) 
b 2 ea) 0 rr 
log— , = An OmCamt yo (An?— R*)4( i OmCnm)? 
0 a n=0 m=0 n=l m=0 
=— . 5.27 
Y(O) —ik ati 


( > a mCom)* 


m=(0 


This expression is stationary and upon differentiating it with respect to a, we obtain 











: ¥ (0) log(b/a)\ = ‘ . | 
Cop >> OmClom = ( ) ~ mC pm t+ > Cpn(An2— k?)} = AmCmn), p=0, 1, y 3, +e. i, (5.28) 
m=0 Yo —ik m=0 n=l m=0 
Then ¥(0) log(6/a) 
~ (0) log(b/a w 
Cop ys anon ( ) > Cub om, (5.29) 
m=0 Yo —ik m=0 
where 
d pm=Com+ 2, CpnCmn(An?— k?)4=dmp. (5.30) 
n=l 
We now define 5, by the relation 
Y —tk 2 
; b, > AmCom, (5.31) 


°*'¥ (0) log(8/a) " ==0 


from which, after multiplication by co, and summation on , it follows that 








2 Yo —tk @ % 
a AnCon= Y© lox(b/a) zu baCon u AmCom- (5.32) 
The sum > @»Con iS common to both sides of (5.32); canceling it out we obtain 
a Y (0) —ik « 
= > bacon: (5.33) 


Yo . log(b/a) m=0 


Inserting (5.31) into (5.28) and using (5.33), we get the following equations for the 6,: 


Cop= > bd pm, p=0, i, 2, 3, EKG (5.34) 


m=(0 


The first and second variational principles have yielded (5.14) and (5.33) where the determination of the associated 
coefficients d,, 6, require the solution of two infinite sets of simultaneous equations (5.12) and (5.34). A rigorous 
solution is not attempted; instead we assume that d,=6,=0 when n> WN. The corresponding approximations to 
Y (0) are given by 

Y(0) —ik 





N 
= {Coot 2. Enon}, (5.35) 
Yo log(b/a) n=1 
where 


an 





+ Cont > AmCnm=0, 6 = a 2, 3, eee, N, (5.36) 
m=1 


(a2— He)! 
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for the first variational principle, and 


Y(0) —ik N 


= > bnCon, (5.37) 
Yo log(b/a) n=0 . 





where 


N 
po bnd pn=Cop, p=0, 1, 2, a oe N, (5.38) 


n=0 
for the second. 
The computational procedure indicated in (5.35)—(5.38) affords approximations to any desired degree. The 


simplest approximation (and yet a sufficiently accurate one, as we shall see upon comparison with experimental 
results) is obtained by neglecting all but the leading terms. Hence from (5.35) we obtain 











do f °F yea) —s0(¢0) (5.39) 
= olf a)—Jo ; ? 
Yo log(b/a) 4%) ¢(e— k)i 
and from (5.37) ? 
x c 2 
. : (f agai elea)—Jo(20)P ) 
YO) | —ik 0 ¢(@—R)! wil 
Yo log(b/a) f*® dt - * dt 2” ; 
———| Jo(Fa) —Jo(¢b) P hn2— k*)! J (Ga) —Jo(&b) hn 
J (an payin oa) JolSH) PY ( D J Gan pie oba)— Jos) fal) 


where f,(¢) is given by (5.8). 

If the approximation were improved by employing larger values of N in (5.35) and (5.37), the difference between 
the two resulting values for Y(0) would progressively decrease and in the limit N+ both variational principles 
would yield the same true value. Comparing (5.39) with (5.40) it is seen that they differ by virtue of the term, 





: 2 dt : 
p> nH) f [Yolta)— (eI, (5.41) 


n=1 (¢?—?)! 


the magnitude of which offers a measure of accuracy for (5.39). That this term is small is placed in evidence by the 
fact that (5.41) converges at least as fast as 1/n* (this directly follows from (5.41) and the asymptotic relation 
\n~nn/(b—a) as n—~) and by the close comparison between Y(0) computed from (5.39) and experiment. 





VI. EVALUATION OF THE CIRCUIT PARAMETERS} ¢=ksin@ and t= ké in the former and latter respec- 


The terminating conductance G(0) and susceptance tively, we obtain 
B(0) are obtained from the real and imaginary parts of 














¥(0) since ¥(0)=G(0)—iB(0). Thus, from (5.39) Go)! f me 
V0) GO) BO) _ ib m de Yo log(b/a) 4» _ siné 
% Yo Ye eens | (e—k)! X[Jo(ka sind)—Jo(kb sind) ?, (6.2) 


d 
———| Jo(kat)—Jo(kbté) PF. (6.3 
epic athat)—Jalebe)P. (6.3) 





X[Jo(sa)—Jo(sb) #. (6.1) BO) 1 f 
1 


The path of integration along the positive real axis of Yo log(6/a) 
the complex ¢-plane with a downward indentation at , , ; ° 
{=k is considered as the sum of three separate integra- With the aid of the relations (Appendix C) 
tions: one extending from ¢=0 to {=k—n, another - 

along the semicircular indentation of radius n, and f Jo(kak) Jo(kbé) 
finally one from f=ktn to ¢= 0. As 7-0 the integral t(#—2?)! 
along the semicircle vanishes. Therefore, (6.1) is the 
sum of two integrals, one extending from ¢=0 to ¢=k, T 


1 ® 
the other from ¢=k to {= & ; using the transformations = -— a Sil kz(a’+b’—2ab cosp)*]dy, (6.4) 
NN Z W209 





dé 


t The analytical results of this section were obtained by one of 
us (H.L.) at the Radiation Laboratory, Massachusetts Institute ” J.2(kat) 1 r 
of Technology, 1945 and are contained in the Wave Guide Hand- od dt= 7 Si(2k . 2)d 6.5 
book, Vol. 10 of the Laboratory Series (McGraw-Hill Book Com- 2\} ee i(2kaz siny/2)dy, (6.5) 
pany, Inc., New York). 2 &(#—2*) 22 mz Jo 
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where which is valid for ka, kb&1. Furthermore, when 
* sint o? =[2(r)!/7+-1 P™1 or r~1 
t 
0 


is the sine integral, (6.3) takes the more convenient 
form: 


B(O) 1 
Y) 7 log(b/a) 


x2f Si{ kal.1+ (b/a)?—2(b/a) cosy }'}dy 


0 


-f Si(2ka siny/2)dy 
0 


-f Si(2kb siny/2)dy. (6.6) 


0 


From (6.2) and (6.6) G(O)/Yo and B(O)/ Yo have been 
computed for various values of ka with r=b/a=1.57, 
2.0, 2.36, 3.0, and 4.0 and compared with experimental 
values‘ obtained for r=1.57 and 2.36. In Fig. 4 it is 
seen that the agreement between the calculated and 
measured values is satisfactory. 

In the low frequency limit, i.e., ka, kb&1, we obtain 
from (6.2) by retaining only the first two terms in the 
power series development of the Bessel functions 


GO) | 2 1 /ka 
(= ) (77— 1)” ’ 
= 0 ~ 3 logr 
where r=b/a. Moreover, since Si(x)-~x when x<1, at 
low frequencies (6.6) reduces to 
B(0) 1 
Y) 1 log(b/a) 





(6.7) 





7 by\2 b 4 
x {aka f |1+(-) -2(-) cost ay—4(ba+#6)}, 
0 a a 
(6.8) 
In terms of the complete elliptic integral of the second 


kind, E(a), defined by 


E(a)= f (1— a2 sin*¢)!d¢, (6.9) 
0 


(6.8) takes the form 
B(0) 


4k(a+b) {| ) | 
Yo ~ w log(b/a) 7 a+b 


ee |) i), 
3 m logr t+1 


*E. O. Hartig, thesis, Harvard University, 1950. 








(6.10) 








4 1 
E(a)~™1+ ve -5|0-e (6.11) 
(1—a’)! 2 


Consequently, for ka, kb&1, r~1 we obtain from (6.10) 
and (6.11) 








B(O) = 2ka [ r—1 1 
= log4 -;| (6.12) 
Y, loge r+1 2 
Finally, we may note that in the limit ka, kb 
G(O) BO) -—ik ” 
eee Pena ements i) nomenon LJo(Sa)— Jo(b) F 
Yo Yo log(b/a) (c?— R*) 


o_o 


* dx 
- f —[Jo(x)—Jo(xr)P=1, (6.13) 
0 2 


log(b/a) 
where the transformations x={a, ({?—k’)!——ik are 
effected in going from the first integral to the second. 
Hence, in the high frequency limit G(0)~Yo and 
B(0)~0 and the antenna is matched to free space for 


there is no reflection of the dominant mode wave back 
into the coaxial guide. 
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APPENDIX A 
In spherical coordinates the solution of 
(V?+k)G(r, r') = —8(r—r'’), (1) 


where r,r’ are vectors extending from the origin to the point of 
observation and the point source respectively, is 


eikir-r'l 


G(r, r')= 





rie (2) 
x\r—r'| 

Physically, (2) represents spherical waves emanating from the 
point r=r’. In cylindrical coordinates (1) becomes 


(V?+k?)G(p, p’ Pp ’ o—- ¢ , 3 —2')= 


—65 
= a 1 ¢')5(s—2'). (3) 
p 


It has been shown in Sec. IV, Eq. (13) of reference 3 that (3) has 
the solution 


i ee) ? 
G(p, p’, o— ¢', 2-2’) = J > explim(o—¢’) JH» 
TJ 


moc 


%)§p> ml (— %) 4p] explit(z—2') dr, (4) 


where the integration path is shown in Fig. 2. Since (2) and (4) 
are alternative representations, we have 


eik!r-r’ I i - po 
—__$— = — > 
4nir—r’'| 84¥d—~,,—-« 


X [(— %)}p> nl (— *)4p.<] explit(z—2’) Ms, (5) 


where |r—r’| =(p?+~"—2pp’ cos(¢—¢’) +(z—2’)*)*. Setting 
¢’=0 and integrating from ¢=0 to ¢=2z after multiplication by 


x [(e- 





explim(¢— ¢’) JH»? 
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cos, we have APPENDIX B ' 
ee eth r-r' | — fn i We consider 
de lr—r’| 4 b 
X[(— )'p> Vill *)'p<] explit(s—2') ds, (6) fale)= J. pdeIi(Go)Rulo), m1. (1) 
since To carry out the evaluation of f,,(¢), we first must determine the 
Wr normalization factor NV, for the eigenfunction R,(p): 1 
Jp Cosme cosnede= xB um. Ru(p) = NnLJi(rnp)N o(And) —Jo(And)N (Ano) J, (2) j 
By definition where X,, are roots of é 
r (p, p’ PP z, 2’) caine ” do cos No(Ana)J o(Anb) = Jo(A,a)! No(A,b). (3) 
; , N,, are chosen such that 
pow }} _ exp {ikl R?+(s+z yy} (7) x ' 
[R?+(z—2’)?}} [R?+(z+2’)?} 9 f Ri.()Rm(p) pdp = bum. (4) ; 
where R*= p?+p’—2pp’ cos@. Owing to Sommerfeld’s represen- Let | 
tation® Zp=J p(Anp)No(And) — J o(Ana) N p(Anp). (5) F 
exp {ik R?+(z-+2’)? }*} -{- ¢dt Then (4) becomes 
[R?+(z+2’)?} o (¢2—k)4 of 
Xexp[— (¢#— k)4|s2’| Vol(Ro), (8) Nn J. [Zi(Anp) Pedp= 1 ¢ 
where the integration is along the real axis of the complex ¢-plane = Nat % (2540p) —Zol dap) Zap) f- 
with a downward indentation at ¢=+k and arg(¢?—&?)!=0, 2 e 
—*/2 for ¢>k, ¢<k respectively, we can rewrite (7) in the With the aid of the identity J:(x)No(x)—Jo(x)Ni(x)=2/ax and 
following form: (3), it follows from (6) that t 
, , 1 v2 J 2(r,@) 4 
I'(p, p’, 2,2) = do cos ————— J o( R¢) Ek le in ae | - 
—S fa a , N, Trn o°(And) ”) 
x emt b)§|s—2" emt H iets ij}. @) Substituting (2) into (1) and noting that 
Then, b v 
¥ JP pd Is(50)Is(Xnp) 
ds agit (Pr O92) — Fg Jy de cose f~ £6 KTARE) _ f0Ji(dnp)Io(Sp)—dnpJoAnp)Ji(k0)|?~* og 
X fexp[— (¢@— &)#|s—2' | J+exp[—(¢?—#*)!|2+2’| J}. (10) = Ani— $* ite 
At s=2’=0, . 
9 1 es ' f pdpJ (fp) Ni(Anp) 
oe (p, p’, 0, H=-— f° do cose f o(?— Rk) (RO). (11) _ £eNi(Anp)Jo(Sp)— AnpN o(Anp) Ji(p) ites (9) 
Av— g* =e 


Interchanging the order of integration and using the addition 
theorem, 


J(RO)= J (2—Fon)InlSp)In(Fp’) cosne, 
=0 


n 


we obtain 


Wr 
J, do cosoJ o( RS) 


= 5 (2—bon)Ju(So)Ju(ce") cos¢ cosn¢d@ 
0 0 


n= 





=2nJi(Fp)Ji(fp’). (12) 
Hence, by virtue of (12), (11) takes the form 
a > Be 
= ~ ro, 0’, 0, 0)= — f° sg Iuseds. (13) 
Setting z<==z’=0 in (8), we r. 
a 
sa Sr en soy J(Ré). (14) 


Multiplying through by cos¢ and integrating from ¢=0 to ¢=2r7, 
(14) becomes 


ox eikR _ 


* gag 
ean 


o (¢?—*)} 


=2x f~ a a J Se) Se" ). 


iS Jo Rf) cosodd 








(15) 


5 Watson, Theory of Bessel Functions (Cambridge University 
Press, London, 1945). 





we finally get: 


b 
ho= J pdpJ (Fp) R.(p) 








2a, 1 
ih Dba pal ofS) Fo(Ana) — Jo(€a)Jo(Anb) J, (10) 
when n=0, 
. ; J o(¢a)— J o(¢b) 
fio=f pdpJi(¢p)Ro(e)= J” ded s(t) =A) (11) 
a a i 
APPENDIX C 
Sonine’s formula (p. 417, Eq. 5, reference 5) 
J [a(P+2*)*], 24T'(u+1) 
= (2+ g2)"/2 Pur idt= oetiy—p—1 »—a—1(03), (1) 


is valid provided a>0, Re(4v—}), Re(u) >—1, where Re denotes 
the real part. 
If we let £=(#+2?)! it follows from (1) that 





J,(aé) 
f gr} (?—2*)"dé gr n1(a2). (2) 
We now consider the integral 


;, J o(at) J a(bé) 
F(a, b, a= f- e—ay % 


_1 ft 4, pe JoLk(@+H—2ab cos6)'],, 
--f dof Se dt, (3) 















where use is made of Neumann’s addition theorem and the 





nd 


(7) 
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- orthogonality of the trigonometric functions in passing from the 


first integral definition to the second. 
Let 





JoLE(a*-+b*— 2ab cos6)! 
G(a, b, 2)= f 2EEO ea Jag. (4) 


Then 


a—b cos@ 
(a?+6?—2ab cos@)* 
Ji L&(a?+6?— 2ab cosé)*] 
xf” wer g, 
with the aid of (2) [setting »=1, u=—}, and recalling that 
Jj(x) = (2/x)4 sinx] (5) becomes 





* Ga, b,s)=— 
0a 





(S) 


3 a—b cosé 1 
Prada b, 2)= ~ @+B*—2ab cosd 2 


-sin[z(a?+6?—2ab cos@)+]. (6) 
Integrating (6), we get 
G(a, b, z)—G(O, b, z) 
---{° ‘x—b cosé 
go x2+52—2bx cosd 





sin[2(x*+6?—2xb cosé) dx. (7) 


Making a change of variable, v= (x*+6°—2xb cos@)}, (7) takes 
the form 


1 1 
G(a, b, z)—G(0, b, s)= ~Si(bz) — -Si[z(e+e— 2ab cos@)*], (8) 


where 


Sita) = 7 a. 
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To evaluate G(0, 6, s) we note that by (4) 


J _Jolkb) | 
0. fe 


a J ,(&b) 
3900. 2)=— fF canal 


or with the aid of (2) (setting »=1, n= — 4) 


then 


o... nd 
500 b, z)= a sinbs. 
Integrating (11) with respect to 6, we get 


G(O, b, z)—G(O, 0, s)= 


But since 


a ra 
60,0.2)— JP aaa 2 


we obtain 
G(O, b, z)= — “Silbs), 
which when substituted into (8) gives 
G(a, b, s)= * _*sifs(at +b 2ab cosé)?)]. 


It follows irom (3), (4), and (15) that 


rae Fo(at) Jo(b8) 5 7 
2 &(#—2?)4 


and when b=a 


© J i(at) _e 1 ¢ ( A °) 
f (e—2it= 2, — fi Sil 22a sin; dé. 





a sinbs — * Si(be). 


ae Siz(a?+b*—2ab cos6)+ 48, 
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(11) 


(12) 


(13) 


(14) 
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Present digital storage devices use two space coordinates or time and one space coordinate for selection 
switching, resulting in bulky construction or long access time. Three-dimensional arrays with efficient high 
speed selection appear possible after continued development of rectangular-hysteresis magnetic materials. 
An operating mode is suggested which depends on ability of the magnetic material to discriminate between 
two values of magnetizing force which differ by a 2:1 ratio. Only one magnetic core per binary digit is 
required. Tests show that most existing metallic magnetic materials switch in 20 to 10,000 microseconds 
and are too slow. Nonmetallic magnetic materials can now approach the required magnetic behavior; they 


switch in less than a microsecond. 


INTRODUCTION 


LL digital storage devices currently used in elec- 

tronic computers have serious shortcomings, and 
we should expect major improvements in the future. 
Such improvements will probably come through new 
combinations of storage elements and switching sys- 
tems. This article discusses one such possibility. 

The storage of digital information is more a problem 
of selection and switching than it is a problem of in- 
formation retention. Many simple physical devices are 
available to store information, but most of them lack 
a suitable high speed selecting system. The best storage 
and selecting systems in present use can be divided into 
two types: those in which time is used as one of the 
selecting dimensions, and those which make a selection 


OERSTEDS (-n) RSTEOS (nH) 


t 4 5 1 
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SCALE CHANGE 





Fic. 1. Hysteresis loop for Deltamax made by Allegheny 
Ludlum Steel Corporation and obtained fromeArnold Engineering 
Company, Chicago. 


* This research is a part of Project Whirlwind sponsored by the 
ONR under Contract N5ori-60. 





44 


on the basis of two space coordinates. The acoustic 
delay line and the magnetic drum use time as one of the 
selecting dimensions; consequently, the storage sys- 
tems have a relatively low access speed. The various 
electrostatic storage tubes select information on the 
basis of two space coordinates which can be rapidly 
controlled. Electrostatic tubes are, however, rather ex- 
pensive, possess a relatively short life, and, compared 
with an ideal system, are bulky and awkward. 

In an ideal storage system it should be possible to 
arrange elementary storage cells in a compact three- 
dimensional array.' Storage elements inside the volume 
should be selected by suitably controlling three co- 
ordinates along the edges of a solid array. 

This article discusses the possibility of a_ three- 
dimensional array of storage elements using magnetic 
cores having rectangular hysteresis loops. Magnetic 
materials with rectangular hysteresis loops have been 
used for digital storage at the Harvard Computation 
Laboratory and elsewhere.’ In existing storage systems, 
the magnetic cores have been used in either of two ways: 
(1) for the storage of isolated digits, where selection 
was not a basic problem; or (2) arranged in the form 
of delay lines in which information is stepped from one 
core to another, and time is again used as one of the 
selecting dimensions. 

The method herein proposed has thus far received 
only a preliminary evaluation on the basis of studies on 
individual magnetic cores. 


RECTANGULAR HYSTERESIS LOOPS 


Magnetic materials are available having a nearly 
rectangular hysteresis loop as shown in Fig. 1. Figure 2 


shows an idealized form of the curve which will be 
used in the following discussion. For magnetizing forces 


greater than H,, the material reaches a sharply defined 
knee in the magnetization curve, above which very 
little change in magnetic flux occurs. After a high 
positive H is applied and then removed, the material 
will reside in the condition A of Fig. 2. Likewise, after 


! Jay W. Forrester, “Data storage in three dimensions,” 13 
pages, Project Whirlwind Report No. M-70, the M.I.T. Servo- 
mechanisms Laboratory (April 29, 1947). 

2 An Wang and Way Dong Woo, J. Appl. Phys. 21, 49-54 (1950). 
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a high negative H, the material will reside at condition 
D. The two conditions A and D, corresponding to the 
storage of binary digits 0 and 1, will be retained by the 
core until a magnetizing force exceeding H, is applied. 
A detecting coil on the magnetic core can be used to 
determine its condition. When a strong positive H is 
applied to an exciting coil, the detecting coil will show 
a very small voltage if the core is in condition A and a 
large voltage if the core is in condition D. The large 
signal corresponding to condition D arises from the 
flux linkages through the detecting coil when the mag- 
netic condition of the core is reversed from D to A. 

Existing applications of rectangular-hysteresis-loop 
materials to digital storage have depended on the be- 
havior of the core at zero magnetizing force and at 
high positive and negative values of H. The storage 
system described in this report is dependent on the 
response of the core to positive and negative values of 
H, and positive and negative values of 2/7, as indicated 
in Fig. 2. The material must be sufficiently rectangular 
that when the core is at condition D a magnetizing force 
H, will cause little change in flux density; yet twice 
this value, or 2H, will cause almost complete’ reversal 
of the magnetic flux to condition A. The switching sys- 
tem is based on the ability of the core to discriminate 
between 7; and 2H. This ability has been demonstrated 
in the laboratory. 


TWO-DIMENSIONAL STORAGE ARRAY 


A three-dimensional storage array is best understood 
by first examining the two-dimensional array of Fig. 3. 
The magnetic cores are presumed to have hysteresis 
characteristics similar to Fig. 2. The x and y circuits 
are used for selecting cores both for the reading and 
writing processes and can be individually excited with 
currents corresponding to the positive or negative H, 
values of Fig. 2. 

Consider a writing operation in which positive cur- 
rent is circulated through circuits x; and y;. Core Cy 
will be excited by two coils each carrying a current cor- 
responding to H,. The resulting 2H, is sufficient to 
switch the magnetic material to condition A; and, by 
definition, the binary digit one has been writen in 
core Cj;. During this operation cores C1. and C2; have 
each been excited by a single current corresponding to 
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H, which is insufficient to cause a change in their mag- 
netic state. Core C2 has received no excitation. Corre- 
spondingly, we can circulate a negative current through 
circuits x, and y,; and change core Cy, back to state D 
of Fig. 2, again without affecting the other three cores. 

An output circuit for reading can be arranged in 
many ways, one of which is shown in Fig. 3. Sensing 
coils detect the output signal, and the reading opera- 
tion uses x and y currents just as for the writing- 
positive operation. During reading, if core C,; is in the 
D state, it will be triggered by the positive currents 
through x; and y,;. The flux linkages through the de- 
tecting coil will give an output signal in the output 
mixer circuit. On the other hand, if core Cy; is already 
in the A condition, very little signal will be generated 
in the output circuit when the exciting currents are 
applied. [he output sensing system must thus dis- 
criminate between the magnitudes of these two signals 
for determining whether the core is storing a binary 0 
or a binary 1. Obtaining an output signal erases condi- 
tion D of Fig. 2. Following a reading operation it is, 
therefore, necessary to re-establish condition D in core 
Cy, if further reading is desired. 

The two-dimensional array of Fig. 3 makes it pos- 
sible to select storage cores by means of a number of 
leads: 


Selecting lines=2 (no. of cores)! 
= 2K}, 


where K equals the total number of storage cells. 

To be practical, the system must have a physical 
design such that many thousands of magnetic cores 
can be arranged simply and inexpensively. This could 
not be accomplished if the cores were wound with three 
separate coils as implied in Fig. 3. With suitable trans- 
forming of power levels the cores can be operated with 
single-turn coils. A single turn is by definition a wire 
running once through the center of the magnetic core 
as shown in Fig. 4a. The straight conductors x and y in 
the plane of the paper correspond to the x and y cir- 
cuits of Fig. 3. The arrangement of Fig. 3 could then be 
constructed from a set of straight crossed connectors 
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Fic. 3. Two-dimensional storage and switching array. 
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Fic. 4. Single-turn windings in perpendicular planes. 


with magnetic cores placed around their intersections 
at a 45° angle. 

As shown in Fig. 4b, it is possible to insert three 
straight mutually perpendicular conductors through the 
center of a magnetic core whose plane is at approxi- 
mately 45° to each of the three axes. 


THREE-DIMENSIONAL STORAGE ARRAY 


We are now ready to consider a three-dimensional 
array of magnetic cores. In Fig. 5 each elementary cube 
of the three-dimensional array is presumed to contain 
a magnetic core surrounding three perpendicular con- 
ductors as in Fig. 4b. Only a few of the straight elec- 
trical conductors are shown. All vertical conductors in 
the plane 2; are connected in parallel. Likewise, all 
horizontal conductors in plane 2; are connected in 
parallel through suitable mixing circuits to the single 
output line. Horizontal conductors perpendicular to the 
xy plane and parallel to the z axis are individually se- 
lected for the purposes of this present explanation. The 
vertical circuits connecting 2; and 2,’ might better be 
connected in series rather than parallel, depending on 
the nature of the driving circuit. 

Suppose now that a current is circulated between 
z, and 2,’ of such magnitude that each magnetic core 


in the 2; plane receives a magnetizing force equal to. 


H, of Fig. 2. This is insufficient to create any change in 
the state of magnetization of the cores. We can at the 
same time select one of the wires extending through the 
xy plane, for example, the conductor x1y:. By circulating 
a current from x,y; to x;’y;', it is now possible as before 
in Fig. 3 to obtain a magnetizing force equal to 2H, 
at the magnetic core C;; and at no other core. Positive 
currents will create one state of magnetization, while 
negative currents will create the other. 

In a manner similar to that described for Fig. 3, the 
horizontal output circuits can detect magnetic switching 
of core Ci; and use this as an output signal. 

Through selection of the external circuits as il- 
lustrated it is possible to choose any core within the 
solid array and to determine its existing state of mag- 
netization or to establish it in either of its two desired 
states. 


SELECTION SYSTEM 


Switching as illustrated in Fig. 5 requires the selec- 
tion of one of the conductors in the xy plane as well as 
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selection of one of the z planes. Assuming values each 
along the x and y axes and m values along the 2z axis, 
the number of circuits to be selected is: 


Selecting lines=n?+-m. 
Total digits stored = n?m. 
For a specified number of digits, K, 


n’m= K 
n?>= K/m. 


Selecting lines= K/m-+-m, and the minimum number 
of selecting lines occurs when m= K}. 

Minimum selecting lines= 2K! as before in the two- 
dimensional example. 


Although the storage elements have now been ar- 
ranged in three-dimensional array, there has been no 
reduction in selecting lines; and it will be necessary to 
have a more efficient selecting mechanism so that fewer 
control lines need be handled. 

Figure 6 shows a method whereby the selection of a 
z plane, an x plane, and a y plane is sufficient for locat- 
ing a core at their intersection. Only the storage ele- 
ments in the z; plane are shown. A second horizontal 
set of wires parallel to the first set and perpendicular 
to the xy plane is used as shown. Four conductors now 
go through each magnetic core. Three of the conductors 
correspond to the x, y, and z planes, and the fourth is 
the output signal circuit. The connection in the z plane 
and the connections for the signal circuits are the same 
as in Fig. 5. The far ends of the x- and y-plane circuits 
are not shown. Assume now that core Ci is to be 
selected. Circuit x, will energize all cores in the top 
plane of the cube at a value of magnetizing force equal 
to H, in Fig. 2. Assume now that a negative current is 
established in all y planes excepi y,. In other words, 
Yo, 3, atfd y, are each energized with — H; magnetizing 
force. Assume now that plane 2z; is energized to produce 
a positive magnetizing force H;. Core Ci is now sub- 
jected to a magnetizing force 2H, while all other cores 
in the cube are being subjected to either zero excitation 
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Fic. 5. Three-dimensional storage array. 
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Fic. 6. Three-dimensional storage array with 
coordinate plane selection. 


or to an excitation of plus or minus H. Core Ci has 
the combined excitations of planes x; and z;. The cores 
below C111 are subjected to only the z-plane excitation. 
Cores to the right of Ci have x- and y-plane currents 
cancelling each other, the net result being the z-plane 
current. The remaining cores in the 2; plane are sub- 
jected to zero magnetizing force, since the y- and z-plane 
currents cancel each other. Likewise, in the remainder 
of the cube the cores are subjected either to the in- 
dividual x or y excitations or to zero excitation. The 
number of selecting lines required to select the inter- 
section of 3 planes in this manner is: 


Selecting lines= 3K’. 


For the amounts of storage currently contemplated 
in high speed computing machines, the selection of this 
number of control leads is well within the present 
standard practice for matrix switching devices and 
presents no particular problem. 


PRACTICABILITY 


The principles of storage and switching having been 
established, there remains a discussion of the possi- 
bility of physically executing the system. Economically, 
the system is probably well within reason, since at a 
cost of about one dollar or less per magnetic core it is 
competitive with the initial cost of electrostatic storage 
tubes. There remains the question of whether adequate 
speeds can be reached and whether or not with a prac- 
tical signal-pick-up circuit the output of the selected 
coil can be distinguished from switching noise which 
will occur in other cores leading into the same detector 
system. The proper choices of coordinate directions, 
parallel and series connections, orientation of cores on 
the crossed conductors, and order of impressing cur- 
rents will reduce access time and increase the output 
signal-to-noise ratio. 

It should be noted that the z planes of Fig. 5 or 6 
can correspond to the separate digit columns of a 
parallel-type computer, and simultaneous operation of 
the separate digits is possible. 
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PRELIMINARY EXPERIMENTAL RESULTS 


In this section no attempt is made to give complete 
test results. Recently a thesis research study has given 
additional valuable and encouraging information on 
magnetic core behavior.* 

As seen in Fig. 2, the core must operate under condi- 
tions such that at a magnetizing force H, essentially 
no switching of the core takes place, while at a mag- 
netizing force 2H,, the core must switch rapidly from 
one state of magnetization to the reverse. 

Figure 7 shows a study of reversal time as a function 
of driving-pulse ampere-turns for a Deltamax core. In 
this core the direct-current coercive force is equivalent 
to about 0.3 ampere-turn. No switching of the core 
takes place below that driving current. Speed increases 
with driving force as shown on log-log paper. Core 
reversal can be accomplished in about two microseconds 
with a driving force of some 40 ampere-turns, which is 
more than 100 times the dc coercive force. At a driving 
current of twice the dc coercive force, the switching 
time of the core is approximately 10,000 microseconds. 
This speed is far removed from the few microseconds 
that an ideal system should exhibit. The curve for con- 
tinuous square-wave excitation departs at higher fre- 
quencies from the curve for occasional isolated switch- 
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DRIVING PULSE IN AMPERE—TURNS 


Fic. 7. Reversing speed with increasing amplitudes of 
rectangular magnetizing force pulses. 


3 William N. Papian, “A Coincident Current Magnetic Memory 
Unit,” Master of Science thesis, M.I.T. Electrical Engineering 
Department, 1950. 
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Fic. 8. Reduction in switching time as temperature is increased. 


ing pulses, probably because of the temperature rise 
created by the iron losses in the continuous switching 
cycle. 

Figure 8 is an interesting curve showing the de- 
pendence of switching time on core temperature. This 
is the same size core as in Fig. 7 driven with a 6.6- 
ampere-turn square pulse. Switching time declines from 
44 microseconds at about 40 degrees Centigrade to 12 
microseconds at 250 degrees Centigrade. There is some 
evidence that irreversible damage may occur to the 
cores at the highest temperatures. 

The Delatmax material is unsuitable, at least on the 
basis of these tests, for use in a high speed switching 
system in which exciting current must not exceed twice 
the coercive force. Other cores with higher values of H, 
have been given preliminary tests which indicate a 
switching time of 30 or 40 microseconds for values of 
magnetizing force equal to 2H;. High switching speed 
not only gives faster operation but also higher output- 
signal levels for a given core size. The core of Fig. 7 
gives a 6-volt output in a one-turn loop when driven to 
reversal in two microseconds. 
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Cores wound from thinner material speed up the 
switching action through a decrease in eddy-current 
shielding within the material. Switching time is not, 
however, proportional to the square of thickness. The 
speed ratio improvement appears to decrease at the 
higher speeds and this, as well as the dependence on 
temperature, seems to indicate that a phenomenon 
other than eddy current shielding is limiting the high 
speed operation. 

To obtain higher speed operation, future work will 
investigate the use of thinner core materials, the use of 
core materials having a higher coercive force, materials 
with a higher resistance, and especially the nonmetallic 
magnetic materials. 

Materials with a higher coercive force are promising. 
The switching speed is probably a function of the 
number of ampere-turns applied in excess of the co- 
ercive force. Higher coercive forces permit higher values 
of H, and correspondingly higher values of 2H. With 
higher values of H,, there can then be a greater nu- 
merical difference between H, and 2H, than for ma- 
terials with low coercive force. This is verified in 
experimental tests. 

The nonmetallic magnetic ferrites are especially in- 
teresting because of their high volume resistance, their 
potentially high operating speed, and their low cost of 
fabrication. Little seems to be known about obtaining 
rectangular hysteresis loops in these materials. Even 
some commercially available nonmetallic materials 
come close to meeting the requirements of the selecting 
system and at the same time can be switched in a frac- 
tion of a microsecond. 

Also of great future promise in three-dimensional 
storage arrays are the ferroelectric materials which 
make possible condensers with rectangular hysteresis 
response and nonlinear characteristics comparable to 
magnetic materials. With the aid of simple resistance 
networks, coordinate switching can follow the general 
scheme outlined above. Ferroelectric materials may 
permit higher speeds and more convenient driving im- 
pedances than ferromagnetic storage. 





ERRATUM: Erratum to Mechanical Properties of Glass 
{J. App. Phys. 21, 1195 (1950)] 


F. W. PRESTON 
Preston Laboratories, Butler, Pennsylvania 


Through an error in the editorial office, a second paragraph was added to an erratum for the original 
paper by F. W. Preston which appeared in the October, 1942, issue of the Journal of Applied Physics. This 
second paragraph is obviously in error and the velocity of sound in glass is about 3 miles per second as was 
stated on page 624 of the original paper. 
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Parametric Excitation 


N. MINoRSKY 
Stanford University Office of Naval Research, Stanford University, California 
(Received June 6, 1950) 


This paper outlines a theory of excitation of oscillations under the rather slow variations of a parameter 
on which a system depends. The basic equation is a Mathieu equation. The basic method consists in reducing 
the system to polar coordinates and applying perturbations. 





1. INTRODUCTION 


T has been known for a long time that if a parameter 
of an oscillatory system (electrical or mechanical) 
is varied periodically between certain limits, the system 
becomes “excited,” that is, starts oscillating with fre- 
quency equal to one-half of that with which the pa- 
rameter varies. The term “‘parametric excitation” (p.e. 
for short) is frequently used to designate this phe- 
nomenon. 

Perhaps the best known example of p.e. is the opera- 
tion of a swing, that is, the “excitation” of a swing due 
to a properly timed bending of the knees followed by a 
subsequent straightening out on the part of the person 
on the swing. Owing to this periodic raising or lowering 
of the center of gravity of the body, the motion of the 
swing starts from a small angle and is subsequently 
maintained at a considerable angle of oscillation. 

Melde! and Lord Rayleigh? were first to observe and 
analyze this phenomenon. Rayleigh’s experimental ar- 
rangement consisted of a stretched wire, one end of 
which was fastened to the prong of a tuning fork. When 
the fork is set in oscillation, thus causing a variation of 
tension in the string, lateral oscillations of the latter 
are excited with a frequency equal to one-half of that 
of the tuning fork. 

In later years L. Mandelstam and N. Papalexi* con- 
structed an interesting “parametric generator” con- 
sisting of an oscillatory circuit with a variable pa- 
rameter (either the capacity C or inductance JL). It is 
observed that when the parameter is made to vary 
around its average value with frequency f, the circuit 
begins to oscillate with frequency f/2 in the absence of 
any external source of electric energy. The experiment is 
particularly well defined when the frequency f{/2 co- 
incides with the natural frequency of the oscillating 
circuit. In their early experiments these authors oper- 
ated with a nearly linear circuit, in which case it was 
observed that the voltage generated in the apparatus 
rapidly reaches such a high value that the machine is 
punctured. In order to obviate this, a nonlinear resistor 
was inserted in series with the circuit; and it was found 





1F, E. Melde, Pogg. Annalen 108, 508 (1859). 

*Lord Rayleigh, “On maintained vibrations,” Phil. Mag. 15, 
229-235, Fifth Series (April, 1883). 

*L. Mandelstam, N. Papalexi, A. Andronov, A. Witt, and S. 
Chaikin, “Exposé des recherches recentes sur les oscillations non- 
linéaires,” J. Tech. Phys. (U.S.S.R.) 2, 81-134 (1934) (a bibliog- 
taphy on parametric excitation is appended to this paper). 
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that the voltage (and hence the energy generated in the 
device) approaches a definite stationary value. 

The study of this phenomenon is obviously amenable 
to the differential equation (d.e. for short) with periodic 
coefficients, a subject on which there exists a volu- 
minous literature for the last seventy years or so. It 
is well known that a typical equation of this kind, the 
so-called Mathieu equation, has stable and unstable 
zones in its ‘“‘parameter space.” The p.e., by its nature, 
is to be expected in the latter. The experiment shows, 
however, that the phenomenon always adjusts itself so 
as to be in these unstable zones. There is another com- 
plication, namely, the lack of any theory of these d.e. 
in the nonlinear range. On the other hand, most fre- 
quently these phenomena occur precisely when the 
system is nonlinear. In what follows we propose to out- 
line a theory of this phenomenon on the basis of the 
perturbation method introducing the polar coordinates 
[ p(t), 0(¢) ] where p(t) will be connected with the total 
energy and 6(¢) will be the phase angle of the motion. 
It will be shown that the existence of this effect is 
closely related to the question of stability of the phase 
around such a value, for which a steady increase of 
energy is possible. Moreover, a nonlinear extension of 
this method is also relatively simple. 


2. LINEAR CASE; STABILITY OF THE PHASE 


Since the reduction of the various practical cases of 
p.e. to the Mathieu equation is well known,‘ we shall 
start from the d.e. of the form 


€+(1+7 coswt)x=0, (2.1)* 


where x is the variable of the problem (e.g., coordinate, 
voltage, etc.), y is the so-called index of modulation, 


and w is the frequency with which the parameter is 
varied. 
Equation (2.1) is equivalent to the system of 


*N. W. McLachlan, Theory and Applications of Mathieu Func- 
tions (Oxford University Press, 1947), Sec. 15.50-15.54. 

*It is preferable to deal throughout with dimensionless quan- 
tities. If one designates time by ?#’, angular velocity by w’, the usual 
form of the Mathieu equation encountered in applications is 
d?x/dt'*+-(a’+ 8’ cosw’t’)x=0. Here a’ and f’ are obviously of 
dimension T~*. Change of the independent variable from ?¢’ to 
t=(a’)+-¢’ reduces this equation to (2.1), where y=" /a’, w=w' (a’)! 
and t=(a’)'-#’ are clearly dimensionless. In Eq. (7.1) we use as 
independent variable ¢ (time), but beginning with (7.2) we deal 
again with the dimensionless time t=wol’. 
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equations 

i=y 

y= — (1+-7 coswl)x. 
Changing to polar coordinates, that is, setting 
p=r=xr+¥ 
6=arctan(y/x), 


x=rcosé 
y=r sin 


the above system becomes 
(2.2) 
(2.3) 


dp/dt= —-yp coswt sin26, 
d@/dit= —1—vy coswl cos?é. 


The variable p=1°+2°=2x°+y" may be regarded as 
the square of the solution r(@) in the phase plane (r, @). 
For a conservative system one can identify the curve 
p(@) with the total energy of the system which is then 
constant. However, this does not apply here, since the 
system is not conservative. One may retain a certain 
connection with energy if one agrees to consider the 
motion of the representative point on the p(/) curve as 
evolution of energy of the system in time. Thus, for 
example, if p(!)—>* when t—>~, this will mean that the 
energy grows beyond any bound. If, however, p(?) 
describes a certain closed curve p(@), this will mean that 
a certain stationary (not necessarily constant in the 
instantaneous value) energy content of the system is 
ultimately reached. The case w=2 is of primary in- 
terest, since precisely in this case p.e. has been ob- 
served experimentally. This gives 


(2.4) 
(2.5) 


Introducing the variable P(¢)=logp(¢) and choosing 
any arbitrary instant of motion as /=0, one can set 
P(0)= Po; 0(0)=¢o. The solutions of Eqs. (2.4) and 
(2.5) are determined uniquely and, since they depend 
analytically on the parameter y, one can represent them 
by series development: 


dp/dt= — yp cos2/ sin20 
d6/dt= —1—v cos2t cos’é. 


® 


Pi)=DL Pt); W)= > 7'6,(t). 


v=0 v=0 


(2.6) 


If one introduces these series into Eqs. (2.4) and (2.5) 
and equates the terms with equal powers of y, one ob- 
tains a series of d.e., 


P,=0, P\=—cos2t sin269; 


P.=—2 cos2/ cos269-6;; (2.7) 
6,=—1 : 6,= — } cos2/. (1+ cos24o); 
j.=cos2/. sin20. 0;. (2.8) 


From these one can compute recurrently all terms of 
the expansion (2.6) with the initial conditions implied 
by the set-up, viz.: 


P,(0)=0; 6,(0)=0, v=1,2,--- (2.9) 


In this manner one obtains 


P,(t)=— (3 sin2¢go)t 
+periodic terms: -- (2.10) 


Po(t)= Po; 
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Oo(t)=go—t; O1(1)= — (F cos2go)i 


+periodic terms, ---, (2.11) 


where the periodic terms resume the same values if { 
is increased by 2r. 

Thus, starting from a point (Po, go) at ‘=0 in 
the phase plane, one reaches at ¢=2m the point 
[P(2m), (2) | given by the expressions 


P(2e) = Po—sry sin2go+0(72) (2.12) 
0(2r) = go— 24—fary cos2gotO(y*), (2.13) 


where the terms (0(y*) are analytic functions of go and 
y and are independent of Po. These terms result from 


_ the secular terms of the higher orders. 


It is to be noted that the values Po and ¢p enter into 
the solutions (2.10) and (2.11) in a different fashion. 
It is clear from Eqs. (2.4) and (2.5) that with each 
solution P(t) and @(t), the functions P(t)+const, 0(t) 
provide another solution. Thus, Po enters the solution 
in a simple additive way, while the dependence of the 
solution on go is more complicated. 

It is seen that in the time interval 27 the point 
(Po, go) undergoes transformations of the form (2.12) 
and (2.13). Consider first the changes of the phase 
only modulo 27; in each period 27 the phase will vary 
by an amount 


Agou= — }1ry cos2¢o+0(y7’). (2.14) 


There are two distinct values of go leading to Ago=0; 
namely, 


go =(4/4)+0(y) and go’=(3r/4)+0(y), 


as easily observed from (2.14) and the requirement 
Ago=0. 
For y2z in the neighborhood of go’ one has 


(2.15) 


Ago>O for go>¢go'; Ago<O0 forgo< go’. (2.16) 
For ¢g in the neighborhood of go” ‘one has 
Ago<0 for go>¢go’; Ago>O for go<go”’. (2.17) 


In other words, the point ¢»’ is a point of repulsion 
for neighboring phases under the transformation (2.14), 
while the point go” is a point of attraction. This means 
that go” is a stable phase which any initial phase will 
approach eventually. 

While the initial phase go approaches its stable 
value go”, changes will occur also in the energy term P. 
Once the stable phase has been reached, the energy 
term increases in each interval 27 by a fixed positive 
amount, 

APo=+77+0(7’), (2.18) 


so that the energy ultimately grows beyond any bound 
as was actually observed by Mandelstam and Papalexi 
in their experiments with a linear parametric generator. 


3. FREQUENCIES OTHER THAN w=2 


All experiments evidence so far available relates to 
the case when w=2 in the d.e. (2.2) and (2.3). In com- 
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parison, the question as to whether p.e. may occur for 
other values of w has been neglected. It can be shown, 
however, that, at least as far as the terms of the first 
order are concerned, the p.e. does not appear for any 
frequency other than w=2. 

Proceeding as previously one finds 


6,= — (1/2w)sinw!—[1/4(w+ 2) Jcos2¢o sin(w+2)t 
—[1/4(—2) Jcos2¢o sin(w—2)t 
+[1/4(w+2) ]sin2wo[_cos(w+2)i—1] 
—[1—4(w—2) Jsin2go[ cos(—2)i—1]. (3.1) 


It is seen that if w~2, 0, is a periodic function with 
period 2 (if w is integer) containing harmonics. It is 
to be noted that the third term on the right side of 
Eq. (3.1) at the limit w=2 becomes the secular term 
appearing in Eq. (2.11). In fact, it is sufficient to set 
w-2=x and to pass to the limit (sinxt/x),.»=t, 
which gives that term. Likewise, one finds that the last 
term in (3.1) is zero at the limit w=2. In a similar 
manner one ascertains that the expression for P,(t) 
does not contain secular terms; namely, 


P,(t)= —sin2¢go{[1/2(+ 2) Jsin(w+ 2)¢ 
+[1/2(w—2) Jsin(@w— 2)é} 
—cos2¢go{ [1/2(w+ 2) |[-cos(w+2)t—1] 
—[1/2(w—2) |[cos(—2)i—1]}, (3.2) 


inasmuch as all terms are periodic if w~2. One finds 
that the second term on the right of Eq. (3.2) degen- 
erates into a secular term at the limit w=2 and that 
P, does not contain secular terms, while 42 does. This 
means that p.e. exists only in still higher orders and 
for that reason is negligible. 


4. NONLINEAR CASE 


The great majority of cases encountered in applica- 
tions are of the nonlinear type. The Melde-Rayleigh 
experiment is an example of this type. In fact, the 
stationary amplitude in this case is reached owing to 
the nonlinear elasticity of the vibrating wire for larger 
amplitudes. Moreover, in all cases there is a dissipation 
of energy in one form or another. 

The perturbation procedure outlined in the preceding 
sections gives a convenient tool for the investigation 
of the nonlinear range of the phenomenon of p.e. to 
which the classical methods of d.e. with periodic co- 
efficients do not apply. For that reason, instead of Eq. 
(2.1) we shall investigate now a d.e. of the form, 


¥+ péi+f(x)+yx cos2i=0, 


where, as is frequently done in applications, the non- 
linear term f(x) may be assumed to be of the form 
«+ ex*; that is, we will consider the equation 


€+ pet (1+ cos2/)x+ ex? =0. (4.1) 


Moreover, we will assume that ¢ and p are small num- 
bers of the same order as y. The form (4.1) results from 
keeping only the terms of the first order and assuming 
w=2 as previously. 


The perturbation procedure yields the following dif- 
ferential equations: 


dP ,/dt=—2B sin?0)—cos2t sin269 


— Ap (sin20o+3 sin49), (4.2) 
d0,/dt= — 3B sin20@)—cos2t cos?@)— Ap cos*6o, (4.3) 
where A=e/y, B= p/y, and 0)>= go—! as before. 
The integration yields 
P, = —}(sin2¢o+2B)/+-periodic terms, (4.4) 
61:= —}(cos2go+3Apo)t+periodic terms. (4.5) 


After one period 27 the quantities P; and 6, undergo 
the variations, 
AP=—r7(sin2¢0+ 2B)+0(7’); 
Ag= — pry(cos2yot+ Apo) +0(y*). (4.6) 
Setting 2x y= At and considering At as df in the prob- 
lem involving the study of motion in the course of 
many periods 27, one can replace the difference equa- 


tions (4.6) by the following differential equations de- 
scribing the behavior of the system in the long run 


dp/di= — }p(sin2¢+2B), (4.7) 
dp/dt= —}(cos2¢+$Ap). (4.8) 


The singular point of this system is given by equa- 
tions, 
sin2go= —2B; cos2go=—$Apo, 
which gives 
po= (3A)(1—4B?*)!. (4.9) 
In order to investigate the stability of the singular 


point, we form the variational equations of Eqs. (4.7) 
and (4.8), viz.: 


dip/dt=—po cos2go:5y; dig/dt= —zAbp 


+4 sin2gody. (4.10) 
The characteristic equation of (4.10) is 
2—F sin2goS— 3A po cos2yo=0. (4.11) 


Replacing the coordinates of the singular point po, go 
by their values gives 


S?+ BS+}(1—4B?) =0. (4.11a) 


The singular point is a saddle point if 1—4B?<0, that 
is, if y<2p. If 1—4B*>0, one has either a nodal point 
if y<(5)!p, or a focal point if y>(5)!p, these singu- 
larities being stable. 

From Eq. (4.9) one notes that the condition of reality 
of the stationary amplitude po is y>2p, that is, the 
same as for the absence of the saddle point, which is 
obvious, since no closed periodic trajectory can exist 
enclosing a singular point with index 7=—1. 

For a conservative system (B=0), Eq. (4.11a) be- 
comes S?+4=0, that is, the singular point is a vortex 
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point. In this case from Eq. (4.9) 


po= 2y/3e. (4.12) 


We conclude, therefore, that a conservative nonlinear 
system excited parametrically is generally unstable in 
the sense in which the word “stability” is understood 
in application. In other words, if a perturbation devi- 
ates the system from its stationary condition, this 
effect will not be reduced in time, since the representa- 
tive point in the (p, g) plane will describe indefinitely 
a closed curve containing the vortex point in its in- 
terior. In the (p, @) plane this circumstance results in 
parasitic amplitude and phase modulations. Since the 
disturbances are erratic, so will be these modulations, 
although on ‘the average there will be still a stability (in 
the sense of Liapounoff) in that the motion will remain 
in a bounded region of the phase plane. From this 
standpoint the presence of a dissipation of energy is 
beneficial in that it smoothes out these parasitic 
phenomena. 


5. CONDITIONS OF SELF-EXCITATION OF 
NONLINEAR SYSTEMS 


In the case of linear systems (2.4), (2.5) it was pos- 
sible to eliminate the variable p on the right-hand side 
of (2.4) by introducing an auxiliary variable P(/) and 
to thus reduce the system to a relatively simple form. 
For a nonlinear system this is not the case, and it is 
necessary to limit the analysis to a qualitative discus- 
sion. A difficulty presents itself if one attempts to set 
p=O in order to determine the conditions of self-ex- 
citation from rest. Since p is the energy content of the 
system, it is clear that the condition p=0 entails also 
that all other dynamical variables (currents, voltages, 
velocities, etc.) are also zero, in which case the concept 
of the phase ¢ loses its physical significance. 

In reality there always exists a small initial energy 
content in any physical system. Thus, for instance, if 
the system is electrical, stray charges on a condenser 
account for this initial electrostatic energy p:. As to the 
phase ¢, it is to be assumed as entirely arbitrary. For 
that reason it is necessary to investigate the starting 
of the phenomenon for any value of the initial phase ¢). 

From Eq. (4.7) it follows that dp/dt>0 if (sin2¢ 
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+2B)<0. Assuming first 0<2B<1, this condition is 
fulfilled if sin2¢<0 and |sin2y|>2B. This defines a 
sector AOA’ (Fig. 1) which we may call the sector of 
self-excitation (s.s.e. for short). If 2¢ is in s.s.e., p in- 
creases. If 2¢ is outside this sector, the small initial p, 
will be further reduced. The semi-angle 8 determining 
the s.s.e. is given by the relation cos8= 2B. 

For reasons which will appear later, we shall consider 
the boundaries OA and OA’ of the s.s.e. as belonging to 
it. For a nondissipative system the s.s.e. becomes the 
lower half-circle CBC’. When y=2p (which is the 
threshold between the region of saddle points and that 
of nodal points), the s.s.e. shrinks to the line OB. 

We shall investigate four different cases when the 
initial phase 2¢gp is situated in the sectors BOA’, AOB, 
B’'OA’, and B’OA. 

In BOA’ cos2¢;>0 and, therefore, dg/di<0. The 
phase angle will move clockwise and will enter the 
sector AOB. Since in this sector cos2y<0, the two terms 
on the right side of Eq. (4.8) are of opposite signs, so 
that dg/dt=0 when |cos2g| =3Ap. In AOB p increases 
while the phase, for which dg/dt=0, shifts gradually 
toward OA. During this shift dp/di decreases and be- 
comes zero at OA, where dg/di also becomes zero by 
Eq. (4.8). The phase angle 2¢o of the singular point is 
thus OA. 

If the initial phase 2g; is in B’OA’, dg/dt<0 and, 
since in this sector dp/dt<0, the small initial value p, 
is still further reduced, and we can neglect the second 
term on the right of Eq. (4.8). Under these conditions, 
the phase 2¢p will enter the s.s.e. through the boundary 
OA’ and will reach the stable phase OA in the manner 
which we have just investigated. 

If 2g, is in B’OA, dg/dt>0 so that the phase will 
enter the s.s.e. through its boundary OA. This time OA 
will not be a position of equilibrium for 2g on account 
of the fact that pO during this passage through OA. 
Therefore, the phase 2¢.will enter AOB, where p will 
increase to a value for which dg/di=0. Since in AOB p 
is increasing, this position of equilibrium for p will 
gradually shift itself toward OA, where both positions 
of equilibrium for p and for ¢ will be simultaneously 
attained as was previously shown. 

Summing up, from any initial phase 2¢;, the ultimate 
stable phase 2¢0 will be OA; and when the phase settles 
on this value, the variable p also reaches a stable equi- 
librium which corresponds thus to the singular point 
of the system (4.7) and (4.8). 

It remains to investigate the case when B>} (i.., 
when 7y<2p). From Eq. (4.7) it follows that dp/di<0 
for any 2g. Since p, originally small, decreases con- 
tinuously, from Eq. (4.8) it follows that cos2¢ deter- 
mines the stability of the phase. By a simple argument 
one finds that 2¢9=7/2 is an unstable phase and 2¢ 
= 3/2 is a stable phase. This case corresponds at the 
same time to the condition for the existence of a saddle 
point. 

We are thus led to identify the existence of a saddle 
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point of Eqs. (4.7) and (4.8) with the loss of the initial 
energy of the system or, using a different language, 
when the parameter variation is too small to be able to 
“cross the threshold” of parametric excitation. It is 
useful to mention that no such threshold exists in the 
case of a nondissipative system (p= B=0). In fact, the 
condition y<2p in this case would be y<0, which is 
impossible, since y is an essentially positive quantity. 
We saw that the only possible equilibrium in this case 
is that of a vortex point. 


6. EXPERIMENTAL EVIDENCE 


From the preceding it follows that the parameter 
variation is the cause of the phenomenon and the cumu- 
lative excitation of the system is its effect. Hence, any 
perturbation in the former inevitably reacts on the 
latter. Moreover, the phenomenon is possible on ac- 
count of the stability of the phase. If, therefore, the 
latter is disturbed, the disturbance also reacts on the 
amplitude. One can easily demonstrate this effect by 
disturbing the phase of the parameter variation. In 
this manner the old phase of motion ceases to be a 
stable phase go” relatively to the new phase of the 
parameter, so that a period of readjustment of the 
phase of motion to the new phase of the parameter 
takes place. During this transient period, investigated 
in Sec. 2, the energy injection into the system is also 
modified, resulting in a certain “dip” of the amplitude 
as compared to its value prior to this sudden change. 
After the phase adjustment has taken place, the ampli- 
tude resumes its former value. 

The oscillogram of Fig. 2 shows this phenomenon. 
The vibrating wire (as in Lord Rayleigh’s experiment) 
was used in this experiment as a coupling capacitor, 
the other side being a small aluminum plate under the 
wire. A 200-kilocycle carrier signal passing through this 
capacitor was thus modulated by the wire vibration. 
The modulated signal was amplified through several 
tuned stages and detected. The detected signal was fed 
both to the vertical amplifier of a cathode ray oscillo- 
scope for a visual observation and through a direct 
current amplifier to a Brush BL202 recorder. The phase 
of the exciting 60-cycle current in the magnet was 
changed once a second by switching in and out of the 
circuit an auxiliary series condenser-resistor combina- 
tion. The phase change so produced was about 890 
with the voltage across the magnet coil remaining prac- 
tically constant. The record as given in Fig. 3 shows 
the normal decay of the wire with the excitation 
removed. 
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Fic. 2. Effect of the variation of the phase on the amplitude. 
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Fic. 3. Decay of an oscillation with the excitation removed 


The author is indebted to Mr. M. Blumberg for this 
experiment. 


7. PARAMETRIC EXCITATION BY A RECTANGULAR 
RIPPLE 


Instead of a sinusoidal variation of the parameter, 
the p.e. can be obtained also by means of a discontinu- 
ous variation of the parameter. We shall consider the 
simplest case of a rectangular ripple where during fixed 
time intervals the parameter remains in its maximum or 
minimum values. This case can be analyzed in an ele- 
mentary way and already leads to all phenomena con- 
nected with parametric excitation. 

The differential equation of the rectangular ripple 
excitation is of the so-called Hill-Meissner type and 
can be represented by the two elementary equations 


+a’x=0 ¢+02°x=0 (7.1) 


replacing each other after fixed prescribed time inter- 
vals. The solution is required to vary continuously in 
time. 

The integral curves of the Eqs. (7.1) are ellipses 


(x*/a?)+ (y*/b?) = 1, (7.2) 


where 36°=h measures the energy of the system at the 
moment considered and a*=2h/a,?. Thus, the repre- 
sentative point (x, y) in phase space will describe a 
path which is composed of elliptic arcs belonging to 
two families of concentric ellipses with axis ratio a, or 
a2, respectively. 

In order to deal with a particularly simple and in- 
structive situation, let us assume that the intervals of 
the rectangular ripple are chosen in such a way that 
the parameter a, is replaced by the parameter a2 when 
the representative point crosses the axis x=0 and that 
a is again replaced by a, whenever the point crosses 
the axis y=0. The point (x, y) needs the time z[(1/a;) 
+(1/a2)] in order to describe an angle 27 around the 
origin, and in this time the parameters a, and a, hold 
twice during time intervals 7/2a; and 2/2a2, respec- 
tively. This model bears some analogy to the case w= 2 
of continuous parameter variation and should be com- 
pared with it. 

Let us study now the evolution of the energy of the 
system if the representative point describes one turn 
around the origin. It is clear that if we fit two ellipses 
of the type (7.2) continuously together at the axis 
x=0, we will have to require that both have the same 
value 6, while if we put them continuously together at 
the axis y=0, we will have to require the same value of 
a for both. Since b= 2h is closely related to the energy 
of the system, we recognize that no energy change 
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takes place if the representative point crosses the axis 
x=0. This is physically evident, since at this moment 
the whole energy of the system is kinetic and none of it 
is potential; hence, a sudden change of the constant of 
potential energy can have no influence on the energy 
content of the system. If, however, the axis y=0 is 
crossed the condition that a be unchanged leads to the 
condition 


(7.3) 


h/ a? = h’/a? 


if h is the energy content before the crossing and h’ 
after it. Thus, in one turn around the origin the original 
energy is to be increased (or decreased) in the ratio 


he/hy= (a;/ae)*. (7.4) 


If a,;>as, the system will absorb energy in each 
turn; but if a;<a2, the energy will be drained away 
from it. This reduction of energy has in all respects the 
character of a damping, but this damping is effected 
not by a dissipation of energy but by making the system 
do external work. By analogy with the term “para- 
metric generator” one could designate this performance 
as “parametric damper.” 

If a;> az are given, the described type of parametric 
variation leads to a continuous increase of energy of 
the system. Let now this process of variation be shifted 
by a quarter phase against the phase of the motion; 
i.e., change from a; to a if the y=0 axis is crossed 
and from a2 to a if the x=0 line is passed. The roles 
of a; and a are interchanged and instead of parametric 
excitation we obtain parametric damping. Analogous 
calculations can easily be carried out for any phase 
difference y between the parameter change and the 
phase of the motion. The phase difference y attained 
by the system for given rectangular ripple is deter- 
mined by stability considerations. 

The analysis contained in this section does not in- 
volve any question of stability. On the other hand, from 
a direct discussion of the differential equation (Sec. 2) 
it was found that there exists a stable phase at which 
the phenomenon stabilizes itself; this phase corre- 
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sponds also to the maximum absorption of energy. 
Hence, this is the only case which is accessible to the 
experiment, all other phases being ruled out by the 
condition of stability. This applies particularly to the 
range in which the parametric damping occurs. 

As far as known, there exists no experimental evi- 
dence regarding the existence of parametric damping, 
although on the basis of the preceding argument it 
seems plausible to assume that it exists if proper ex- 
perimental means are provided. One can, for example, 
envision the following arrangement: assume that in 
the Melde-Rayleigh experiment we produce sustained 
lateral oscillations of the wire by some means. By 
deriving a voltage from this oscillation and shifting it 
by means of a phase shifting network by an appropriate 
phase angle, one may expect that one can reach a point 
for a definite value of the phase at which the operation 
of the parameter, instead of exciting the lateral oscilla- 
tions, will, on the contrary, extinguish them. 

A “feed-back” arrangement of this kind will tmpose 
an arbitrary phase to the parameter instead of operat- 
ing with the free phase, so to speak, which adjusts itself 
automatically to the stable point by virtue of the 
stability condition mentioned in connection with Eqs. 
(2.16) and (2.17). 

In conclusion, it is useful to note that it seems 
plausible to admit that the conclusions obtained on the 
basis of the Hill-Meissner equation are applicable also 
to the Mathieu equation, as was pointed out in the 
past, although there exists no formal justification of 
this point as far as is known. One observes this in- 
directly from the fact that the formulas (2.18, Mathieu) 
and (7.7, Hill-Meissner) for small values of y give a 
fairly consistent result especially because (2.18) re- 
lates only to the first approximation. 

The author wishes to express his gratitute to Pro- 
fessor M. Schiffer for valuable discussions of this 
matter. 

This work was carried out under the authority of the 
ONR. The permission to publish this paper is greatly 
appreciated. 
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The geometrical optical arguments underlying the equivalent earth’s radius approximation are extended to 
non-horizontal rays. The appropriate wave equation for a non-uniform, but spherically symmetric, region is 
derived in a natural way. The notion of a “primary field” with the form e**/R at the source is dropped in 
favor of a solution to the wave equation in terms of a Green’s Function. The formal solution thus obtained is 
seen to contain the known solutions for a uniform medium. For the non-uniform case, the solutions to the 
radial equation are found by a technique due to Langer. These functions account for the index variation near 
the earth without making unwarranted assumptions about the behavior at greater heights. The formal series 
obtained is summed by the Watson technique. The first term in this series (lowest mode) alone determines the 
field at large distances and indicates that one may account for standard atmospheric refraction by using an 


effective earth’s radius. 


I. INTRODUCTION 


HE increased use of frequencies above 50 Mc/sec. 

for radio communication has focused attention on 

the propagational effects of tropospheric refraction. Al- 

though this refraction exists at lower frequencies, it is 

there overshadowed by ionospheric reflection and is thus 
not a prime factor in determining field intensities. 

To calculate tropospheric fields, one must consider the 
problem of an oscillating doublet (infinitesimal dipole) 
above a sphere which is surrounded by a non-uniform 
medium. The free space wave-length, Ao, of the radiation 
and the radius, a, of the sphere involved are such that 
a/Xo> 10°. Formal solutions to this problem, with the 
atmosphere assumed homogeneous, were available as 
early as 1900.1 However, the expressions for the field 
vectors were in the form of a slowly converging series of 
integral order spherical harmonics; it was necessary to 
calculate at least @/Xo terms to get numerical results. 
This difficulty was overcome by Watson? who first 
transformed the series into a contour integral, and then 
into a rapidly converging® series of spherical harmonics 
of complex order. This work was later extended by Van 
der Pol and Bremmer.'* 

To account for refraction by the troposphere, 
Schelleng, Burrows, and Ferrell® applied geometrical 
optical ideas. Attention was concentrated on a standard 
atmosphere which may be defined as one in which the 
index of refraction is a linear function of height near the 
earth, and approaches 1 monotonically at greater 
heights. A “ray” then travels in an approximately circu- 
lar path, with a radius of curvature several times that of 
the earth for normal lapse rates of the refractive index. 
It is then argued that, since the same distance vs. height 


1 For a summary of the early work and references see A. E. H. 
Love, Phil. Trans. Roy. Soc. (London) (A) 216, 105-131 (1915). 

?G. N. Watson, Proc. Roy. Soc. (London) (A) 95, 83-99 (1918). 

* This method is not suitable for calculating field strengths near 
the transmitter. See K. A. Norton, Proc. Inst. Radio Engrs. 29, 
623-639 (December, 1941). 

*B. Van der Pol and H. Bremmer, Phil. Mag. 24, 141-176 (July, 
1937) ; 24, 825-864 (November, 1937); 25, 817-834 (June, 1938). 


*Schelleng, Burrows, and Ferrell, Proc. Inst. Radio Engrs. 21, 
427-463 (March 1933). 


55 


relationship can be maintained between the ray and 
earth by drawing the ray in a straight line, and enlarging 
the radius of the earth so as to maintain the same rela- 
tive curvature between ray and earth, the radiation 
from a source in a uniform atmosphere above an earth 
with the appropriate effective radius should yield the 
same field strength as a source in a standard atmosphere 
above the actual earth. This argument will be extended 
somewhat in the next section. 

A treatment of tropospheric refraction based on the 
“WKB” or phase-integral® method was given by 
Eckersley and Millington.’ The field vectors are assumed 
to satisfy the wave equation® 


(V+ )y=0, (1) 


where the propagation constant, k(=27/)) is a function 
of r only. The field is then expressed in the form 


v=), s,(r)P,(—cos6), (2) 


where the v’s are as yet undetermined, and the terms are 
to be combined so as to give a singularity at the source. 
Substitution of (2) into (1) indicates that s,(r) is simply 
related to the solution of 


aT, k(p)\? v(v+1) 
(C2) 22fr 
ko p” 


dp? 
where p=2zr/Xo. This may be likened to the Schroed- 
inger wave equation of quantum mechanics. For p>~, 
k/Ro—1, v(v+1)/p?—0, and T, is a simple oscillatory 
function. For p<koa, k?(p)/ko? is large and complex 
giving a rapidly oscillating, attenuated wave. The 
numbers v are then chosen so that the WKB solu- 
tion to (3) for intermediate p(>koa) having the form 
exp{-2mi f'[(k/ko)*?—v(v+1)/p? }'dp} satisfies the ap- 
propriate boundary conditions on 7, and its derivatives, 
which lead to a condition on the exponent, the phase 








(3) 


6 See, e.g. E.C. Kemble, The Fundamental Principles of Quantum 
Mechanics (McGraw-Hill, Book Company, Inc., New York, 1937). 

7T. L. Eckersley and G. Millington, Phil. Trans. Roy. Soc. 
(London) (A) 237, 273-309 (1938). 

8 This point is discussed in Section III. 
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Fic. 1. Ray diagram for propagation in the earth’s atmosphere. 
The curve AA’ represents the path of the ray. 


integral condition. The conditions at p=koa were 
satisfied by using the known results for reflection of a 
plane wave at a plane interface, and to this extent, the 
calculation was not completely self-contained. By 
letting k?/ko?=1—7+(ea?/r’) and then comparing the 
results with those for 7= e=0, Eckersley and Millington 
find the effective earth’s radius approximation to be 
valid. 

The radiation from an infinitely long wire parallel to 
the axis of an infinitely long conducting cylinder, sur- 
rounded by a medium with index varying as a/r was 
examined by Freehafer,® who concluded that an effective 
radius approximation was valid in that case. It is 
interesting to note that the assumed index dependence 
specifies an infinite velocity for r—>. 

Recent measurements indicate that field strengths 
deep in the diffraction region (200-400 Mi) are several 
orders of magnitude larger than values calculated on an 
equivalent earth basis. Since these fields are large all the 
time, one must conclude that either the atmospheric 
conditions are never standard or the equivalent earth’s 
radius approximation is not valid in the diffraction re- 
gion. In order to definitely eliminate the latter alter- 
native, a self-contained wave solution is considered here, 
since the ray-tracing arguments, which were originally 
the justification for the equivalent earth’s radius ap- 
proximation, may not be used to calculate diffracted 
fields. First, however, the ray-tracing arguments will be 
extended to include non-horizontal rays. 


II. GEOMETRIC-OPTICAL CONSIDERATIONS 


If a transmitter and receiver are located at points A 
and A’ above the earth, then the path of a “ray” 
travelling between them is determined by Fermat’s 


* J. E. Freehafer, M.1I.T. Rad. Lab. Report 447. 








MILLER 


principle,” which states that for the actual path the 
time of traversal be an extreme, i.e., 


5 f ~ n(n)(1-+r2(d0/dr)?)Mdr=0, (4) 


TA 


where n(=k/ko) is the index of refraction. Applying the 
appropriate Euler condition" gives 


d/dr{[.8/(d0/dr) \[n(r)(1+9°(d0/dr)?)4]} =0 (5) 
or 
n(r)r*d0 
(dr?+-r2d6*)4 


= nr sing=constant, (6) 


where ¢ is the angle made by the tangent to the ray and 
the radius vector (see Fig. 1). The curvature, 1/R, of the 
ray is given by: 


dyg+dé 
ds 





dy 
— (7) 
d 








| 
| 





: 3 | 
“ 
Differentiating (6), we find: 


dg= —[(dn/n)+ (dr/r)] tang 
= —tang(dn/n)—doé. (8) 
Thus 
|1/R| =|1/n(dn/dr) sing}. (9) 


To establish an equivalent earth’s radius approxima- 
tion the ray is replaced by a straight line, i.e. given zero 
curvature, and the radius of the earth is adjusted so as 
to maintain the same distance height relationship. This 
is usually done by maintaining the same relative curva- 
ture between straight ray and enlarged earth as between 
refracted ray and actual earth. der is then given by 


1/aets=1/a—1/R (10) 


which, for almost horizontal rays, i.e., sing=1, takes 
the form 
1/de¢¢= 1/a+1/n(dn/dr). (11) 


If the procedure (10) were the correct one for main- 
taining the distance height relationship between ray and 
earth, (9) would indicate that ae¢¢ would vary with the 
angle of departure of the ray. We may investigate this 
point by considering the circle EE’, and the arc AA’ 
(Fig. 1). Restricting @ and x to small values will keep the 
curvature along the path essentially constant, and we 
may write 


c cosy =a—R singo, 
c siny=R cos¢o, (12) 


?= ¢?-+ (a+-x)?—2c(a+x) cos(y—89). 


10 See e.g., J. C. Slater and N. H. Frank, Introduction to Theo- 
retical Physics (McGraw-Hill Book Company, Inc., New York, 
1933), pp. 339-342. 

1 See, e.g., H. Margenau and G. M. Murphy, The Mathematics 
of Physics and Chemistry (D. Van Nostrand, Inc., New York, 
1943), Chapter VI. 
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Solving for x gives: 





SiN go 
a - —~1}. (13) 
a/R(1—cos@)+sin(¢o— 8) 


Now, if R-«, a—a.s:, and the coordinates of this 
straight ray are 6’, x’ we find 


sin go 
x! Sdett 





——~——1. (14) 
sin(go—0") 


Taking 6’a.:= 6a and requiring that x’ =x, we find after 


some reduction that 


1 1 1 . 
—=-— (15) 
Gett @ Rsingo(1+2 cot? go) 





which indicates that (10) is not applicable for non- 
horizontal rays. Using (9) to find R, the effective earth’s 
radius is given by 

1 1 tidnsing 1 


—=-—-— — —_______—_., (16) 
Get @ ndr sings (1+2 cot*¢o) 





The effective radius concept will be a useful one when 
the value of ders, as given by (16), is nearly constant over 
the path of the ray. This is most nearly true when 
Inn(~n—1), is a linear function of r, and y~7, so that 
sing is slowly varying. Assuming these conditions to be 
satisfied, one then argues that if the field intensity is 
assumed proportional to the number of rays per unit 
area, with the rays symmetrically distributed at the 
source, then the requirements x= x’ and 6a= 6’ ae¢¢ would 
be sufficient to guarantee that the straight ray enlarged 
earth model would predict the same primary field 
intensity distribution as the curved ray picture. 
Schulkin” has made a detailed study of tropospheric 
conditions at various localities and has indicated the 
applicability of the approximation in specific cases. 

Any discussion of the diffracted field (i.e., beyond line 
of sight) or effects of reflection from a non-perfectly 
conducting earth on the basis of this ray picture would 
be quite difficult. Thus, for a more rigorous treatment of 
the validity of this effective radius concept, one must 
resort to a wave treatment. 


Ill. WAVE EQUATION APPROPRIATE TO 
NON-UNIFORM MEDIUM 


We start with Maxwell’s equations for the field 
vectors!? 


®M. Schulkin, “Average Radio Ray Refraction in the Lower 
Atmosphere,” Report CRPL 2-2, Aug. 1947, Natl. Bur. Stand- 
ards, Washington, D. C. 

® For definitions of these quantities and the M.K.S. units used 
here see J. A. Stratton, Electromagnetic Theory (McGraw-Hill 
Book Company, Inc., New York, 1941). 
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dE 
(Il) VxXH=e—+J, (III) V-B=0, 
at 
(17) 
OB 
(II) VxE=-——, (IV)  V-D=p, 
at 
B=.H, D=<E, 


where ¢ is the complex dielectric constant, so that 
e'(9E/dt) includes both displacement and conduction 
currents, and Jy represents “forced” currents such as 
those in a driven antenna. A time dependence e~*“‘ has 
been assumed. Considering, first, that e’ and uw are not 
functions of position, the solution to (17) is obtained as 
follows: 


Taking 
B=VXA (18) 
satisfies (III), and when substituted into (I) gives 
dE 1 Jo 
—=—VXxXVxA-—. (19) 
at oe’ u é 


Thus far, A is an arbitrary vector field, but a condition 
on A may be found by inserting (18) and (19) into 
(17 II), yielding 


1 Jo OA 
vx (—vxvxA-54+— =(. (20) 


eu « df 
This will be satisfied by setting 


1 Jo OA 0g 
—VxVxXA——+—= -V—, (21) 
eu « df Ot 


where 0¢/0t is an arbitrary function of position, corre- 
sponding to the fact that (18) and (19) are invariant to 
additions of arbitrary gradients to A. That Eq. (IV) is 
satisfied may be seen by taking the divergence of (I) and 
applying the continuity equation for charge. 

Various equations for A may be obtained depending 
on the choice of 0¢/0t. The most commonly used ex- 
pression for 0¢/d/ is given by the Lorentz relation" 


dg 
pue’—= —V-A. (22) 
ot 


For constant ¢’ and y, this will reduce (21) to 
(V+ R)A=—pJo, (23) 


where the time dependence e~‘*“' has been assumed and 
k’=w*ye’. This implies a corresponding scalar equation 
for each of the rectangular components of A and Jo, e.g., 


(V+R)A,=—pJo,, (24) 


See W. Heitler, The Quantum Theory of Radiation, second 
edition (Oxford University Press, London, 1944), Chapter I. 
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so that if Jo has components along one cartesian axis 
only, it is necessary to solve only one inhomogeneous 
equation of the form (24). However, if Jo does not point 
in the same direction everywhere, Eq. (23) is no longer 
convenient, since it would be necessary to solve two or 
three inhomogeneous equations. 

One case especially worthy of note involves Jo radial. 
Here it would be desirable to choose 0¢/d/ so that (21) 
contains terms with radial components only.” If one 
tries a radial A, i., A=Ar,, (rt; is a unit vector), 
abandons the Lorentz relation (22) and uses instead 





pe’ (0¢/dt) = —0A/dr (25) 
one finds that (21) becomes 
aA 1 @ oA 1 A 
—+ = (sino— +—-— 
Or? = r* sind 00 00 r? sin?@ 0¢" 
A 
(Jo=Jor), (26) 


—pe’——= —J um, 
0? 


A may be readily related to a solution of the wave 


equation, for if one defines 
y=A/r (27) 
then it follows that 
Jou 
(V?-+- k?)y= ——. (28) 


r 


Frequently, there is introduced a Hertz potential which 
is defined in the rectangular case by A= 011/01, and in 
the radial case by A=r(0II/d?)r, so that 





(V?+k?) l= —pPo (23’) 
and 
uPo 
(V?+k*),= (28’) 
r 


where Pp» is defined as the free charge polarization, 
(Jo= 0P,/d1). If ¢’ and uw are functions of position, then 
the relations (22) and (25) no longer lead to the wave 
Eqs. (23) and (28). We shall be particularly concerned 
with the radial vector potential, constant yw, and an ¢ 
which is a function of r only, so that if (25) is now 
inserted into (21) and we again set A=yr, we find 


ay avi2 desi 1 a7. oy 
+— -+ex—(—) +— —( sind) 
or? arlr dr\ eu r? sin@ 06 00 


1 0*y eudsil J om 
YR pS Oe 


r’ sin*?y dg” r dr\e'u r 











(29) 





which would reduce to (28) for ¢’, u constant. To cast 
(29) into the form of the wave equation one might 
proceed by: (a) Introducing a new radial coordinate 


6 Frank- v Mises, Differentialgleichungen der Physik (Mary S. 
Rosenberg, New York, 1943), vol. II, p. 872. 
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r'=1'(r, €’); (b) Introducing modified Hertz potential 
through y= (dIT/d)g(r). (a) leads to two simultaneous 
differential equations for r’, with no common solution 
for arbitrary e’. Substituting (b) into (29) leads to 


Ol ally2dg 2 d/l 
mm aS(3) 
Or? Orlgdr r  adrX\k? 
1 a) dll 1 7 
> <( sind —)+ — 
r? sin 06 00 r’ sin20 d¢ 


k?dg dsl 1 d*g 
+11] 4+—— -(—)+ 
g drdr\ k? 


Rdsil 
+——(—)+ 
r dr\ k? 


This will have the form of the wave equation if 











g dr’ 


1 Po-p 
=—- - (30) 
gor 





2 a 
gr dr 


(31) 


g=k 


and a propagation constant k* is used where 


2 sdk\? 
rede) 
2\ dr 


which is seen to agree with the quantity k* used by 
Bremmer."* Figure 3 is a typical curve” of k/ko and it is 
seen that | (k**—k*)/k,?| <220-10-, so that k* and k 
may be considered identical. 

To recapitulate, we find E and B from (18) and (19) 
where 


1 d*k 


— (32) 
k dr* 


oll 
A=yr=—Akr (33a) 
ot 
and II is the solution of: 
(V?+- k?) = — Po,p/kr. (33b) 


IV. FORMAL SOLUTION 


The solutions to (33b) valid inside and outside the 
earth are (with symmetry in ¢) 


Tl=m2= >> Anjn(ker)P2(cosd) (inside) (34a) 


n=0 


and 


T=7= > R,(p)P,(cos@) (outside)  (34b) 


(p=kor=221r/ Xo) 


16H. Bremmer, Physica, 15, 301 (1948). 
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If 
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3b) 
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34a) 


34b) 





EFFECTIVE 








where 
@R,, dR,, ki\? 
p° +2e—"+R.|o*(—) —n(n+1)| 
dp? dp ky 
u(n+3) ¢" 
=— -f P,p’P,,(cos@) sinédé. (35) 
pkyko 0 


For a doublet source located at 6=0, r=, designated 0,, 
P= P6(o-— 0») Ro? (o= Ror) (36) 


where Po is the strength of the doublet, and 6 is the 
Dirac ‘delta’ function” which is defined in such a way 
that 


(11a) 


all space 


The inhomogeneous term must be retained in (35) since 
it may not be assumed here, as it was in the uniform 
atmosphere problem,'* that the singularity in the Hertz 
potential at the source has the form e**:*/R (see 
Fig. 2). The usual conditions of continuity of E,and H,, 
and the boundary condition at « become 


(a) kym1= kore at r=a (i.e. p=koa= pa), 

1a 12a (37) 
(b) ——(r71)=——(rm2) at r=a, 

ky or ko or 


(c) outgoing wave, with free-space velocity of light, 
for 
re, 
If one sets 
Pos*6(s—or) 7” : 
$,(s) = ———-—— ~ f P,,(cos@) sinéd@ (38) 
sky 0 
then the solution to (35) may be found in terms of a 
Green’s function G,(p, s) by 


R,.(p)= G,(p, 5)¢,(s)ds (39) 
“0 
where the Green’s function for Eq. (35) is! 


G,(p, S)ps= + 








1 Uin(S)Uon(p) —Min(p)ton(s) 


2s? | tin (S) ton’ (Ss) — typ’ (S)tton(s) 


+ Bi Uin(p)+Crten(p). (40) 





"P. A. M. Dirac, Quantum Mechanics (Oxford University 
Press, London, 1935), second edition, pp. 72-77. 

‘® See reference 17, Van der Pol and Bremmer. 
_“E. L. Ince, Ordinary Differential Equations (Dover Publica- 
tions, New York), Chapter XI, p. 257. 
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The w’s are linearly independent solutions of the homo- 
geneous form of (35) and the B, and C,, are to be ad- 
justed so that G,(p, s) satisfies the conditions (37). 

A useful simplification is attained by use of Abel’s 
identity”® which states that if 


A= ,(x)ue! (x) — uy! (x) u2(x), (41) 


where the w’s are solutions of 


pol)’ (x) +- p(x)’ (x) + po(x)u(x) =0 (42) 


x pi 
A=Ao exp( — f is) (43) 
Zo Po 


where Ap, is the value of (41) at «=o. For the Eq. (35a) 


then 


So 2 
A= (=) (44) 
Ss 


and it is significant that this result is independent of the 
form of hk). 

Application of the boundary conditions (37) to (34a) 
and (34b), using (40) for R,, will yield solutions for 
An, Bn, Cn, provided one identifies the traveling and 
standing wave solutions of (35). Thus, if #2,(p) is to rep- 
resent the outgoing wave solution and %,(p) the 
standing wave, (37c) implies that we want 


G(p)—const.Xueo(p) for po, 


and this immediately enables us to solve for B, from 
(40), ice. 


1 
B,=———11,,(s). (45) 
2Aoso” 


If the corresponding solution for C,, is inserted in (40), 


° 
SOURCE ——— 
_ y, 
ATMOSPHERE 
kek (r) 





Fic. 2. Radiating doublet above the earth. 


20 See reference 19, Chapter V. 
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the Green’s function is: 











" Uon(S) 
G,(p, S$) = U1n(p) 
Aoso” 
U2n(S)tin(pa) 
—Uen(p) ‘M, paxp<s (46) 
AoSo?* ten(pa) 
Uon(p) Uan(S)Uin(pa) 
= 41,(s) —————- Mn} p> 
Aoso? Uon(Pa) 


where 


jn(Rea)+ keajn' (koa) ke? ttin( pa) + Roatin’(pa) 

















M a jn( Roa) k;? Uin(Pa) 
: jn(Roa)+oajn'(Rea) a? ttan(pa)-+-Rodtten’(pa) 
jn( hoa) k;? Uon(Pa) 


To illustrate the application of this result, consider 
k,=k.=ko, corresponding to a dipole in free space. We 
then find 

Uin(p) = jn(p), 


U2n(p) =hn'(p), (47) 
Aoso” =4, 


Evaluation of (39), and subsequent substitution into 
(34b) and (33a) gives 


x 2n+1 Popkeo? 


A=) r jn(p)hn (pr) Pn(cos8) 
n=0 4qri Pb 

















p<pp 
2 2n+ 1 Poko? 4 ’ 
= > r : jn(pr)hn™ (p)P,(cosé) (48) 
n=0 Ani Pb 
p> po 
Pou etkoR 
=_—— r 
4nrb R 


where R is measured from the source. This is the 
spherical vector potential for a doublet. The usual ex- 
pressions for the field vectors may be found upon 
application of (18) and (19). 

For a dipole above an earth surrounded by free space, 
ki=kox¥*ko, the w’s are given by (47), and the vector 
potential A reduces to that given by Van der Pol and 
Bremmer."® : 

For a refracting atmosphere one may write, in general, 


w= k?/ke=1+f(p). (49) 


A typical curve of index vs. height is Fig. 3. It must be 
borne in mind that f(p)—0 for p>. 

If {(p) is (mis-) represented by a function of the form 
A’+ B’/p*, then one may obtain exact solutions to (35) 
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240 


(n-1)-109 


. Fama 


° 2 + 6 8 10 t2 ia 6 8 
HEIGHT IN KILOMETERS 


Fic. 3. Index of refraction vs. height above the earth. 


in terms of Bessel functions, and such a solution has 
been considered by Ponomarev.”! There arises the ques- 
tion of how closely the solution for this hypothetical 
atmosphere will correspond to the field strengths in the 
actual atmosphere. One might argue qualitatively, that 
since the index of refraction of this hypothetical 
atmosphere is such that it postulates index gradients 
that are too large (see Fig. 3), it will overestimate the 
amount of energy “reflected” back to the earth. 

To treat a more general f(p), we note that the most 
commonly used approximate solutions to equations of 
the form 


2 n(n+ 1) 
W"(o)+-w(o)+a 14/00) ae 0 (50) 
p p 


are found by the WKB method® which gives 


A + 


Us = 
p{1+f(e)—[n(n+1)/p?]}' 


p +1 } 
xexp| i f [410)—— |<}, (51) 


2 


p 








where p; represents the zero of the integrand. The use of 
the WKB solution here should not be confused with the 
phase-integral technique of Eckersley and Millington, 
wherein m is a parameter to be determined by the 
boundary conditions. We have already satisfied the 
boundary conditions, and the ’s represent positive 
integers. There are, however, several objections to the 
use of this WKB solution for the problem under con- 
sideration. The solution (51) is not valid near the point 
pi. Furthermore, the values of A; and A_ change as p 


#1 M. I. Ponomarev, Bull. Acad. Sci. U.S.S.R., Technical Series, 
No. 9, p. 219 (1946). 














51) 


e of 
the 
on, 
the 
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tive 
the 
con- 
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circles the point p; in the complex plane, because the 
functions “4 are not single valued, whereas (50) should 
have a single valued solution near the ordinary point 9). 
The connection formulas relating the values A, in the 
various regions of the complex plane are discussed by 
Furry.” It has also been noted by Langer** in his 
treatment of the radiai equation involved in the appli- 
cation of the Schrédinger wave equation to central 
field problems, that the WKB technique may not be 
applied directly to an equation of the form (50). 

These difficulties were all overcome by Langer.”* 
Upon applying his techniques to Eq. (50) the solutions 
are found to be: 


1 
pif l+f(e)—L(n+-4)2/p7]}! 








M4 n(p)= 


4 


x | f 1+f(e)— Clo-+4)*/o* I Mo| 


Pl 


J p 
x! | f 11+ f(0)—Con+-4)*/0" do} (52) 
H 4 pl 

These are valid in all regions in which the WKB solu- 
tions hold, in addition to the region near and including 
the zero point of the radical, and are single valued. One 
might note the appearance of the (7+ 4)? to replace the 
n(n+1) which appears in the usual WKB solution and 
is known to be in error. The functions (52) are not good 
approximations at zeros of the radical other than pi. 

If {(p) is set =O in (50) the solutions should represent 
Bessel functions, and indeed, the expressions (52) reduce 
to the “Watson” or “Hankel” approximation to the 
Bessel function,”* usually obtained by a saddle-point 
approximation to the integral representation of the 
Bessel function. 

In the next section, the integrals involved in (52) will 
be carried out for the standard atmosphere of Fig. 3. 


V. FIELD STRENGTH CALCULATION— 
STANDARD ATMOSPHERE 


The field will be calculated at the earth (p=p,) and 
the earth will be considered to be a good conductor 
(kx), in which case (34b) becomes 


© (2n+1)Pouko? u2n(pr) 
4rpvky(b) 


m= 





P,(cos@), (53) 


n=0 Uon' (pa 


where the w’s are given by (52). 


Having obtained the series (53) one may directly 
apply the Watson? summation technique whereby 7; is 


*W.H. Furry, Phys. Rev. 71, 360-371 (1947). 

SR. E. Langer, Phys. Rev. 51, 628 (1937). 

* See, for example, W. Magnus and F. Oberhettinger, Formulas 
and Theorems for the Special Functions of Mathematical Physics 
(Chelsea Publishing Company, New York, 1949). 
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expressed as 
Poko? 
4arppki(b) 





g Ur»4(pv) P»4(—cos@) 


dv (54) 
U2y-4' (Pa) 


i cosy 


where the contour consists of small circles around the 
half-odd integers on the positive real axis. This contour 
is then shown to be equivalent to one encircling the first 
quadrant, so that one may set 


Popko? 
4mrpyki(b) « 


U2,, _;(p») 





COS),.7 


P», -+(—cos6) 





Xx » (55) 
[(0/dv)t2>4'(pa) |» =r. 
where the v, are determined by 
Ri(v)>0, 
Hr», -1'(Pa)=0, (56) 
Im(v)>0. 


The justification for the deformations of the contour in 
(54) which lead to (55) follows almost exactly as in the 
homogeneous atmosphere case.’ 

Anticipating that the low order (i.e., smallest v) roots 
of (56) will correspond to small values of the argument 
of the Hankel function of (52), and will involve integrals 
over small heights above the earth, we restrict ourselves 
to the region in which f(p) is linear, i.e., [(p1—pa)/ho | 
<3 k.m. (See Fig. 3). We find 


eit/2 








Ss 1+A)! 23 
U2v, -4(p)= viol és ner} (57) 
p (p)! 3 
where 
Pa 
Am Sf (oe) + flee). 


9 


v-—Bv} 6 
i=/( ) —p (-<1). (58) 
1+A p 





3 


B=——f"(00) 
- , Pa 


The roots of (56) are then 


v,*— Br} 
( ) = pat pa't,(1+A)-! 
1+A 





(59) 


where 
To=0.808e'*/3, 


71= 2.58¢8"/3 


and an extensive table of r, is given in Van der Pol and 
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Bremmer.'* For v, in the first quadrant we also use 


1 
P», -3(— cos) ~——__—_ 
(27v, sin@)! 


Xexp[ —iv,(x—0)+inr/4], 
1 


——~ 2eirer, 


COSV,.1 


(60) 


Inserting (58-60) into (55) and lowering the transmitter 
to the earth (p,= 9.) leads to 


Pouko? explix/4+2iv,x+iRl(v,)0] 
s 4rk,(b) 








~~ 
T= 
pa'(2x sin@)'r, 


(1+)! | 
(1+A+B/p,2)!) 
pad 


v3 
Xero] —(14 A)! || — | (61) 
2 (1+A+B/p,*)! 

A comparison of this result with that for a homogene- 
ous free-space atmosphere is readily achieved by setting 
A=B=0. The distance dependence is contained in the 
last factor in each term. Clearly, the major effect of 
atmospheric refraction is to alter the rate of expotential 
decay of field strength with distance, which for free 
space takes the form 

exp(— V3|7.|D/p.!) (62) 
where D refers to distance along the earth. For large D, 
the s=0 term predominates, and the behavior of f(p) at 
large heights has practically no influence on the field 
strength since it only enters into the calculation of the 
rT, with large s. This substantiates the intuitive notion 
that the energy is “fed” into the diffraction region by 
those “‘rays” which are almost horizontal. (Again, these 
arguments hold only for monotonic f(p), in which case 
the 7, will increase steadily.) 

To get (61) into the free-space form, we introduce an 
“effective earth’s radius” per, and a new @ coordinate @’, 
and require 








Pett?’ = p,0= D. (63) 
It follows then that if we set 
Pa 
| a 7 
1+ (A/4)—(3B/4p,”) 
Pa . 
—- (64) 


~ E14 (n—1/2)+ p(dn/dp) Jp =re 


the Hertz potential, Eq. 61, corresponds to propagation 
through free space over an enlarged earth, thus verifying 
the validity of the concept. 
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Reference to Eq. (16) indicates that the value pre- 
dicted for this effective radius by the ray theory is not 
reliable. For example, if the index of refraction n 
behaves as 


n=1+a+B(p— pa) (65) 
then (64) gives 
Pa ; 
Pett (wave theory), 
1+a/2+ p.8 
whereas 
Pa 
puti—__—— (ray theory). (66) 
1+ (p.8/ 1+ a) 


For the standard atmosphere, however, 4A — B/p.”, so 
that (64) will give the same value for the effective 
earth’s radius (for large D) as predicted by the ray 
theory for almost horizontal rays. 

Although the first mode, corresponding to s=0 in 
(61), accurately represents the field at large distances, 
it is necessary to sum many such modes as one gets 
nearer the transmitter. To extend the effective radius 
concept to regions closer to the transmitter, one need 
only note that the arguments outlined here may be 
applied termwise to each of the modes. This follows 
from the fact that the phase factor of each term, may be 
treated in exactly the same way as was the attenuation 
factor, so that the relative phases of the various modes 
are maintained. The number of modes for which the 


representation (57) is valid will be determined by the: 


condition 
(pi— pa)/Rko=r1—a<3 k.m. 
as may be seen from Fig. 3. We find from (56)—(59) that 
11,= Vat (Ao/27)106x,! (68) 
where x, is the sth root of 
J 2)3(x) = J—2)3(x). 


For \o=1 meter, there will be of the order of a hundred 
modes within the 3 k.m., and correspondingly more for 
shorter wave-lengths. 


(69) 


Conclusion 


There is ample justification for the use of an enlarged 
earth-homogeneous atmosphere model for calculating 
the fields existing under standard refraction conditions. 
Any measured deviation of field strength from that 


calculated on this basis is fairly conclusive evidence that | 


the atmosphere has departed from standard conditions. 
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Experimental Measurement of Incompressible Flow Along a Cylinder with a Conical Nose 


E. V. LAITONE 
University of California, Berkeley, California 
(Received July 7, 1950) 


The experimental pressure distribution data from low speed wind tunnel tests at zero angle of attack on 
two different conical noses attached to a cylindrical after-body are compared with theory. The simplified 
theoretical equation used is a higher order approximation valid up to the order r* Inr. It is shown that the 
conical nose with a vertex angle of 20 degrees is in agreement but the larger cone with a vertex angle of 30 
degrees shows a discrepancy between the measured pressures and the approximate theory. In both cases, 
however, the theory is in excellent agreement with the surface pressures on the cylindrical after-body. 





EXPERIMENTAL PROCEDURE Au= difference between local surface velocity and 


HE wind tunnel tests were performed in the 3X3 free stream velocity : ’ 
foot open throat wind tunnel at the University of (x, 7) = cylindr ical coordinates (see Fig. 1). 
California at Berkeley by Messrs. N. N. Cahan, R. B. ro= coordinate to surface of symmetrical body of 
Glickman, G. B. Himel, and J. L. Taylor.  Tevolution. 
The models were made of aluminum and consisted ro = dro/ dx= local surface slope. , 
of a conical nose in front of a 12-in. long, 4-in. diameter, marc tanre wre , semi-vertex angle of conical nose. 
cylindrical after-body as shown in Fig. 1. Two conical €= variable of integration along x “nar when (+, fe) 
noses were tested; one with a 20-degree vertex angle = considered as a fixed loca A point where the 
and the other with a 30-degree vertex angle. The models velocity and a being computed. 
were supported at zero angle of attack along the tunnel L=length of conical nose. 


center line by means of a 2-in. diameter sting faired S(x)=ar¢ = cross-sectional area of body of revolution. 
into a vertical support strut as indicated in Fig. 1. S\(x)=dS/da= Laren’. 

The tests were all made at a wind velocity of 85 miles 
per hour corresponding to a Mach number of 0.10 and 
a Reynolds number of 250,000 based on the 4-in. di- 


The notation R=O(r") means that the remainder term 
in the series expansion is such that Lim(R/r") is 
r—0 


ameter of the cylindrical after-body. bounded or zero. Also for a conical nose O(r) = O(dr/dx) 
=0(8). 
The surface pressures were measured by means of 
isin. diameter orifices connected to an alcohol multiple COMPARISON WITH THEORY 


tube manometer and are shown in coefficient form in In reference 1, it is shown that the surface pressure 
Figs. 2 and 3. Each test point shown is the average of coefficient on any body of revolution in subsonic flow 
4 simultaneous readings taken at 90-degree intervals is given by 

on the circumference of each longitudinal station. This 1 p= (g—x)S'(£)dé 

effectively corrected the surface pressures to axial flow C,[-x, ro(x) ]=— f 

at zero angle of attack since the variation in the cir- 2eJo ((x—£)?+ (Bro)? ]} 

cumferential readings of the pressure indicated the ’ 

local angle of attack was never greater than 0.1 degree —~Wwrer i 
from zero. The surface pressures were also corrected 
for wind tunnel boundary and support interference. 





The remainder term in Eq. (1) is exact only in the 
limit as B=(1—M”)! approaches unity; that is, for 
incompressible flow. 

Applying Eq. (1) to the models given in Fig. 1 we 
a=free stream velocity of sound. have from x=0 to x=L 


U=free stream velocity. S(x) = 32?(tan?6) = 1x?+ O(6) 
M=free stream Mach number= U/a. S'(£) = 2rPE+0(6*) 


SYMBOLS 























B= (1—M?)}. 
C,=local surface pressure coefficient r | i. 
—_ s- . - u— 
pressure difference between surface x i t 
aan and free stream L_—-|.— 2 3+ 





free stream dynamic pressure 6=10° L=11.33 


a ° 
Ap ia 96-15, L= 7.73 
~ or (see reference 1). 





SUPPORT 
STRUT 











Fic. 1. Model dimensions and coordinates. 
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Equation (4) 
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Fic. 2. Comparison of the measured surface pressure coefficient 
(©) with theory for a 20° conical nose. 


and from x=L to x= 
S’(é)=0 
so that on the conical nose (0<x< L) 


C =f (E—x) dE 
do E(E—2)*+ (0x)? }! 





—?+0(# Iné) 





1 
=—¢ 
is — (x/L) P+[B6(x/L) P)* 


1—(x/L) ; 1 
-sink-s(——— ) —sinh*(—)+ 1 (2) 
B0(x/L) B0 


and on the cylindrical after-body (x> L) 


. -of' (—x)édé 
J [(E—x)*+ (B0L)?}? 





+0(@ In@) 





1 
=-# 
F (x/L)—1 + (66)*)! 


(x/L)—1 x/L 
+sinkr}(——— ) —sinh-#( | (3) 
B@ B@ 


The theoretical variation of the surface pressure co- 
efficient as given by Eqs. (2) and (3) is shown by the 
solid line in Figs. 2 and 3. It is apparent that the theory 
of reference 1 is satisfactory for the cone with the 20- 
degree vertex angle but not for the larger one with the 
30-degree vertex angle. This indicates the limitations 
imposed by the approximation obtaining Eq. (1) in 
reference 1 by neglecting terms of the order r‘Inr. It 
is seen, however, that the surface pressures on the 
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Fic. 3. Comparison of the measured surface pressure coefficient 
(©) with theory for a 30° conical nose. 


cylindrical after-body are in excellent agreement in 
both cases. 

If the terms containing @ in Eq. (2) are expanded to 
the order &=0 we obtain for the conical nose (0< «< L) 





B0(x/L) 
C,=—6\2In 
2(x/L[1—(x/L) ])} 
2 | ow). 
1 G/L) (6°). (4) 


This expression could also be obtained directly from 
Eq. 10 of reference 1. It is seen in Figs. 2 and 3 that the 
values given by Eq. (4) indicate a greater velocity in- 
crement than do those given by Eq. (2) which are al- 
ready slightly greater than the experimental values. 
A comparison of Figs. 2 and 3 with a distribution of 
the type given by (x/L)™ shows that a velocity dis- 
tribution varying with some power of (x/L) would pro- 
vide a reasonable approximation only for the mid- 
portion of a cone with a very large vertex angle. This 


indicates that the boundary layer solutions given by | 


W. Mangler and others (see reference 2) are not valid 
for ordinary slender cones as used in supersonic air- 
craft. However, for extremely slender cones, a constant 
velocity distribution may be assumed over the cone 
since Eq. (4) then approaches the limiting value 


C,= — 26 Ind+0(8), (5) 


which is valid for either subsonic or supersonic flow. 


1E. V. Laitone, Quart. Appl. Math. 5, No. 2, 227-231 (July, 
1947): (See also J. Aeronaut. Sci. 14, No. 11, 639 (November, 
1947). 

2W. Mangler, “Boundary layers on bodies of revolution in 
symmetrical flow,” M.A.P. Volkenrode Interrogation Report 
Ref. MAP-VG46 (April 15, 1946). 
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Graphical Determination of the Fermi Level in a Simple Impurity Semiconductor 


K. LEHOvEC AND H. KEDEspy 
Signal Corps Engineering Laboratories, Fort Monmouth, New Jersey 


(Received July 12, 1950) 


A graphical determination of the position of the Fermi level in a simple impurity semiconductor at zero 
space charge is discussed. Measurements by G. Busch and H. Labhard indicate that the effective masses of 
electrons and holes in SiC crystals are of the order of mass of a free electron. 





I. INTRODUCTION 


HE electrons which carry the current in an n-type 
impurity semiconductor are supplied by thermal 
ionization of impurities (called donors). In the simplest 
case there is only one kind of impurity. For the calcula- 
tion of the electrical properties one needs to know (1) 
the energy states which can be occupied by electrons 
and (2) the distribution of electrons in these energy 
states. The distribution of electrons in thermal equi- 
librium is given by the Fermi distribution function in 
which the Fermi energy (electrochemical ‘potential, 


. free energy per added electron) is the characteristic 


parameter. 

An equation for the determination of the Fermi level 
in thermal equilibrium and at zero space charge for the 
simple model of an impurity semiconductor mentioned 
above, has been given by K. Shifrin.! This equation 
has been applied by E. H. Putley? to an explanation of 
measurements of electrical conductivity of germanium. 
In both papers there is missing a graphical representa- 
tion of results enabling a quick determination of the 
Fermi level as a function of the concentration of im- 
purities, the ionization energy of impurities, and tem- 
perature. Since such a determination is a task fre- 
quently encountered in dealing with semiconductors, it 
was considered worth while to publish graphs permitting 
a convenient determination of the Fermi level. The 
same graphs may be used for p-type impurity semi- 
conductors with one kind of impurity. For reasons of 
clarity the derivation of the position of the Fermi level 
is briefly reviewed. 

The spectrum of energy states under discussion (see 
Fig. 1) consists of the energy band of the basic lattice, 
to which electrons are released (“‘conduction band’’) 
and of the energy level of the impurities, from which 
the electrons are released by thermal agitation. The 
difference between the donor energy level and the con- 
duction band is the ionization energy E. The number of 
energy states per unit volume of the impurity level is 
equal to the concentration of impurities V. The number 
of energy states* in the conduction band with energies 


'K. Shifrin, J. Phys. U.S.S.R. 8, 242 (1944). 

*E. H. Putley, Proc. Phys. Soc. (London) A62, 284 (1949). 

*See, for instance, F. Seitz, The Modern Theory of Solids 
(McGraw-Hill Book Company, Inc., New York, 1940), p. 143 ff. 
A factor 2, which results from the two spin probabilities of an elec- 
tron is included in Eq. (1). 
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between ¢ and e+de is 
V - D(€)\de=4x(2m*/h*)'e4- V- de (1) 


(e=energy of an energy state relative to the band 
boundary as shown in Fig. 1; 4=Planck’s constant; 
V=volume of the crystal). 

Equation (1) holds generally for energy values near 
a band boundary. The peculiarities of the crystal lattice 
under consideration express themselves by the effective 
mass m*, which may differ from the mass of a free 
electron. 

In the case of thermal equilibrium the probability 
for occupation of an energy state‘ ¢ by an electron of 
given spin is obtained from the Fermi distribution 
function 


HO= ple O/T H1 


where é is the so-called Fermi energy, k= Boltzmann 
constant, and T=absolute temperature. Accordingly 
i—f(e) is the probability for an energy state € to be 
unoccupied by an electron in thermal equilibrium. 





(2) 


Il. DETERMINATION OF THE FERMI LEVEL 


The position of the Fermi level may be expressed 
from considerations of the space charge. In the case of 
the simple energy scheme shown in Fig. 1, there is 
macroscopically zero space charge if concentration of 
unoccupied impurity levels equals the concentration of 
electrons in the conduction band. 

This may be expressed by the equation 





N[1-s(E)]= f f(e)-D(6de. (3) 
$ P 
© ius “WM Conduction band 
§ 1 ly 

ey _ 


Ferm level 
— Impurity level 


—- 


Fic. 1. Simple energy scheme of an impurity semiconductor. 








* For electrons at the impurity level, e has to be replaced by E. 
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Fic. 2a, b. The function 
y(x) = (e7-e7+1)-20-4- Fyn) - x4, 


. Uy 
Ao= fo 


(explanation of symbols in text). 


where 


The replacement of the upper limit in the integral by 
infinity does not introduce any appreciable error be- 
cause of the smallness of the Fermi distribution function 
for (e—£)/kT>>1. 

Equation (3) may be transformed with use of Eq. (1) 
and Eq. (2) to 


N/2(T)=[exp(|E|/kT)-exp(t/kT)+1] 
‘Qa ¥-Fy(t/RT), (4) 





where 
«© B 
F,(n)= f dt (S) 
o exp(t—n)+1 
(n substituted for £/kT and ¢ substituted for «/kT) and 
Z(T)=2(24m*kT/h*)!. (6) 


Numerical values of the function (5) have been tabu- 
lated by J. Mc Dougall and E. C. Stoner. 

Equation (4) connects four variables NV, 7, | Z|, and 
€. The number of variables may be reduced to three by 
introduction of the new dimensionless variables 


y=N/Z(T.); x=T./T; n=&/kT, (7a, b,c) 





* Phil. Trans. Roy. Soc. (London) 237, 67 (1938). 


where T,= | E|/k. Then Eq. (4) simplifies to 
y= (expx- expn+1)- 207}: Fy(n)- a7}, (8) 
which can be represented by a family of curves. 


III. GRAPHICAL REPRESENTATION AND DISCUSSION 


In Fig. 2a, b, y is plotted as a function of x with | 


as a parameter. One is interested mostly in the range 
x=T./T=|E|/kTX1 (but not >1) of the abscissa 
values, where the ionization energy E of the impurities 
is larger (but not too much larger) than the thermal 
energy kT. 


The position of the Fermi level as a function of tem- } 


perature 7, concentration N, and ionization energy E 


of impurities may be found in the following manner. § 


Consider for example the point x(= | E|/RkT), yo(=N/ 
Z(T.)) (Fig. 2b) and determine the n-value mo of the 
curve passing through this point, if necessary by 
linear interpolation. From this mo-value the Fermi level 
£o(=n0- kT) may then be computed. 

A positive or negative value of 7 indicates that the 
Fermi level lies in or below the conduction band, re- 
spectively. If 7=0, the Fermi level lies at the boundary 
of the conduction band. 

In order to show the change of the Fermi level with 
temperature in Fie. 3, » is used as ordinate, x as ab- 
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GRAPHICAL DETERMINATION OF FERMI 


scissa, and y as parameter. It is seen that » passes 
through a maximum. The maximum values of 7 lie on 
the dotted curve, which may be derived from Eq. (8) 
by partial derivation (since the maximum of 7 is to be 
determined : dn/dx=0; and since y is considered a con- 
stant parameter in Fig. 3, dy/dx=0) with respect to x. 
This gives® 


n= —[«t+In(Gx—1)]. (9) 


The electron gas in the conduction band is called non- 
degenerate if the probability f(€) for occupation of any of 
its energy states is very small in comparison with unity. 
This is the case if exp[(e—£)/kT ]>>1 (see Eq. (2)). Since 
«~0 for energy states in the conduction band, we shall 
define? nondegeneracy by n=£/kT~O. It is perhaps 
worth while mentioning that in the case of nonde- 
generacy the occupation probability of energy states in 
the conduction band reduces to the Boltzmann factor 
expl_—(e—£)/kT] and that the integral 22-}- F;(n) 
becomes e”. The temperature range where the electron 
gas is degenerate or accordingly »>0O may be seen 
readily from Fig. 3. Maximum degeneracy (if any) 
occurs at the temperature corresponding to the abscissa 
value of the maximum of the n-curve under considera- 
tion. For y<2.3 the electron gas is nondegenerate at 
all temperatures; introduction of numerical values 
shows that in this case 


N/| E\?<1.4X 10”: (m*/m)}, 
where NV is expressed in cm~ and £ in electron volts, 


and m*/m is the effective mass expressed in units of 
free electron mass. 





(10) 


IV. APPLICATION OF THE GRAPH 7=f/(x,y) FOR 
DETERMINATION OF THE EFFECTIVE ELECTRON 
MASS m* IN SILICON CARBIDE 


It is common practice to determine E and NZ (or 
accordingly Nm*!) from measurements of the Hall 
constant as function of temperature for a semiconductor 
of the simple scheme of Fig. 1. For separate determina- 
tion of N and m* still another combination (different 
from Nm*!) must be known. Such a combination 
(V-E-!-m*-!) may be obtained from y= V/Z(T.) (see 
Eq. (6) and recall that T.=|E|/k). The parameter y 
can be determined from the x-value corresponding 
to maximum 7, since the latter must lie on the dotted 
curve of Fig. 3. Considering that x is determined by 
temperature 7 and ionisation energy E (Eq. 7), it 
remains to deduce the temperature at which 7 has its 
maximum from measurements. 

For this purpose measurements of conductivity as 
function of temperature can be used, if the electron 


* Equation (9) is identical with Eq. (7) of K. Shifrin (reference 
1) and Eq. (10) of E. H. Putley (reference 2). 

7It should be kept in mind, however, that the transition from 
degeneracy to nondegeneracy is a gradual one. 
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Fic. 3. The function n(x) with y as parameter. The dotted curve 
n=-—([x+ln({x—1)] connects the maximum values of the »- 


curves for various values of y. A positive y-value indicates that the 
Fermi level lies in the conduction band and accordingly, that the 
electron gas is degenerated. 


mobility depends* on temperature as 7~!. It can be 
shown’ that in this case a maximum of conductivity 
occurs at the same temperature at which 7 has its 
maximum. 

The considerations above seem applicable to measure- 
ments by G. Busch and H. Labhard!® on SiC crystals 
at higher temperatures." The product of Hall constant 
and conductivity (which should be proportional to the 
mobility if there is electron conduction only) varies 
with temperature as 7~!, From the temperature de- 
pendence of the Hall constant (see Fig. 5 of G. Busch 
and H. Labhard) one finds for crystal No. 7 for instance, 
that E=0.24 ev and NZ (400°K)=1.3X10" cm. 
Maximum conductivity occurs at T>=1000°K. Hence, 
x= |E|/kT>=2.8 and y=2.8X10~ (see Fig. 3). From 
the values of E, NZ, and y the concentration of impuri- 
ties V=8X10'* cm and the effective mass m*/m= 2.5 is 
obtained by using Eqs. (6) and (7a). An analogous calcu- 
lation for other crystals (both p- and n-type) measured 
by G. Busch and H. Labhard yields similar values of 
m*/m. 

8’ This temperature dependence of mobility is rather common 
for semiconductors and results from a mean free path which is 
independent of the electron energy. This is the case for scattering 
of electrons by lattice vibrations of the acoustical branch. 

® Conductivity depends on the product of the concentration of 
electrons and their mobility. The concentration of electrons in the 
conduction band is given by the right side of Eq. (3), which can be 
transformed with the aid of Eq. (1) into Z(7)-2x74-F,(n). The 
product Z(T)X mobility becomes independent of temperature, if 
the mobility is proportional to 7~-!. Hence the conductivity 
depends on the temperature only through the parameter 7. 

10 G. Busch and H. Labhard, Helv. Phys. Acta 19, 464 (1946). 

1! The simple energy scheme of Fig. 1 is not sufficient to explain 


the temperature dependence of conductivity and Hall constant 
at low temperature. 
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Expandability of a Wave-Guide Field in Terms of Normal Modes 


J. VAN BLADEL* 
The University of Wisconsin, Madison, Wisconsin 
(Received July 17, 1950) 


This article justifies the fact that the fields in a wave guide can be expanded as a linear combination of 
normal modes. The proof consists in showing that (a) this expansion is possible for the z components of the 
fields and modes and (b) that, in three dimensions, the fields as a whole are equal to a linear expansion of 
modes with precisely the same coefficients as were found in the expansion of the z components. 





HE purpose of the present note is to give rigorous 
proof for the expansion of a wave-guide electro- 
magnetic field in terms of the normal modes of the guide. 
It is assumed that the guide is filled with a homogeneous 
perfect dielectric, has perfectly conducting walls, and 
that the phenomena are harmonic in time. 

It is necessary for the purpose of this proof to sum- 
marize the main properties of the normal modes. Such 
modes' are obtained by assuming a z dependence of the 
form e*"* for the six components of the field vectors E, H 
(see Fig. 1). The xy dependent part of a component will 
be indicated by brackets so that, for example, 


finite, discrete set of values for k,,”, whereby correspond- 
ing values of h? are given by 


h,2=w?/?—k,’. (7) 


The E mode, as a whole, is comprised of the vectors 
E,*® and H,#*, the components of which can be ex- 
pressed as a function of [Z., ]. The important property 
for the present purpose is, however, that the set of func- 
tions [Z.,, ] is closed and complete.? This means that any 
reasonably continuous function, such as the components 
of an electromagnetic field, can be expanded in terms of 
the [E.» |. 

(b) H (or TE) modes, which have zero E,, and of 














; E,(x, y, 2, t)= eto E(x, y) J. (1) which [H,] satisfies (6) and d[H,]/dn vanishes at the I 
E and H, on the other hand, satisfy Maxwell’s equations _ wall C. This defines a discrete set of values for 4,2 and t 
i= —joull (2) [H.m], where the latter functions also form a closed ( 
_ Jones and complete set. The H mode is comprised of the } 
curll = J+ jwek, (3) vectors E,,” and H,,”. s 
a (c) TEM modes, which have zero E, and H,, and t 
div =0, (4) exist only when the dielectric region inside the guide is 
divE = p/e, (5) multiply connected. The propagation constant h is then I 
: i ‘ equal to w/c, and [FE] is perpendicular to the wall and e 
written for free space conditions, i.e., J=p=0. They  gaticfies P 
must also satisfy the boundary conditions at the wall. V.,1 2 ]=0. (8) p 
As a result of these conditions, only certain values of h ; ; 4 : i 
are permissible, each of which defines a mode belonging In order to investigate the expandability, consider the t 
to one of the following three classes: field E, H existing between the two cross sections Si 
(a) E (or TM) modes, which have zero H,, and of and S: (Fig. 2), which enclose a certain current distri- 
which [E,] satisfies bution J (x, y, z). Let E,, H, be the field which would st 
exist in a cavity obtained by metallizing S, and S2. This 
VLE in + kn’ En ]=0, (6) field depends only upon J and vanishes in the absence 
and [E,,] vanishes at the wall C. This allows an in- of sources between S; and S2. E, and E,» satisfy the a 











Fic. 1. 











* Department of Electrical Engineering. Graduate fellow of the 
Belgian American Educational Foundation. Now with Manu- 
facture Belge de Lampes Electriques S.A. (Mazda), Brussels, 
Belgium. ; 

1J. C. Slater and N. Frank, Electromagnetism (McGraw-Hill 


equation 
w ij 9 " 
VE,A—E.= — jopJ,.—— — (divJ) (9) 
¢ we 02 
obtained from Maxwell’s equations. Let E., E., and the 
known right-hand member of (9) be expanded in terms 
of the complete set [E., ], and the expansions inserted 
in (9). If the coefficients of [E., ] in both members are 
equated, using (6), differential equations for the z de- 
pendent coefficients of the expansions result. These 
equations lead to the following: 


E.=E.,+Y Ane (Em J+D Bre“ (E.n]. (10) 


Book Company, Inc., New York, 1947), Chapter XI. 2H. Poincare, Rendic. Circ. Math. di Palermo VIII, 57 (1894). 
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WAVE-GUIDE FIELD 


The terms of the summations are recognized from (1) 
as being the E, components of the normal modes. Con- 
solidating in one symbol the two waves into which each 
mode degenerates (one directed toward negative z and 
one toward positive z), one can write, in short, 


E.=E.yt+>, Culben- (11) 


Similarly it can be established that 
H.=Hiaptd Dall om (12) 


Equations (11) and (12) show how the z components of 
the field can be expanded in the z components of the 
normal modes. It is now desired to extend that expan- 
sion to the complete vectors, using the same expansion 
coefficients Cn, Dm. 

First, let the dielectric region be simply connected. 
It is desired to show that the following equations 
must hold: 


E=E,+>d C,E,F+>D DrEn*, (13) 
H=H,+>D C,H.f¥+> DH. (14) 


From (11) and (12) let it be seen that the field distribu- 
tions described by left and right members of (13) and 
(14) have the same z components. They satisfy identical 
Maxwell’s equations and boundary conditions, the 
sources J being identical for E, H and E,, H,. To show 
that these field distributions are equal, it suffices to 
prove that their difference Ey, Ha is zero. The fields 
E., Ha have no z components, and satisfy Maxwell’s 
equations in free space, the sources J disappearing by 
subtraction. This reduces the proof to an electrostatic 
problem. Indeed, from (2) projected on the z axis and (5), 
it is easily established that Eq satisfies Laplace’s equa- 
tion (8). It also satisfies from (2) and (3), 





VE at (w/c) Ea=0, (15) 
so that - 
OE, w = 
+—E,=0, (16) 
02 C2 
and 


Ha= F(x, y)eo!o*+ F_(x, y)esel#, (17) 


It is now possible to show that F += F_=0. For, hav- 
ing V.7Ha=divE~=(curlkz),=(E2z):=0 for all the 


IN TERMS OF NORMAL MODES 
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Fic. 2. | 
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values of z between S; and Ss, it follows by (17) that 
VF ,.=divF,=curlP,=(F),=0. In conclusion, Fy, 
satisfy the same equations and boundary conditions as 
would the electrostatic field inside C in the absence of 
charges. This field vanishes in a simply connected dielec- 
tric region. Thus F,. are both zero, as are E,(17) 
and H,(2). 

When the dielectric is multiply connected, an electro- 
static field Fo(x, y) can exist and from (17) 


Ba=P [A ceiol*4+ Boe-itolo ‘] ; : 
=AoHot+BoHko-=CoKo, (18) 


where Ey+ and E,~ are precisely the two waves which 
comprise the TEM mode already mentioned above. 
Substituting then, for (9) and (10) 


E=E,+D CaE.t+Dd DnEnt+CoKo, (19) 
H=H,+>dC,A.tASD DnHatCoHo, (20) 


the following conclusion hold for both cases: 

(a) Between two cross sections of a guide which en- 
close no currents, the field can be split into a sum of 
normal modes, with coefficients determined by the 
sources outside the volume (8), S2). 

(b) Between two cross sections which enclose cur- 
rents, the expansion must be completed by an extra 
term E,H,. This term depends only upon the enclosed 
currents, and is independent of conditions outside the 
volume (S;, S2), namely, of current sources external to 
it, and of the way in which the guide is coupled with the 
outside space at its terminals. 
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Certain Refractory Compounds as Thermionic Emitters 


D. L. GOLDWATER AND R. E. Happap 
Bartol Research Foundation of the Franklin Institute, Swarthmore, Pennsylvania 


(Received July 17, 1950) 


Several refractories of the nitride, boride, and carbide families are investigated as sources of thermionic 
electrons. An activation pattern qualitatively common to several of the compounds is observed. Emission 
data for the final state of activation are presented. Data concurrently obtained for thoria are also given for 


comparison. 


True temperature used in the Richardson equation is obtained by correction from brightness tempera- 
ture. Temperature correction curves have been obtained. These curves can be satisfactorily represented in 
the region of thermionic emission by one value of spectral emissivity, which values are listed for the ma- 


terials studied. 





I. INTRODUCTION 


SURVEY of refractory compounds as thermionic 

emitters is in progress in this laboratory. The ma- 
terials which have been investigated thus far have been 
several carbides, borides, and nitrides which were im- 
mediately available from a chemical supplier.* The 
primary purpose of such a program is to uncover some 
material which shows superiority in some respect to 
emitters now commonly in use. Of all the materials 
tested, encouraging results were obtained for only one, 
zirconium carbide, and more detailed tests of its use- 
fulness as an electron emitter are planned. 


Il. PREPARATION OF EXPERIMENTAL TUBES 


The materials tested were: Zirconium carbide (ZrC), 
thorium carbide (ThC:2), titanium carbide (TiC), and 
tantalum carbide (TaC); zirconium nitride (ZrN), 
titanium nitride (TiN), and tantalum nitride (TaN); 
zirconium boride (ZrB) and tantalum boride (TaB).t 
In most cases these were used as supplied. In certain 
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Fic. 1. Schematic diagram of circuit used in obtaining pulsed 
emission data. In operation, the voltage dividing ratio (Ri, Re) 
and current measuring resistor (R;) are varied. 


* Cooper Metallurgical Associates, Cleveland 5, Ohio. 

ft Information on impurities as given by the supplier-manu- 
facturer: The borides all contain traces of Fe, Ni, Si, and C. In 
the case of TaB, the compound TaB, may be present to the extent 
of several percent. ThC, has Si impurity; TaC contains Cb and 
Ti. ZrN may contain sizable impurity of Zr;N2. 





cases the majority of the particles were too large to 
form a satisfactory coating. These were ball-milled, 
then washed in concentrated HCl to remove the iron 
introduced during ball-milling. 

The materials were used as coatings on 12-mil 
tungsten wire. These filaments were preprocessed by 
heating to the region of 1800°C in hydrogen, while 
under tension. They were thus simultaneously cleaned 
and straightened. 

All the nitrides and zirconium carbide were applied 
to the wire by electrophoresis. The material to be used 
was suspended in butyl alcohol, with a trace of elec- 
trolyte added. The filament was placed in the suspen- 
sion, and made about 100 v negative with respect toa 
cylindrical anode surrounding it. After a few seconds, 
the filament was withdrawn. Control of thickness is 
obtainable to some extent through the length of time 
the filament is held in the suspension. This method can 
be made to yield very uniform coatings. The other 
materials would not readily form coatings by the afore- 
mentioned method. They were painted on the filament, 
titanium carbide in butyl alcohol suspension, and all 
others in nitrocellulose binder. 

Finished coatings were examined under the micro- 
scope for uniformity, and measured at several points 
by means of a micrometer eyepiece. The mean diameter 
was used in the calculation of the emitting area. Long 
filaments, about 5 cm, were used, and at least 3 cm at 
the center, coated. Thus a uniform emitting surface was 
present extending well beyond the limits of the center 
anode of the guard-ring system. The cathodes thus pre- 
pared were mounted in conventional guard-ringed 
diodes, the length of the central anode being 1 cm. 


III. PROCESSING AND TESTING OF 
EXPERIMENTAL TUBES 


Tubes were evacuated on either an oil or a mercury 
pump; no differences which could be attributed to 
pumping medium were observed. Processing was always 
initiated by a 450°C bake of at least 1 hr. Pressure 
after the bake was always lower than 210-7 mm of 
Hg. The bake was followed by intense inductive heating 


of the anode system, to about 1250°C. Subsequent heat- 
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ing by electron bombardment was never allowed to 
raise the temperature above 1100°C. After anode out- 
gassing, the filament was raised quickly to incandes- 
cence. With the temperature around 900°C anode 
voltage was applied. Customary procedure was to take 
data for a Schottky determination of J, at the tempera- 
ture at which saturation currents of 100-200ua/cm? 
were first available. The temperature was then raised 
in steps to 1500°C or higher, with several emission 
runs taken at intervals of 100°-200°C. 

Saturation currents were limited by anode dissipa- 
tion to 60-80 ma. Beyond this level no dc data were 
taken. The cathodes were, in general, outgassed at 
1800°-2000°C, as subsequent pulse data were taken 
at these higher temperatures. Before seal-off, cathodes 
were seasoned at some temperature in the 1500-1700 
degree region, with sizeable dc being drawn. The effect 
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Fic. 2. The “initial” emission is that obtained on reaching a 
given temperature during the first heating of the cathode. The 
“activated” data are for the reproducible state of final activation. 
These data were obtained during the processing of one ZrC 
cathode. 


of this seasoning will be described and illustrated 
subsequently. 

After seal-off, pulsed and dc Schottky data were 
obtained, and plots of log/,/T? vs 1/T constructed. The 
pulsed data were taken using a Link model 4 modulator 
and an MIT Radiation Laboratory synchroscope, in 
the circuit of Fig. 1. A low duty cycle of 0.00006 per- 
mitted the use of high peak voltage and current without 
noticeable anode heating. It will be noted that it was 
possible to overlap the two methods of measurement 
somewhat ; the emission parameters, A and 4, indicated 
by the two groups of data considered separately are 
close to those finally determined from the combined 
data. 


IV. TEMPERATURE MEASUREMENT AND 
CORRECTION 


Two conditions are necessary in order that the tem- 
perature of the coated filament, as measured with a 
Pyrometer, be useful in determining the emission con- 
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TABLE I. 








Spectral emissivity 








Material at 0.655 micron 
ThC; Approx. 0.8 
ZzC 0.96 
TiC 0.96 
TaC 0.67 
TaB 0.70 
ZrB 0.70 
ThO,; 0.40 








stants. The first is that this temperature be uniform 
over the area from which measured emission is drawn. 
Emission measurements were considered acceptable 
when the variation along the central portion of the 
cathode was not greater than +} percent of the given 
temperature. 

It is also necessary to know the spectral emissivity 
of the coating material. Spectral emissivity measure- 
ments have been made.’ For every material except 
thoria, the single value of emissivity given in Table I 
relates true to brightness temperature over the whole 
experimental range. In the case of thoria, the value is 
good to about 1600°C (brightness temperature), above 
which point the emissivity increases towards unity. 


V. RESULTS 
A. Activation During Processing 


It has been mentioned that a period of seasoning 
the cathode preceded the seal-off. Marked improvement 
of emission usually occurred during this treatment. The 
seasoning period usually included continuous drawing 
of current. At the beginning of the period this was 
always emission limited, but frequently the cathode 
would improve to such an extent that it would be 
necessary to reduce the anode voltage at intervals in 
order that the anode would not overheat. Figure 2 
shows the effect of 70 min of seasoning at 1500°C ona 
particular zirconium carbide cathode, giving data taken 
before and after seasoning. 


TABLE II. 








A I, — I, —2000°K 





6 Amp mp Amp 
Material Volts cm? cm? cm? deg K? 
(a) 
Thoria 2.55 3.3 2.6 11 
Zirconium carbide 2.18 0.31 0.9 4.0 
Titanium carbide 2.35 25 0.03 0.30 
Tantalum carbide 3.14 0.30 0.04 0.32 
Tantalum boride 2.89 10 0.31 2.3 
(b) 
Zirconium boride (4.48) (35000) 0.03 0.6 
(c) 
Thorium carbide (3.5) (550) 0.35 (4) 
Zirconium nitride -- _- -— 0.05 
Boron nitride = —_— 0.04 
Titanium nitride ~- ~- = 0.05 








'F. H. Morgan, J. Appl. Phys. 22, 108 (1951). 
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Fic. 3. The values of A and ¢ obtained for thoria are in good 
agreement with those already obtained by D. A. Wright, T. E. 
Hanley, and O. A. Weinreich. 


It is possible to plot the temperature-emission data 
taken during the initial heating (i.e., before seasoning) 
on scales of log/,/T? vs 1/T. The points which comprise 
such a plot, obtained during the initial raising of the 
temperature, cannot in general be reproduced at any 
subsequent time in the history of the cathode. It is 
believed that each such point represents a different 
state of partial activation of the cathode. The Richard- 
son equation, 


I,= AT? exp(¢e/KT), 


when applied to such data, must be regarded merely as 
a useful analytical function which happens to fit the 
data fairly well. With these reservations, it is noted 
that the values of A and ¢ yielded by the pre-activation 
data are extraordinarily high; in one case an A of 10° 
amp/cm*deg? has been observed. 

The final activation state after seasoning was deemed 
to be stable when no further improvement occurred at 
the seasoning temperature. Several factors justify de- 
scribing this state as stable. First, after seasoning, 
flashing to higher temperatures did not produce any 
lasting improvement in the emission. Second, emission 
data taken over the whole temperature range (in the 
case of zirconium carbide the range is from 900° to 
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Fic. 4. The dotted line represents data taken before activation 
on one tube; i.e., the “initial” data of Fig. 2. 
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1800°C) were consistent and reproducible. Third, cur. 
rent drawing did not affect the emission, except, in 
some cases, high dc densities. In these last cases, the 
emission “decays” with time. In the stable emission 
state, however, this was found to be reversible when the 
cathode was allowed to recover at the same tempera- 
ture, but with no emission current. 

In regard to the effect of flashing, it should be men- 
tioned that Weinreich* has observed “states of higher 
activation” for thoria. This enhanced thermionic emis- 
sion may be induced by flashing to very high tempera- 
ture (order of 3000°K). The very high emission avail- 
able from this state is rapidly reduced by current 
drawing, or by the presence of gases (e.g., 10° mm of 
oxygen). Once gone, it does not recover in the manner 
of the decay previously mentioned. Our work does not 
exclude the possibility of such a transient state of high 
activation for the materials examined. 


B. Values for Thermionic Emission, and for 
the Parameters A and ¢ 


Five of the materials tested (including thoria) ad- 
hered closely to the pattern of activation described in 
the preceding section. Table Ila gives the values of the 
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20.°A. Weinreich, J. Appl. Phys. 20, 1256 (1949); O. A. Wein 
reich, Rev. Gén. d’El. 54, 243-256 (1945). 
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emission parameters for these materials, as determined 
from the data of Figs. 3 through 7. The last two col- 
umns of this table show emission values for two tem- 
peratures. It is seen that thoria is a considerably better 
emitter, in this temperature range, than any of the 
new materials tested. (This statement will be qualified 
in the concluding section, in which the practical possi- 
bilities of ZrC are discussed.) 

Table IIb and Fig. 8 show data for a material which 
did not adhere to the activation pattern. During season- 
ing at 1500°C, operation at 1700°C and flashing to 
considerably higher temperatures, zirconium boride 
appeared to maintain a stable state of low activation. 
The data represent only one experimental tube. 

In the case of thorium carbide (Table IIc), the coat- 
ing appeared to flake and fall off during activation. The 
problem appears to be thermomechanical; there was no 
evidence of evaporation, and it is expected that by 
adjustment of coating technique cathodes can be pre- 
pared which will yield more complete data. There was 
evidence of considerable activation; emission of about 
0.3 amp/cm?* at 1500°C was obtained with one tube. 
The figures given probably represent a state of partial 
activation which prevailed when the cathode failed 
for the reason mentioned. It is possible that further 
experiments with more satisfactory coatings may show 
thorium carbide to lie in the range of practical 
usefulness. 

All three nitrides tested (Table IIc) evaporated 
rapidly at temperatures which yielded very low emis- 
sion. A typical diode gave emission of 50 ma/cm? at 


ft It has already been observed that abnormally high values of 
A and @ are generally found when we represent the data of the 
poorly activated states by the Richardson equation. 











ZIRCONIUM BORIDE + 
@=NO 37 OC 
O=NO. 37 PULSED 


@=4.480 
As 30,000 asc ofc. x? 











6 
10% T 
Fic. 8. 


1700°C. With no further increase of heater power, 
three effects were observed, all attributable to rapid 
evaporation of the coating: (1) Increase in cathode tem- 
perature (as coating evaporates, total thermal radiation 
decreases, and with constant power, temperature in- 
creases); (2) tendency for gas discharge to occur due 


to high vapor pressure; and (3) rapid blackening of the 
envelope. 


C. Practical Possibilities of ZrC 


It will be seen in Table Ila that ZrC is the best 
thermionic emitter of the new materials tested. In the 
region of practical usefulness, the emission available is 
less than 40 percent of that which is expected of thoria. 
However, the decay of emission usually observed with 
thoria and conventional oxide cathodes, when high 
density emission currents are continuously drawn, was 
not observed in the case of zirconium carbide. Thus, up 
to the limitation imposed by the anode dissipation in 
the test diode (about 0.8 amp/cm*), the dc tests showed 
the same emission current (at a given temperature and 
anode voltage) as the pulse tests. Two of the ZrC 
cathodes were operated for several hours, at 1500°C, 
with continuous space charge limited current of 0.7 
amp/cm?* drawn. One would expect to obtain higher 
current densities at higher cathode temperatures, if the 
anode did not limit the tube performance. 

It must be noted, however, that no ZrC cathode has 
been tested for life beyond 30 hr. High current density 
life-tests of zirconium carbide cathodes will be under- 
taken. Ability to supply high density of emission con- 
tinuously is of great importance in many applications, 
and zirconium carbide cathodes may well prove to be of 
interest in this respect. 
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Calculation of Diffusion Penetration Curves for Surface and Grain Boundary Diffusion 


J. C. FIisHer 
General Electric Research Laboratory, Schenectady, New York 


(Received July 19, 1950) 


Diffusion in solids is known to occur along grain boundaries and over free surfaces more rapidly than 
through the interiors of crystals. In order to facilitate quantitative investigation of grain boundary and 
surface diffusion, a mathematical analysis of the problem has been completed, assuming that grain boundary 
diffusion is analogous to the diffusion of heat along a thin copper foil imbedded in cork. The calculated 
diffusion-penetration relationship for grain boundary diffusion is shown to agree with the experimentally 


determined grain boundary self-diffusion of silver. 





J ‘HE self-diffusion of silver has been studied in de- 
tail during the past year.' It has been shown that, 
at low temperatures, penetration of radioactive silver 
into polycrystalline silver takes place much more rapidly 
than does penetration into single crystals. At higher 
temperatures, the rates of penetration approach one 
another and very nearly become equal. The high rate 
of penetration in polycrystals at low temperatures is 
associated with grain boundary diffusion, an under- 
standing of which is essential for satisfactory interpreta- 
tion of the low temperature diffusion process. 

There are three types of paths along which diffusion 
can occur in crystalline solids: volume diffusion through 
the interiors of crystals, grain boundary diffusion along 
the disordered internal interfaces of polycrystals, and 
surface diffusion over single crystals or polycrystals. 

Volume self-diffusion follows the law, 


P=-—D gradC, (1) 


x 


im 


SURFACE 









DIFFUSIVITY 


Fic. 1. Coordinate system for diffusion outside a semi-infinite 
slab of high diffusivity material imbedded in a semi-infinite 
solid. 








1 R. E. Hoffman and D. Turnbull, “Lattice and grain boundary 
self-diffusion in silver” (to be published). 
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where P is the flux and C the concentration of diffusing 
material, and D is constant. The dependence of the 
diffusion constant upon temperature is very well repre- 
sented by a relationship of the form, 


D= Dy exp(—Q/RT), (2) 


where Q is the activation energy for diffusion. 

Assuming that grain boundary and surface diffusion 
coefficients vary with temperature according to Eq. (2), 
Langmuir’ estimated activation energies for the diffu- 
sion of thorium in and on wolfram, 


Q,= 120 kcal/g atom, 
Qgo= 90 kcal/g atom, 
Q,= 66 kcal/g atom, 


where Q,, Q,», Q. refer to volume, grain boundary, and 
surface diffusion. 

Accurate determinations of Q,, and Q,, and particu- 
larly of the coefficients Do for grain boundary and sur- 
face diffusion, require a more detailed analysis of surface 
and interface diffusion than hitherto has been available. 
An improved analysis is particularly important for the 
study of self-diffusion, where adsorption does not tend 
to confine diffusing material to the interface. 

An intuitive picture of grain boundary diffusion is 
that of diffusion along a thin layer of high diffusivity 
material sandwiched between large volumes of low 
diffusivity material, in a manner analogous to the diffu- 
sion of heat along a copper foil imbedded in cork. A 
similar picture suggests itself for surface diffusion. The 
consequences of adopting this intuitive picture will be 
examined, and the resulting calculated diffusion pene- 
tration curves will be compared with experimental 
curves. 

It is necessary to consider only grain boundary diffu- 
sion, for surface diffusion is mathematically identical. 
The problem is to determine the concentration of 
diffusing material in a semi-infinite solid having a semi- 
infinite slab of highly permeable material imbedded in 
it, as shown in Fig. 1, the plane of the slab being normal 
to the free surface. The desired boundary condition isa 
zero initial concentration in the solid, with the surface 
maintained at a fixed concentration from zero time 
onward. 


2[. Langmuir, J. Franklin Inst. 217, 543 (1934). 
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Fic. 2. Network for numerical solution of diffusion equations. 


Let the thickness of the slab be 6. Take the y axis 
normal to the free surface and take the x axis normal to 
the slab. It is assumed that the slab is so thin that con- 
centration variations across its width are negligible. 
Effectively, the instantaneous concentration in the slab 
is a function of y only. Concentration in the slab then 
varies according to the equation 


dC/dt= (D'd°C/dy*)+ (2/6) D(9C/dx)o, (3) 


where the first term represents the concentration change 
associated with diffusion of material along the slab, and 
the second term (which should be divided by two for 
surface diffusion) represents the change associated with 
loss of material from the two sides of the slab. D’ and 
D are the diffusion coefficients for diffusion in and out- 
side the slab, and the subscript zero on 0C/dx means 
that the derivative is to be evaluated just outside the 
slab, at its surface. The concentration outside the slab 
varies according to the equation 


dC/dt= DVC. (4) 


Whenever the penetration of diffusing material is 
much greater in the slab than elsewhere, diffusion out- 
side the slab is primarily normal to the slab (except in 
a thin layer of material at the free surface of the solid, 
where it is normal to the free surface) and the right- 
hand term of Eq. (4) becomes substantially Da?C/dz*. 
Equations (3) and (4) now can be put in a more con- 
venient form by multiplying by &/D and making the 
substitutions, 

i= Dt/ 6, 
x= x/6, (S) 
y= y/[6(D'/D)}}. 
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Equation 3 becomes 


0C/dt= (8C/dy1?)+2(0C/Ax1)o, (3a) 
and Eq. (4) becomes 
0C/dt,= C/dx;?. (4a) 


Equations (3a) and (4a) have been solved by two 
approximate methods. The first, a numerical method, 
is based upon the difference equations 


AC/Ati= (C:— 2Co+C2)(1/Ay1)? 
+2(—1.5Co+2C3;—0.5C4)(1/Ax1), (3b) 
in the slab, and 


AC/Aty = (C3— 2Co+-C,)(1/Ax1)’, (4b) 


outside the slab, which approximate Eqs. (3a) and (4a). 
Figure 2 shows the locations of the appropriate concen- 
trations C; for computing AC at an edge point [Eq. 
(3b) ] and at a central point [Eq. (4b) ]. AC is the con- 
centration increment at point 0 corresponding to the 
time increment Af,. A separate numerical solution is 
required for each pair of D’/D, 6 values. Figure 3 (upper 
values) gives a solution of Eqs. (3b) and (4b) for time 
t,;= 100, and for the particular diffusion coefficient ratio 


D’/D=10°, 
and the particular grain boundary thickness 
5= 5(10)-* cm. 
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Fic. 3. Concentration of diffusing material as a function of 
position. Upper values—numerical solution of Eqs. (36), (46). 
Lower values—Eq. (8). t:=100, D’/D=10®, 5=5(10)-* cm. 
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Fic. 4. Activity (log scale) versus penetration distance for grain 
boundary diffusion of radioactive silver into polycrystalline silver, 
63 hours at 478C. 


It is estimated that the accuracy of the C-values is 
about +10 percent or +0.005 Cmax, whichever is larger, 
where Cmax is the value of C at the free surface. 

The second approximate solution of Eqs. (3a) and 
(4a) is an analytical solution suggested by certain 
observations regarding the numerical solution. It was 
observed that C-values in the slab rise at a rapidly de- 
creasing rate, thereby spending most of their time near 
their current values. Hence, with respect to diffusion 
outside the slab, it can be assumed, with little error, 
that the concentration in the slab has had the distribu- 
tion characteristic of time /=/ since time ‘=0. In other 
words, if ¢=¢(y:) is the correct concentration in the 
slab at time ¢;, the concentration outside the slab is 
approximately 


C= ¢ erfc(x,/2h'), (6) 
where 


C=C’ erfc(x;/2t;}), 


is the exact concentration outside the slab correspond- 
ing to a constant concentration C’ in the slab.* It was 
further observed that most of the time 0C/dt in the 
slab>>(dC/8t) max outside the slab, suggesting that the 
true function ¢(y:) is not significantly different from 
that for which 8C/dt,;=0 in the slab. The condition 


* erfcx = 1—erfx=(4/x)1 /2° exp(—y*)dy. 
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dC/dt,=0 applied to Eq. (6) requires that ¢ satisfy 
the equation 
(0°@/ dy") — (2g/m't;*) =0. (7) 


The solution, with the boundary condition C=1 at 
N= 0, is 
o=exp(—2!y,/rit,'), 


giving as the final approximate expression for the con- 
centration 
C=exp(— 2!y:/2't;*) erfc(x1/2t1). (8) 


Values of C calculated from Eq. (8) are compared in 
Fig. 3 with those calculated from Eqs. (3b) and (4b). 
The disagreement between the two methods of calcula- 
tion does not exceed the estimated error of the numerical 
analysis, supporting the view that Eq. (8) is a reasonable 
approximation to the true dependence of concentration 
upon %, yi, and 4. 

It is of interest to compare the predictions of Eq. (8) 
with the results of experiment. Consider the diffusion of 
radioactive silver into a polycrystalline silver specimen 
from a thin electrodeposited layer of radioactive metal. 
At low temperatures, most penetration should be via 
grain boundary diffusion, along grain boundaries the 
majority of which are nearly at right angles to the 
specimen surface. If, as seems not unreasonable, surface 
diffusion and diffusion in the highly disordered electro- 
deposited layer of radioactive silver are sufficiently 
rapid to maintain a nearly steady concentration of 
radioactive silver at the exposed edge of each grain 
boundary, the distribution of radioactive silver at each 
grain boundary should be given by Eq. (8). 

The usual experimental observation concerning diffu- 
sion into a semi-infinite solid is expressed by means of 
a diffusion penetration curve, which gives the quantity 
of diffusing material that has penetrated the solid asa 
function of the penetration distance. Whenever the 
penetration distance corresponding to bulk diffusion is 
significantly less than that corresponding to grain 
boundary diffusion, a theoretical diffusion penetration 
curve can be calculated from Eq. (8), according to which 
the quantity of diffusing material lying between parallel 
planes at y; and at y:+dy, in the semi-infinite solid is 


vitdyi L 
Q= f CdV = f f Cdx,dy,. (9) 
V v1 — 


Performing the integration, 
Q~1,! exp(—24y1/r't:')dy,, (10) 


where a precise value for the constant of proportionality 
is not required. 

It is evident that the radioactivity A of a sample of 
silver machined from between depths yi—Ay,/2 and 
yitAy,/2 in the sample will vary with y:, 41, and An 
according to the proportionality 


Amt} exp(— 2!y1/m't;4) Ay, (11) 


as long as the value of Ay, is not too large. 
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SECONDARY EMISSION OF 


The specific activity, a= A/Ay,, is 


a~t,' exp(—2yi/7't;). (12) 
Taking logarithms, 


loga= — (2! loge/*t,*)yi+-const., 
or 
loga= —[24(D/D’5)! loge/(wDt)* }y+const., (13) 


where the constant depends upon /, but not upon y. 
According to Eq. (13), a plot of log activity versus 
depth of penetration should yield a straight line of slope 


d loga/dy= — 24(D/D’5)! loge/(xDt)?. (14) 


In Fig. 4, experimentally determined activity values 
for diffusion of radioactive silver into polycrystalline 
silver (63 hours at 478C), as determined by Hoffman 
and Turnbull,’ are plotted on a logarithmic scale versus 
depth of penetration. As predicted by Eq. (13), the 
points lie upon a straight line, within the limit of experi- 
mental error. The point nearest the free surface lies well 
above the straight line, as it should, for it represents the 
activity of the first slice of silver machined from the 
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specimen, including the activity of the electrodeposited 
surface layer. According to Eq. (14) the slope of the 
line, together with the known value of D for bulk 
diffusion at 478C' and the known diffusion time ¢, fixes 
the value of (D/D’5) at 


D/D’s=21.3 cm“. (15) 


In order to obtain a value for D’ or for the ratio 
D’/D, a grain boundary thickness must be assumed. It 
is not unreasonable to assume a thickness of about two 
atom layers, 


6~5(10)-* cm. (17) 
With this value of 6, 
D’//D=0.94(10)$, (18) 


is obtained for the ratio of the grain boundary diffusion 
coefficient to the bulk diffusion coefficient at 478C. 

It is concluded that diffusion penetration curves for 
grain boundary self-diffusion are adequately approxi- 
mated by Eq. (13), and that the corresponding concen- 
tration of diffusing material in the neighborhood of a 
grain boundary is adequately approximated by Eq. (8). 
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Secondary Emission of Nickel-Barium Mixtures and Rhenium When Bombarded by 
Electrons with Energies from 50 to 8000 Electron-Volts* 
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The experimental tube contains a contamination-free gun which directs an electron beam at normal inci- 
dence onto a small thin sheet target which may be heated by conduction. The target is located at the center 
of a conducting sphere to permit a measure of the secondary current, and also of the energy distribution of 
the secondary electrons by means of the retarding potential method. 

The maximum value of 6, the secondary emission ratio, for a cast alloy of nickel containing 1.5 percent 
barium is 2.8 and occurs at 800 to 900 volts after a critical amount of previous heat treatment of target. The 
value of dmax increases with heat treatment of target, subsequent to baking of tube, to the above value and 
then decreases with further heating. For the critical condition the value of 5 above 4000 volts is sensitive to 
the amount of previous electron bombardment of the target. A dmax of 1.3 for rhenium after thorough out- 


gassing was obtained at 900 volts. 


The most probable energy of low speed secondary electrons from rhenium is approximately 5 ev. 


INTRODUCTION 


HE present work on nickel +1.5 percent barium 

and on rhenium was undertaken in conjunction 
with a larger investigation of these and other materials 
for thermionic emission properties. Although many 
composite and pure emitters have been investigated, 
there has been found no single secondary emission sur- 
face which fulfills the stringent requirements necessary 
in the operation of high powered magnetrons. It is the 





* Partial fulfillment of ONR Contract No. N6onr-261 Task 
Order I. This work was done at the Philips Laboratories. 


purpose of these experiments to obtain basic informa- 
tion on the nickel-barium alloy to determine if it dis- 
plays properties which might be useful in c.w. mag- 
netron design. In past work on pure metals, no reference 
was found on the secondary emission ratio for rhenium. 
Hence measurements for this element are included in 
this study. Results for nickel, barium, and barium 
oxide"? are available over limited voltage ranges, so that 

1H. Bruining, Die Sekunddr-Elektronen-Emission fester Kiérper 
(Verlag. Julius Springer, Berlin, 1942). K. G. McKay, “Secondary 
Electron Emission”, Advances in Electronics (Academic Press, 


Inc., New York, 1948), Vol. 1. 
? J. B. Johnson, Phys. Rev. 73, 1058 (1948). 
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Fic. 1. Block diagram of apparatus. 


comparisons may be made with the results presented 
here for the Ni-Ba alloy. 


APPARATUS AND PROCEDURE 


The experimental tube has a gun structure which 
collimates a beam of electrons that strikes the target at 
normal incidence. The filament cathode, F, Fig. 1, 
consists of a flat tantalum strip which is heated by 
conduction. This is mounted off the gun axis to prevent 
evaporated atoms from striking the target. The metal 
parts are constructed of tantalum. Fine tantalum gauze 
covers the 3 mm holes in G; and A;. The current leads 
support the target T through an opening in the back of 
the sphere S. The metal parts are held in place by 
cementing metal supports to fused quartz rods as 
shown in Fig. 2. This type of support is required to 
prevent electrical leakage at the high voltages used. The 
tube envelope is of Nonex glass with leads spaced so as 
to prevent electrical leakage. A conducting guard ring 
on the inside of the tube supporting the sphere connec- 
tion also prevents leakage. The electrons are accelerated 
to G,, deflected in the electrostatic field produced by a 
negative voltage on the arc-shaped grid Go,’ then pass 
along the axis of A; and As, and strike the target T at 
the center of the sphere S. A ring shield surrounds A> 
and is placed at a negative voltage to prevent stray 
electrons from striking the outside of the sphere. To 
simplify the voltage adjustments on the various elec- 
trodes, fixed values relative to F are applied to Gi, Go, 
and A,. A variable accelerating or retarding voltage is 
then applied between A, and Az to give the electrons 
the desired primary energy. This gun structure operates 
very satisfactorily over the whole voltage range used 
thus far (to 8000 volts). At the higher voltages of 
several thousand, a small change in the voltage of G2 
is required for maximum target current. 

A galvanometer of sensitivity 6X10~- ampere per 
mm measures the currents to T and S. A voltage be- 
tween sphere and target to accelerate the secondary 
electrons leaving the target gives nearly the same results 


*H. E. Farnsworth, Rev. Sci. Instr. 21, 102 (1950). 
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as are obtained with target and sphere at the same 
voltage, so the latter arrangement is used. 
Observations have been made with the tube sealed to 
the vacuum system and also with a sealed-off tube. The 
vacuum system consists of a three-stage fractionating 
oil diffusion pump with a dry ice-acetone trap between 
pump and tube. The preliminary degassing consisted of 
two baking periods between which the trap was warmed 
to room temperature long enough to remove water 
vapor. The adequacy of vacuum was judged by the 
constancy of observations following separate heat treat- 
ment of the target, although an ionization gauge was 
available for reference. No observable change in 6 
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Fic. 2, Photograph of tube elements. 
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Fic. 3. Secondary emission curves for cast alloy of nickel 
containing 1.5 percent barium. 


occurred over a period of several hours immediately 
following red heat treatment of target. 


RESULTS AND DISCUSSION 


Figure 3 shows a comparison of the results on second- 
ary emission vs primary voltage for nickel-barium with 
those previously available for nickel and barium. After 
the usual preliminary baking of the tube but with no 
further heating of the target, the curve labeled “target 
not heated” was obtained. The target, in the form of a 
strip 3 mm wide, bent as in Fig. 1, was then heated by 
conduction for various times and at various tempera- 
tures up to bright red heat, the temperature being 
increased in steps as the time of heating was increased. 
Marked changes occurred in the height and shape of 
this curve. Several different targets cut from the same 
sample were investigated. In some cases the maximum 
in the emission curve decreased slightly with initial 
heating and then increased markedly with further 
heating at a higher temperature. In other cases this 
initial decrease was not observed but only the marked 
increase. The largest value of the emission maximum 
varied from sample to sample, the value of 2.8 shown 
in Fig. 3 being the largest one observed, but in every 
case the increase was very pronounced. The lowest 
observed value of the maximum is 1.64. It is also to be 
noted that the voltage at which the maximum occurs 
increases somewhat with heat treatment of target. 
Further, the marked increase is confined to the voltage 
range below 2000 volts, suggesting that this increase is 
due to a thin surface layer which has little effect on 
emission by higher energy electrons that generate 
secondaries from greater depths. It was also noted that 
when the target was in condition to yield the large 
emission below 2000 volts, the emission at the high 
voltages (4000-8000) was a function of the time of 
previous bombardment, the emission increasing with 
the bombardment. Additional heating of the target at 
still higher temperatures caused a decrease in the value 
of the emission maximum, so that the curve approached 
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Fic. 4. Secondary emission curve for rhenium. 


that obtained after only a relatively small amount of 
heating. 

The maximum emission value of 2.8 for nickel-barium 
is much larger than that for either nickel or barium. 
While this may be due to the combination of the two 
metals, it should be noted that during the bulb sealing-in 
operation it was difficult to prevent completely the 
oxidation of the target; and, therefore, the increase in 
secondary emission ratio may be due to a thin surface 
layer of oxide. A value of the secondary emission ratio 
from barium-strontium oxide as high as 12 has been 
observed.” The subsequent decrease in emission prob- 
ably results from a decrease in this surface layer of oxide. 

Evaporation from the target is known to occur be- 
cause of an increased secondary emission from the inner 
surface of the sphere. This is apparent when the sphere 
is negative with respect to the target. 

Figure 4 shows the results for rhenium after degassing 
at red heat until an equilibrium curve was obtained. As 
is the case for other pure refractory metals, the effect 
of degassing is to lower the secondary emission curve. 
Some previous results in the low energy region for 
tungsten are shown for comparison. 

The spherical collector S was constructed to permit 
energy distribution measurements by the retarding po- 
tential method. These measurements were obtained for 
both types of targets referred to above. For rhenium the 
results are similar to those for other refractory metals 
which have been reported in the literature. The most 
probable energy of low speed electrons from rhenium 
is approximately 5 ev. For the nickel-barium target the 
results are complicated by the fact that evaporation 
from the target increased the emission from the sphere, 
as mentioned above. This results in an error of energy 
distribution measurements by the retarding potential 
method. To decrease this error the inner surface of the 
sphere was coated with a layer of condensed smoke. 
While this reduces the emission from the sphere, it 
probably does not compensate entirely for the increased 
emission from the evaporated layer. For this reason the 
results on energy distribution of electrons from nickel- 
barium are not presented here. 
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Deterioration of Oxide-Coated Cathodes under Low Duty-Factor Operation*t 


J. F. Waymours, Jr.ft 
Research Laboratory of Electronics, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received July 27, 1950) 


The behavior of oxide cathodes coated on a nickel alloy containing about 0.1 percent silicon has been 
irivestigated under 100 percent and zero duty-factor operation. The operation of these cathodes at zero 
duty factor was found to be highly favorable to the development of a high resistance in a layer of Ba2SiO, 
located at the interface between the oxide and the core. The layer itself was present not only in cathodes 
that had aged without electron emission and had developed interface resistance, but also in cathodes that 
had aged with electron emission and had not developed interface resistance. A model is presented to account 
for the experimental observations. Evidence is also presented which shows that an “active” nickel alloy 
that does not lead to undue interface resistance formation may exist. 





I. INTRODUCTION 


XIDE cathodes coated on an active-nickel-alloy 

core§ often fail before a thousand-hours life when 
they are operated at a low duty factor, due to the 
development of a high internal resistance. This failure 
has been recognized to be a major difficulty by the 
several groups now engaged in the construction of 
computers.' Tubes similar to those that failed in com- 
puter service have been found to last thousands of 
hours when they are operated with continuous emission 
current. 

The internal cathode resistance of the failures could 
be accounted for by the hypothesis of an “interface 
resistance.” The phenomenon of interface resistance 
has been investigated in connection with cathode spark- 
ing by Eisenstein,** Danforth and Goldwater,* Mutter,® 
Wright,® and others. These workers found that in 
cathodes coated on cores containing impurity concen- 
trations of several percent, a layer of an insulating 
compound was formed at the interface between the 


Tul i 


a 8 





Fic. 1. Interface resistance measurement. a. No interface 
resistance. b. Interface resistance. 


aux eenue in part by the Signal Corps, the Air Force, and 


f Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy at the Massachusetts Institute of 
Technology. 

t Now at Sylvania Electric Products, Inc., Salem, Massa- 
chusetts. 

§ “Active” nickel alloys contain reducing agents in concentra- 
tions of the order of tenths of a percent. Such agents help activate 
cathodes coated on these alloys. 

1 Report R-139, Project Whirlwind Div. of M.I.T. Servo- 
mechanisms Laboratory. 

2 A. Eisenstein, J. Appl. Phys. 17, 663 (1947). 

+A. Eisenstein, J. Appl. Phys. 20, 776 (1949). 

*W. E. Danfor | D. L. Goldwater, J. Appl. Phys. 20, 163 
(1949). 


5’ W. E. Mutter, Phys. Rev. 72, A531 (1947). 
* Wright, Proc. Roy. Soc. A190, 394 (1947). 





oxide and the core, by chemical reaction between the 
oxide and an impurity. 

The dependence on duty factor, doubted by some, 
was a fundamental feature of the deterioration that 
could not be accounted for on the basis of existing 
knowledge of interface resistance. There was no ade- 
quate data to determine whether the deterioration was 
also associated with a loss of emission, as would be 
expected from the work of Wright.® 


Il. EXPERIMENTAL PROCEDURES 


The research performed may be divided into two 
experiments. The first was a study of the behavior of 
cathodes coated on a commercial active-nickel alloy 
under high and low duty-factor operation; the second 
was an investigation into the dependence on the history 
of electron flow through the interface of the resistance 
and “activation energy” of an interface resistance ona 
high silicon nickel core. 


A. Experiment I 


Diodes similar in electrode structure to the ASTM 
“Standard Diode”’|| were chosen for the study of cathode 
behavior under high and low duty-factor operation, 
since these diodes could be obtained in the necessary 
quantities from the Raytheon Manufacturing Com- 
pany,{] who produced them under carefully controlled 
conditions. With the exception of the alumina-coated 
tungsten heaters and the 699 nickel alloy cathode cores, 
all metallic parts of the diodes used were of 499 nickel 
alloy. Typical analyses of the two alloys are as follows:* 


699 Si, 0.095 percent; Fe, 0.072; Mn, 0.085; 
Mg, 0.14; Cu, 0.006; Ti, 0.008 


499 Si, 0.008 percent; Fe, 0.033; Mn, 0.008—; 
Mg, 0.009— ; Cu, 0.009; Ti, 0.003. 


Forty diodes were aged in four panels of ten tubes 
each at a cathode temperature of 1100°K. Diodes in 


|| Developed by American Society of Testing Materials Com- 
mittee B-4, on Oxide Cathodes. 

§] Under their contract N7-onr-389. 

** Furnished by Mr. James Cardell of Raytheon, private 
communication. 
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Fic. 2. Dc emission. 


Panels I and II were aged with an electron emission of 
60 ma per cm*. Tubes in Panels III and IV were aged 
without electron emission. The tubes of Panel III had 
their anodes connected to their cathodes, while those 
of Panel IV had their anodes at —110 volts dc with 
respect to their cathodes, to simulate the effect of cut- 
off operation in a pentode or triode. 

The tubes were tested periodically for dc emission, 
pulsed emission, and interface resistance. The dc 
emission measurement was made at a cathode tempera- 
ture of about 600°K, with an applied anode potential 
of 4.5 volts. The average emission obtained at zero 
hours life was between thirty and forty microamperes. 

The pulsed emission measurement was made at a 
cathode temperature of 940°K by applying to the diode 
a single one-millisecond 300-volt pulse from a thyratron 
pulser, and observing the emission by means of a 
synchroscope with a long-persistence screen. The aver- 
age pulsed emission obtained at zero hours life was 
about 0.5 amp per cm?. 

The interface resistance measurement was made by 
pulsing the diode at constant current space-charge- 
limited in 25 microsecond pulses and observing the 
voltage across the diode during the pulses with a syn- 
chroscope.t} Under these conditions, if the cathode has 
no interface resistance, the voltage pulse appearing 
across the diode is ‘‘square,’”’ and equal in height to the 
potential necessary to draw the constant pulse-current 
space-charge-limited, as shown in Fig. la. If the 
cathode has an interface resistance, a voltage builds up 
across this resistance during the pulse, as in Eq. (1): 


V =iR[1—exp(—t/RC) }. (1) 


R and C are the effective interface resistance and 
capacitance, respectively, and 7 is the constant pulse- 
current. Since the pulse length is 2} microseconds and 
RC is of the order of a microsecond or less, V varies 
from zero to within a few percent of iR during the pulse. 

When the diode is pulsed at constant current space- 
charge-limited, the potential difference between the 
surface of the cathode and the anode must remain con- 


tt A brief description of the constant-current pulser is given in 
Appendix I. 


stant during the pulse. Any change in the potential 
difference across the cathode must be compensated for 
by a change in the potential difference across the tube. 
Consequently, if the cathode has an interface resistance, 
the voltage pulse across the diode is no longer “square,” 
but has the time-varying interface potential super- 
imposed upon it, as shown in Fig. 1b. 

To simplify the identification of an interface re- 
sistance, the measurement was made at a reduced 
cathode temperature (940°K). Because of the high 
negative temperature coefficient of interface resistance, 
the resistance at 940°K is a factor of five or more 
greater than at the normal operating temperature of 
1050°K. 

Note that a voltage pulse similar to that shown in 
Fig. 1b would be observed under the conditions of the 
interface resistance measurement if the cathode of the 
tube under test had no interface resistance, but its 
emission were decreasing with time during the pulse. 
To eliminate this uncertainty, the pulsed emission was 
measured at the same temperature as the interface re- 
sistance, and the variation of the emission with time ° 
was directly observed with the synchroscope. Since no 
tubes ever showed any detectable decrease in emission 
with time up to ten microseconds, voltage pulses having 
the shape shown in Fig. 1b could be used as evidence 
for the presence of interface resistance. 


Results of Experiment I 


The results of the dc and pulsed emission measure- 
ments are shown in Figs. 2 and 3, respectively. Each 
point represents the average emission from the tubes of 
the panel of ten, normalized to the average emission of 
the same tubes at zero hours life. Notice that, up to 
4316 hours life, there is no significant difference in 
behavior among the four panels as far as emission is 
concerned. 

The results of the interface resistance measurements, 
shown in Fig. 4 in the form of a survival curve, show a 
striking difference in behavior between tubes aged at 
zero duty factor and tubes aged at 100 percent duty- 
factor. Only one tube from Panels I and II failed, while 
all but three from Panels III and IV had failed at 4316 
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Fic. 4. Survival against interface resistance. 


hours. The criterion for failure used in plotting Fig. 4 
was the presence of any detectable interface resistance. 
The resistances of failures from Panels III and IV 
ranged from forty to about a thousand ohms. There was 
no difference between Panels III and IV. 

At the conclusion of the aging program, x-ray diffrac- 
tion and spectrochemical analyses were performed. For 
the identification of the interface compound by x-ray 
diffraction, samples were prepared by molding together 
(with Duco cement) scrapings from the interfaces of 
three cathodes whose coatings had been removed.{f 
One sample was prepared from cathodes with interface 
resistance from tubes of Panels III and IV, and another 
from cathodes without interface resistance from tubes 
of Panels I and II. The layer of interface compound was 
visible in all of these cathodes as a grayish discoloration 
of the core; no difference between the two categories 
could be detected in the layer by visual examination. 

Prints made from the patterns obtained from the 
two samples are shown in Fig. 5. They are quite similar ; 
in each pattern, the heavy lines are caused by nickel, 
while the fine lines at low angle are due to Ba2SiO,. In 
each case, Ba,SiO, is a major constituent of the 
scrapings from the interfaces. From this evidence, it 
may be concluded that a layer of Ba2SiO, is present at 
the interface, not only in cathodes that have aged with- 
out electron emission and have developed interface 
resistance, but also in cathodes that have aged with 
electron emission and have not developed interface 
resistance. 

Three categories were chosen for spectrochemical 
analysis: 


A. Tubes without interface resistance (Panels I and 


IT) ; 

B. Tubes with interface resistance (Panels III and 
IV); 

C. Tubes without interface resistance (Panels III 
and IV). 


Four samples were obtained from each of these cate- 


tt The identification of the interface compound was attempted 
from patterns taken using the entire core (with coating removed) 


as a sample. However, the layer of interface compound was too 


thin to give detectable lines on the patterns. 
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TABLE I. Analysis of anodes. 








Impurity concentration in % 
Group Sample Si Fe Mn Mg Cu Ti 





A (a) 0.029 0.027 0.062 0.011 0.0065 __ nil 
(b) 0.012 0.010— nil 0.002— 0.0042 _ nil 


B (a) 0.026 0.028 0.12 0.038 0.009 nil 
(b) 0.012 0.010— nil 0.002 0.0037 nil 


Cc (a) 0.036 0.022 0.057 0.042 0.0052 __ nil 
(b) 0.012 0.010— nil 0.002— 0.0046 nil 


#499 alloy* 0.008 0.033 0.008 0.009— 0.009 0.003- 


Sample (a) anode surface. 
Sample (b) anode volume. 








* Typical analysis, furnished by Mr. James Cardell of the Raytheon 
Manufacturing Company, private communication. 


gories, as follows: 


a. Surface of anode; 

b. Bulk of anode; 

c. Cathode coating plus surface of nickel core; 
d. Bulk of nickel core. 


The results of the spectrochemical analyses are shown 
in Tables I and II. Note that in every case, the con- 
centration of impurities is greater in the anode surface 
than in the bulk of the anode. This may be ascribed to 
a contamination of the anode surface by impurities 
evaporated from the cathode. A comparison of analyses 
for group A and group B indicates that it is unlikely 
that the results obtained under the interface-resistance 
measurement are due to a systematic difference in 
impurity content between tubes of Panels I and II 
and tubes of Panels III and IV. 

A significant difference in impurity content is shown 
in the sample labelled ‘‘cathode coating plus surface of 
nickel core” of group C, which consisted of tubes that 
aged without electron emission without developing 
interface resistance. The iron concentration in this 
sample is only one-tenth as great as in the same sample 
of group B (interface-resistance failures). Meager 





(a) 








(b) 


Fic. 5. X-ray diffraction patterns of interface compound. 
a. Cathodes with interface resistance. b. Cathodes without inter- 


face resistance. 
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TABLE IT. Analysis of cathodes. 








Impurity concentration in % 
Group Sample Si Fe Mn Mg Cu Ti 





A (c) 0.38 0.16 0.048 0.043 0.0084 0.027 
(d) 0.048 0.10 0.054 0.011 0.007 0.010— 
B (c) 0.17 0.10 0.035 0.057 0.0056 0.050 
(d) 0.042 0.084 0.044 0.0084 0.0074 0.010 
“' (c) 0.27 0.010 0.052 0.059 0.0046 0.022 
(d) 0.032 0.096 0.070 0.011 0.0074 0.010— 
#699 alloy® 0.095 0.072 0.085 0.14 0.006 0.008 


Sample (c) coating plus surface of nickel core. 
Sample (d) bulk of nickel core. 








* Typical analysis, furnished by Mr. James Cardell of the Raytheon 
Manufacturing Company, private communication. 


though this evidence is, it seems to indicate that an 
alloy containing as much silicon and manganese as 699, 
but far less iron, might be significantly better as a 
base-metal for cathodes to be operated under low duty- 
factor conditions. 


B. Experiment II 


The purpose of the second experiment was to investi- 
gate the dependence on the history of electron flow of 
the resistance and “activation energy” of an interface 
resistance on a high silicon nickel core. A ‘‘sandwich” 
diode was constructed, in which a wafer of (BaSr)O was 
compressed between two flat electrodes, as shown in 
Fig. 6. The electrode labelled “‘K,” was of silicon-nickel 
alloy (about 5 percent Si), while ““K,” was of “Grade A” 
nickel (less than 0.3 percent Si). Two 0.7-mii platinum 
wire probes imbedded in the wafer, as shown in Fig. 6, 
permitted the determination of the potential difference 
across the interface by the “double-probe” method 
which has been used by Eisenstein? and others. 

The wafer was constructed by spraying a coating on 
K,; in three layers with probes between the layers; 
a single-layer coating was sprayed on Ke, and the two 
were mounted in contact to form the wafer. Since there 
was apparently a certain amount of potential difference 
across the junction of the coatings, the probes were used 
only to measure the potential across the K, interface. 
The temperature of this interface was measured with a 
tungsten-nickel thermocouple. One leg of this thermo- 
couple was the K;, electrode itself, while the other was a 
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three-mil tungsten wire welded to the back of the elec- 
trode, as shown in Fig. 6. 

In the process of conversion of the carbonates, great 
care was taken to raise the temperature of the wafer 
slowly with the pressure monitored by an ion gauge, 
to prevent excessively rapid liberation of CO2. This was 
felt to be necessary because of the relatively large 
volume of the wafer, and the small surface area it 
presented to the vacuum. After the conversion of the 
carbonates, the wafer was activated by the passage of 
electron current at a temperature in excess of 1000°K 
until no further reduction in resistance took place. At 
this time, the resistance at 900°K of the wafer (0.2 cm? 
area of cross section, 0.5 mm thick) was about a meg- 
ohm. The pressure at seal-off was less than 5X 10-* mm. 

A typical current-voltage characteristic obtained for 
the K, interface is shown in Fig. 7. Note the rectifying 
nature of the interface resistance, similar to that ob- 
served by Mutter.® The high resistance direction is the 
direction of electron flow from the core to the oxide. 
To obtain from these characteristics a value of the 
“activation energy,” use was made of the fact that in 
the theory of rectifying contacts, the current can be 
expressed as a function of the voltage by an expression 
of the form§§$ 


i= A(T)f(V/T) exp(—e@/kT), (2) 


where ® is the activation energy in electron-volts, and 
A(T) varies as T”, where nv is of the order of one or two; 
k is the Boltzmann constant. 

Measurements were taken of the current-voltage 
characteristic in the high resistance direction at three 
different temperatures; as few points as possible were 
read on each curve to avoid difficulties with lack of 
reproducibility. The logarithm of the current observed 
at a fixed value of V/T for each of the temperatures 
was plotted as a function of 1/7. From the slope of 
the best straight line that could be drawn through the 
three points, the activation energy was obtained. 

The result of a typical measurement of this kind is 
shown in Fig. 8. The numbered points are the repro- 


§§ See, e.g., Torrey and Whitmer, Crystal Rectifiers (McGraw- 
Hill Book Company, Inc., New York, 1948), p. 77. 
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ducibility check points, which were taken with the 
same potential applied across the wafer after the meas- 
urements at 760°K, 820°K, and 870°K, respectively. 
Note that although the oxide has tended to activate 
during the measurements, the state of the interface has 
not changed. 

The tube was aged at a wafer temperature of 1000°K 
as follows: 


0-503 hours; electrons flow from oxide to K, inter- 


face; 

503-668 hours; electrons flow from K, interface to 
oxide ; 

668- __ hours; electrons flow from oxide to K;, inter- 
face. 


The currents that flowed during the ageing were about 
ten or twenty microamperes, and the potential differ- 
ence across the interface was about one or two volts. 
If a value of 10-* cm is assumed for the thickness of 
the interface region, the electric field in this region can 
be calculated to have been of the order of one or two 
thousand volts per cm. 

The variation of the activation energy of the interface 
resistance with time during the aging is shown in 
Fig. 9. As long as electrons flowed from the oxide to 
the interface, the activation energy increased, but when 
electrons flowed from the interface to the oxide, the 
activation energy decreased sharply. A similar behavior 
was shown by the resistance, as may be seen in Fig. 10. 


III. INTERPRETATION 


The results that have been obtained have posed a 
particularly serious question: how can a layer of 
Ba,SiO, (an insulator) at the interface between the 
oxide and the core have a high resistance after ageing 
with no current flow, and have a low resistance after 
ageing with electron flow from core to oxide? To answer 
this question, which I believe to be fundamental to 
the understanding of the behavior of oxide cathodes 
under low duty-factor operation, I will propose a model 
of the interface region and show that it is capable of 
accounting qualitatively for the observations of both 
Experiments I and II. 

During the process of activation of a cathode coated 
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on a Silicon-bearing nickel core, a layer of Ba»SiO, 
forms at the interface by a reaction between silicon in 
the core and BaO of the coating. This reaction is 
probably at least partly responsible for the formation of 
the stoichiometric excess of barium necessary for an 
active cathode. Some of this excess of barium un- 
doubtedly remains in the layer of interface compound, 
providing it with donor centers which transform it from 
an insulator to an “excess” or N-type semiconductor. 
The conductivity of the Ba,SiO, in this state is high 
enough that the cathode has a negligible interface re- 
sistance. 

The energy level configuration of the interface region 
in this state would be as shown in Fig. 11. The diagram 
has been drawn in accordance with the views of Slater? 
concerning the junction between conductors and semi- 
conductors, with the a priori assumption that the work- 
function of the activated Ba2SiO, does not differ greatly 
from the work-function of the activated oxide, but that 
the work-function of the nickel is greater than either. 
In all probability, the Schottky ‘“depletion-layer” 
barrier at the interface between the nickel and the 
Ba2SiO, has a negligible resistance, because the bound- 
ary is undoubtedly not abrupt, as shown, but much 
more “diffuse.” 

As the cathode is aged, the layer of Ba2SiO, thickens 
to the point where reaction between silicon of the core 
and BaO of the coating becomes negligible. The be- 
havior of the concentration of donor centers in the 
layer during the aging will depend on whether an 
electric field is present, because the donor centers behave 
on the average as positive charges. 

If no electron emission is drawn from the cathode, 
there is no electric field in the interface region, and the 
donor centers can migrate out of the layer of interface 
compound by thermal diffusion. The concentration of 
donor centers in the layer is reduced to the extent that 
it is insufficient to maintain a negligible resistance; 
the cathode has then developed an interface resistance. 

If the cathode is aged delivering electron emission, 
an electric field directed from oxide to core exists in 
the interface region. Field-induced migration of donor 
centers into the layer of interface compound and 
thermal diffusion of donor centers out of the layer of 
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Fic. 9. Activation energy vs time. 


7 J. C. Slater, Phys. Rev. 76, 1592 (1949). 
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interface compound are then in competition. The equi- 
librium concentration of donor centers in the Ba2SiO, 
layer is greater than it would be if thermal diffusion 
were the only migration process. If the field is strong 
enough, the equilibrium concentration of donor centers 
is sufficient to maintain the conductivity of the interface 
compound. The cathode does not develop an interface 
resistance. 

The energy level configuration of the interface region 
of a cathode that aged delivering electron emission and 
did not develop interface resistance would probably be 
quite similar to that shown in Fig. 11, with the exception 
that the layer of interface compound would be thicker. 
For a cathode that did develop interface resistance, the 
energy level configuration would be as shown in Fig. 12. 

In Fig. 12, the levels of the Ba2SiO, have been shifted 
upward relative to the levels of the nickel and the oxide, 
because of the dependence of the Fermi level (u) in the 
Ba2SiO, on the concentration of donor centers. Since 
the resistance of the Schottky “‘depletion-layer” barrier 
can still be neglected, the activation energy of the 
interface resistance would be equal to ®, the energy 
difference in electron volts between the Fermi level () 
and the bottom of the conduction band in the BaSiO,, 
as shown in the figure. 

If the cathode were aged with electrons flowing from 
the oxide to the core, an electric field directed from 
the core to the oxide would exist in the interface region. 
The field-induced migration of donor centers would 
then be in such a direction as to reduce the concentra- 
tion in the interface compound, and would aid rather 
than retard the development of an interface resistance. 
Furthermore, a comparison of Figs. 11 and 12 shows 
that as the concentration of donor centers decreases 
and the resistance increases, the activation energy also 
increases. 

This is exactly what was observed in Experiment IT; 
as long as the interface was aged with electrons flowing 
from the oxide to the core, the resistance and activation 
energy increased. The fact that resistance and activa- 
tion energy could be reduced by the passage of electron 
current from the core to the oxide is also in agreement 
with the features of this model, since there is no reason 
why a low concentration of donor centers could not be 
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increased by the establishment of field-induced migra- 
tion in the proper direction. 

To account for one of the results of Experiment II, 
it is necessary to modify the model slightly, without 
altering the fundamental features already outlined. An 
examination of Figs. 9 and 10 shows that the resistance 
is not related to the activation energy by the simple 
expression 


Ra exp(e®/kT), (3) 


as would be expected on the basis of Eq. (2). The varia- 
tion observed in R is not nearly as great as would be 
expected from the variation observed in ®. 

This can be accounted for by the fact that the inter- 
face layer is probably not at all homogeneous, but 
varies in thickness and in donor center concentration. 
Conduction through it depends on parallel conduction 
through many “patches” of different thickness, con- 
ductivity, and activation energy. The experimental 
measurements of resistance and activation energy repre- 
sent two different methods of averaging over the 
patches. Since the degree of inhomogeneity, on which 
the resistance strongly depends, can be quite different 
for two states of the interface barrier having the same 
observed activation energy, it is not surprising that 
the resistance and activation energy fail to be related 
in the simple manner expressed by Eq. (3). 


IV. SUMMARY AND CONCLUSIONS 


The results obtained in this work have shown that 
the anomalous deterioration that occurs in oxide cath- 
odes coated on silicon-bearing nickel cores when they 
are operated at a low duty factor is due entirely to the 
development of a high resistance in a layer of Ba2SiO, 
located at the interface between the oxide and the core. 
The layer itself was found to be present not only in 
cathodes that had developed interface resistance, but 
also in cathodes that had not. The development of a 
resistance in this layer was heavily favored by the 
absence of electron emission from the cathode during 
life. 

Further investigation of the properties of an interface 
resistance on a high silicon nickel core has shown the 
resistance and activation energy to be strikingly de- 
pendent on the history of electron flow through the 
interface. A model has been presented that appears 














J. F. 


Conduction Bands 


KL LLL LLLLLL 








x 











| #2 
RES 
Rez 
ov. 
oI 


es Nickel a Ba, SiO, ——Pi Oxide §=-—z 


Fic. 12. Energy level system of cathode with interface resistance. 


capable of accounting for all the experimental observa- 
tions, and of providing a framework for the under- 
standing of the fundamental features of the deteriora- 
tion that has been under study. 

The application of this understanding to the engi- 
neering problem of developing cathodes that do not 
deteriorate when they are operated at a low duty factor 
leads to two main avenues of approach. 


(1) Use nickel containing less silicon and other impurities; the 
layer of interface compound will be thinner, and will have less 
resistance. 

(2) Search for other substances that can be added to the inter- 
face compound to provide it with permanent donor centers that 
will persist in the layer irrespective of duty factor. 


The first of these avenues is currently being exploited 
by miost of the major tube manufacturers, although it 
suffers from two faults. First, there is enough variation 
in impurity content among different melts of what is 
nominally the same alloy that ditferent production lots 
of the same tube can have widely different life expec- 
tancies. Second, the use of alloys containing appreciable 
amounts of impurities (i.e., “active” alloys) is often 
highly desirable as an aid to easy activation of the 
cathodes. 

That the second avenue is not beyond the realm of 
possibility appears to be indicated by the results of the 
spectrochemical analyses of diodes that had aged 4316 
hours with no electron emission without developing 
interface resistance. The cathodes of these diodes were 
found to contain far less iron in the “‘cathode-coating- 
plus-surface-of-nickel-core”’ sample, which contains the 
interface, than cathodes that had developed interface 
resistance. It is conceivable that in cathodes containing 
very little iron, the presence of BaMnQ, in the Ba2SiO, 
lattice might provide just such permanent donor centers. 
The dependence on the iron content stems from the 
fact that the coexistence of BaMnQ, and Fe side by 
side at a temperature of 1100°K for 4000 hours would 
be extremely improbable, because the MnO,’~ ion is a 
strong oxidizing agent. 
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However meager the data, and whatever the mecha- 
nism may be, these results appear to indicate at first 
sight that a nickel alloy containing all impurities except 
iron to the extent that they are found in 699 nickel 
alloy might be a satisfactory active nickel alloy for 
cores of cathodes to be operated at a low duty factor. 


V. ACKNOWLEDGMENTS 


The author is deeply indebted to Mr. James Cardell, 
of the Raytheon Manufacturing Company, who per- 
formed the spectrochemical analyses, and provided the 
diodes used in Experiment I; to Mr. H. B. Frost of the 
M.I.T. Servomechanisms Laboratory, who assisted 
greatly with the pulsed emission and interface resist- 
ance measurements of Experiment I; to Mr. C. B. 
Walker of the M.I.T. X-Ray Laboratory, who assisted 
with the x-ray diffraction analyses; to the technicians 
and glass-blowers of the Research Laboratory of Elec- 
tronics; to his associates in the M.I.T. Physical Elec- 
tronics Group for many helpful discussions; to Prof. 
W. B. Nottingham of M.I.T., who supervised this 
research, for many helpful criticisms and much helpful 
advice. 


APPENDIX I. CONSTANT-CURRENT PULSER 


A diagram of the essential features of the constant current 
pulser is shown in Fig. 13. The grid of the 6ANS, which is normally 
biased beyond cutoff, is supplied with flat-topped pulses from a 
voltage-pulse generator. The pulse amplitude is adjusted until 
the current through the diode during the pulse is 50 ma. Under 
these conditions, the potential across the diode during the pulse 
is about 45 volts. 

The plate current of a 6ANS5 drawing 50 ma with 120 volts 
screen voltage and 250 volts plate voltage is approximately in- 
dependent of plate voltage. When the total drop across the diode 
increases by four or five volts during the pulse because of interface 
resistance, the plate voltage of the 6ANS5 is reduced by the same 
amount, but the plate current is not affected. The current through 
the diode is constant during the pulse irrespective of whether or 
not the diode has an interface resistance. 
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Associated Legendre Polynomial Approximations 
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Approximations for the associated Legendre Polynomials are derived by a phase integral method. The 
method is an extension of the WBK method, applicable to separable multidimensional wave propagation 


problems. 





INTRODUCTION 


T has frequently? been pointed out that Ae‘S/* is 
an approximate sclution of the Schroedinger equa- 
tion. Here S is the solution of the corresponding classical 
Hamilton-Jacobi equation. A? is the density of an as- 
sembly of classical particles moving along the paths 
associated with S. In one dimension this approximation 
reduces to the WBK approximation. The many dimen- 
sional approximation was used by Gordon’ in discussing 
Coulomb scattering. We shall use it here to derive an 
approximation for the associated Legendre Polynomials, 
P,(cos@). Since these polynomials are elementary func- 
tions, the need for approximations is not as great as 
with other harmonics. It will, nevertheless, be useful to 
have an expression by which all P;"(cos@) can be ap- 
proximated, if the number of steps involved in calcu- 
lating the approximation is independent of / and m. 
A well-known approximation for P;(cos@), if >>m, 
and if @ is not too near 0 or 7, is* 


_ 4 
P"(cos@) = (—pn( ) 
lx sin0 


Tv T 
xsin( [++ 3]0+m+")., (1) 





The more general case, where m can be comparable 
with /, was treated by Nicholson.’ His approximations 
do not have the proper number of zeros and are there- 
fore unsatisfactory. 

Theoretically, an approximation to the associated 
Legendre polynomials can be obtained by applying the 
ordinary WBK method directly to the differential equa- 
tion for the Legendre polynomials. The resulting phase 
integrals become very complicated, and in addition have 
to be modified in a manner similar to that used in 


treating the radial part of the wave equation by the 
WBK method.® 


* Present address: Lewis Flight Propulsion Laboratory, NACA, 
Cleveland, Ohio. 

J. H. Van Vleck, Proc. Nat. Acad. Sci. 14, 178 (1928). 

_* J. Frenkel, Wave Mechanics, Advanced General Theory (Oxford 
University Press, London, 1934). 

*W. Gordon, Z. Physik 148, 180 (1928). 

_‘Jahnke and Emde, Tables of Functions (Dover Publications, 
New York, 1945), p. 117. 

* J. W. Nicholson, Quart. J. Math. 41, 241 (1910). 

*E.C. Kemble, Fundamental Principles of Quantum Mechanics 
(McGraw-Hill Book Company, Inc., New York, 1937), p. 107. 
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THE METHOD 


The time independent form of the Hamilton-Jacobi 
equation can be separated in spherical coordinates if 
the potential, V, is a function of r only. The solution has 
the form 


S=R(r)+ O(0)+ v9. (2) 


In order that Ae*S/* be a single valued solution, y must 
be an integral multiple of h. The Hamilton-Jacobi 
equation then separates into 


d0/d0= +(8?—m?*h?/sin?6)}, (3) 
dR/dr= +(2m(E—V )—?/r*)!, (4) 


8 is a separation constant; mh=y. We will here be 
concerned primarily with Eq. (3). It has two solutions, 
corresponding to the two sign possibilities. For @.<6 
<a—6, where sin®o>=mh/B, dQ/dé@ is real. For 0<4 
and 6>2— 4, dO/dé@ is imaginary. 0= 6) and 6=17—4% 
are then turning points at which the classical motion 
must stop. 

Equation (3) can be integrated by the methods given 
in Appendix II of Born’s Vorlesuugen iiber Atom- 
mechanik.’ For the phase in the allowed region of motion 
this gives 

6 
f (82— m?h?/sin20)'d0= 9(6). (5) 
60 
B 
(0) =— cos-\————-— m tan“(1— #?— ?)*/Ry, (6) 
h (1—k*)! 


where n= cos@ and k= sin. Similarly we have, for 0< 4 


dO 


tT 
ta 


=, [oat (7) 





d(0)=m tanh (y?+- RP — DM/hu— cosh—'y/(1—k?)4. (8) 


We have now found the phase and must also evaluate 
the amplitude. The amplitude can be written 


A(r, 6, @)=A,(r)Ao(4)A,(¢). (9) 


The symmetry of the problem requires that A, be 
constant. Consider the surfaces of constant @. Since we 


7™M. Born, Vorlesuugen tiber Atommechanik (Verlag. Julius 
Springer, Berlin, 1925). 
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are dealing with a stationary process the flow of par- 
ticles across all these surfaces must be the same. The 
density of the particles is proportional to A@A,?. The 
component of the velocity formal to a surface of con- 
stant @ is 1/mr(d@/d@), where m is the mass of one of 
the particles. The flow across an element of area 
r sinOd¢dr is then 
1 dO 
AZAe— — sinOdddr. (10) 
m dé 


The net flow across the surface of constant @ is then 
Ag dO 
— sino ff dpdra. (11) 


In order that this be independent of @ we must have 


1 1 
A,(6)= . 12 
” (sind)? (dO/d6)! ae 





In the classically allowed region, .<@<a2— 4p, there 
are therefore two approximate solutions for the part of 
the wave function depending on 6. They are 


1 
(sind)! [9’(6) } 


In the region @< > there are also two solutions 





erie), (13) 


1 
(sind)* |d’(6) |* 





etd(8). (14) 


This leaves us with a connection problem. If we ignore 
the 1/(sin@)* factor, (13) and (14) have the form of a 
one-dimensional WBK approximation and are in fact 
the approximations for y(@), where y(@) satisfies 


ay m? e 


a4 
dP sin’?@ fF 





=0. (15) 


Since 1/(sin6)* does not have a branch point at 6= 0, 
and is single valued, it will suffice to connect the remain- 
ing factors by the usual connection formulas.* 

Of the two solutions given by (14) only 





et), (16) 
(sind)! |d’(6)|* 


remains finite at @=0, and we must connect to it at 
6= 6. Similarly at 02=2— 4. This requires that 


1 7—99 
- i ped = 3(n—0)—9(6)=(n+4)m. (17) 


* See reference 6, p. 94. 
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This is satisfied whenever 
B= (1+3)h, (18) 


where / is an integer greater than m. 
Our approximate solution for P;”(cos@) in the allowed 
region is therefore 


C rs 
v(6)—— }. 19 
ne ) ) 9) 


For 8< the approximate solution is 





1 Cc 


2 (sin?6)—sin?6)* 





e498) ° (20) 


while for 6>m2— 6, the solution becomes 


(— 1)em : . (21) 
2 (sin?@)—sin?6)* 





These formulas still contain an unevaluated normal- 
ization constant. Apart from this, the approximations 
have the general shape of P,”(cos@). At 6=0 the ap- 
proximation goes to zero as 8”, which is correct. The 
other solution given by (14), which we did not use, 
varies as @-™" near 6=0, which is characteristic of 
Q,"(cos@). Furthermore the approximation has the 
proper number of zeros, which is /—m, not counting the 
ones at 6=0 and @=7. The most prominent difference 
between the various associated Legendre polynomials 
having the same value of /—_m, is that those with higher 
values of m have their oscillations more closely packed 
about @= 2/2. This feature is also given by our approxi- 
mation. In the case />>m our approximation reduces to 
(1) in the region where (1) is applicable. 

If P,"(cos@) is defined as 


d™P,(cos@) 
P,™(cos@) = sin"@8-———_, (22) 
d(cos6)™ 


then P;(cos@) is positive for 6 near 0. This will be 
satisfied by our approximation if C is chosen real and 
positive. 

The numerical value of C can be evaluated by the 
method discussed by Furry.’ The Legendre polynomials 
obey 








° 2 (l+m)! 
f siné{ P,"(cosé) Pdd= , (23) 
0 2/+-1 (l—m)! 
which gives us 
7h Ag? 2 (+m)! | 
f — sinddo= . ) 
8 2 2/+-1 (l—m)! 


*W.H. Furry, Phys. Rev. 71, 360 (1947). 
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and therefore 





(l+m)!73 
| : (25) 


4 
er (I—m)! 


We can expect our approximation to be accurate in 
the limit of closely spaced nodes. They will be closely 
spaced if /—m is large. But as in any phase integral 
approximation, a reasonable representation of the func- 
tion is obtained even for low quantum numbers, or 
small /—m. 


OF SECONDARY 


ELECTRONS 89 


If the value of B=(/+4)h is now used in (4), the 
radial factor can be treated by a method similar to the 
one we have used above. The resulting approximation 
will be identical with that obtained by the usual method 
of applying the WBK approximation to radial motion. 

A more formal and rigorous derivation of the approxi- 
mations can be given along lines similar to those 
used here. 

The author wishes to thank Professor Furry for 
his help and advice and the AEC for a Predoctoral 
Fellowship. 
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A novel method is described of determining the energy distribution of emitted secondaries from an insu- 
lator. This is based on an analysis of the transient resulting from pulse bombardment. The analysis is 
simplest when leakage through the target is negligible, but the effect of leakage is also treated. Space charge 
limitation of the emitted current is assumed to be negligible. 


1. INTRODUCTION 


ECENT studies of secondary emission by pulse 

methods have demonstrated the power of this 
approach to the problem of determining the secondary 
emission yield from insulators.’~* Essentially, the time 
interval between pulses of the primary bombarding 
current is utilized to restore the surface potential of the 
target to a known value before the incidence of the 
succeeding pulse. Thus, the effects of surface charging 
can be accounted for in a known manner. The published 
measurements using this technique have been con- 
cerned with the determination of only the secondary 
emission yield. The purpose of this paper is to show 
that a transient analysis of the pulse can give other 
information about the target and, in particular, can 
give a rough measure of the energy distribution of the 
emitted secondaries. 

Figure 1 is a schematic of the usual circuit for such 
pulse measurements. A pulse of electrons from the 
electron gun strikes the target, and the secondaries are 
picked up by the collector. The metallic contact on the 
back of the target is connected through an output 
resistor Ro to ground, and the voltage developed across 
Ry is amplified and displayed on an oscilloscope. At the 
beginning of the pulse the bombarded face of the target 
is at ground potential. If the yield is greater than unity, 





'H. Salow, Z. techn. Phys. 21, 8 (1940). 
*J. B. Johnson, Phys. Rev. 66, 352 (1944); 73, 1058 (1948). 
*M. A. Pomerantz, J. Franklin Inst. 241, 415 (1946). 


the target begins to charge positively. Provided the 
leakage through the target is high, the target surface 
will reach an equilibrium potential which is less than 
that of the collector; this is the usual situation in such 
measurements. However, if the leakage is negligible, 
the target will charge up to a potential greater than 
that of the collector. The secondaries are then in a 
retarding field and the slowest will be turned back to the 
target. The target will continue to charge up until only 
the fastest secondaries can reach the collector and the 
effective yield has dropped to unity. During this latter 
phase, the rate of change of target potential, which 
depends on the current of secondary electrons, is there- 
fore a function of the energy distribution of the secon- 
daries. Moreover, the target surface is coupled electri- 
cally to the amplifier input through the impedance of 
the crystal. Thus, the problem can be expressed as 
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Fic. 1. Schematic of typical circuit for pulse measurements 
of secondary emission. 
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Fic. 2. Basic circuit of target and load resistance. 


follows: given the observed transient as a function of 
time, we wish to determine the energy distribution of 
the secondaries and other relevant quantities such as 
the yield, the resistivity, and the dielectric constant 
of the target. Essentially, this is a retarding field 
measurement of the energy distribution in which inde- 
pendent control of the field is not available. 


2. ASSUMPTIONS AND SYMBOLS 


To facilitate the analysis we make a number of 
assumptions which appear reasonable from the experi- 
mental point of view: 


(1) The collector is spherical and the target is small, so that 
the secondaries are in an essentially central field, and we can 
neglect the capacity between the target surface and the collector. 

(2) We can neglect loss of secondaries through the collector 
entrance hole and can neglect tertiaries produced at the collector. 

(3) The target is uniform and plane parallel with negligible 
edge effects. This assumption is reasonable if the target thickness 
is much less than the diameter of the bombarded area and if the 
bombarding beam covers essentially all of the exposed surface of 
the target. 

(4) The bombarding voltage is large compared with the col- 
lector voltage, so that the primaries always strike the target with 
essentially the same energy. 

(5) The input circuit and amplifier do not cause an appreciable 
modification of the transient by their band width. 

(6) We can neglect space charge effects in the collector space. 
This condition can be attained with sufficiently small currents 
together with an amplifier with a good signal-to-noise ratio as 
discussed in Sec. 5. 

(7) We assume that the target surface is at ground potential 
immediately before the onset of the primary pulse. Various 
methods have been used to restore the surface potential between 
pulses. Johnson? used a long interval between pulses and relied 
upon the small but finite conductivity of the target itself to 
restore the surface potential. Salow' flooded the target with an 
intense dc electron beam from a second gun at such a potential 
that the dc bombarding energy was less than that of the first 
cross-over point, and thus the target surface remained essentially 
at the potential of the cathode of the dc emitter. One could 
substitute a second pulsed beam for the dc beam if desired. No 
matter what the properties of the target may be, it is always 
possible, by one means or another, to restore the surface to a 
known potential before the onset of the pulse under observation. 
For these calculations we shall assume that by some means or 
other this has been done. 

(8) We shall treat the bombarding current as a step function 
such that for <0, the bombarding current is zero, and for ¢>0, 
the bombarding current is a constant. 


The following symbols are used: 


V,=energy of the primary electrons in electron volts. 
V.=collector potential with respect to ground in volts. 
V=potential of the bombarded target area relative to the 

metal base in volts. 

Ro=output resistance between target contact and ground in 

ohms. 
E=voltage developed across Ro, which feeds the amplifier, in 
volts. 
p=specific resistivity of target in ohm cms. 
x= dielectric constant of target. 
l=thickness of target in cms. 
A =bombarded area of target in cms.? 
C=0.0885«A /I is the capacity between front and back surfaces 
of the target in puf. 
R=pl/A is the internal resistance between front and back 
surfaces of the target in ohms. 
ip, iz=the primary and secondary currents respectively (amp). 
jp, js=tp/A, i,/A =the primary and secondary current densities 
respectively immediately in front of the target in 
amp/cm?. 
5=i,/ip=the secondary yield. 

E,=the energy of emission of secondary electrons in electron 

volts. 

P(E,)=the probability distribution of the energy of emission of 
all secondary electrons per incident primary; i.e, 
P(E,)dE, is the probability that a secondary will be 
emitted with energy between E, and £,+dE, as the 
result of the incidence of one primary electron. 


3. SECONDARY EMISSION PULSE RESPONSE 


The basic problem to be solved is the behavior of a 
series parallel RC circuit fed by a current as in Fig. 2. 
The following equations hold: 


V=Rir=¢./C, (1) 
E= Ro(irztic) = Roi, (2) 

which, for />0 and constant 7, are simply solved as 
V=iR[1—e-#/F¢] (3) 
E=iRo=constant. (4) 


If i is not constant, we still have the following relation 
by substituting Eq. (1) into Eq. (2). 


E=R[(V/R)+(CdV/dt) }. (5) 


With an integrating factor e'/*°, this integrates to 





t E(’) 
y= a . 6 
J Ro ol (t—t’)/RC]dt (6) 


0 


Since the experiment gives E as a function of ¢, we can 
determine V as a function of ¢. However, E=iRo, s0 
we can also determine i as a function of V. 

Although it may be possible to write down a complete 
expression for the transient response, which includes 
the effect of initial velocity of the secondaries, space 
charge limitation of secondaries, and target leakage, 
it is not likely that significant experimental results 
could be obtained when all factors are equally im- 
portant. Consequently, certain limiting cases will be 
considered which will give much more insight into the 
problem. 
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If the collector voltage V. is sufficiently high, the 
leakage through the target will limit the ultimate poten- 
tial of the target to a value less than V, and the velocity 
distribution of the emitted secondaries will not play 
any observable role. On the other hand, if V, is suff- 
ciently low, the ultimate target potential may be practi- 
cally entirely determined by the velocity distribution 
and the leakage can be neglected. There is also the 
intermediate case in which the ultimate target potential 
exceeds V, but is in part determined by the leakage 
current and in part by the velocity distribution of 
secondaries. In all cases we shall assume that the 
primary current density is sufficiently low that there is 
no appreciable space charge limitation of the emitted 
secondaries. We shall also assume that the collector 
potential V. is very much larger than the maximum 
value of E. 


Case I. Ultimate Surface Potential is Limited Solely 
by Target Leakage 


If we assume that the yield is not a function of the 
field across the target for an accelerating collecting 
field, i.e., no field enhanced emission, we have the 


following : 
i= jpA(5—1) 
C=0.0885xAr“ 
R= plA. 


Substituting these into Eqs. (3) and (4) we obtain 
V =j,pl(6—1)[1—exp(—t/0.0885xp) | (7) 
E=j,ARo(5—1), (8) 


t>0 and V<V.. 


when 


The observed voltage pulse is a constant unless there 
is field enhanced emission. If the latter exists, it will 
show directly on the observed voltage E and the field 
required to affect it can be determined from Eq. (7).4 


Case II. Ultimate Surface Potential is Limited 
Solely by Collector Potential V. 


Again we assume that there is no field enhanced 
emission and also that the leakage resistance R= ©. 
Cis as defined above. 

The integration now consists of two parts: 

(1) 0<V<V,. Just as in Case I, we have 


i= jpA(6—1) (9) 
E=j,AR,(6—1). 


To obtain V, we expand the exponential in Eq. (7) 
and let po from which we obtain 


V =1j,(6—1)t/0.0885x. 
This holds up to 
t= 7=0.0885«V./1j p(6—1). 
‘K. G. McKay, Advances in Electronics 1, 109 (1948). 


(10) 


(11) 
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ELECTRONS 
(2) V>V, or t>r. Here we have 


im jnd[s—1— 


7 
c 


P(V—- voav | 


where P(V—V,)=P(E,)=the probability energy dis- 
tribution function of the secondary electrons. 


B=RejpAl s-1- f 


J 


P(V— voav] (12) 


c 


or 
dE/dt= —Roj,»A(dV/dt)P(V—V.). (13) 
From Eq. (5) with Ro 
dV /dt= El/0.0885xA Ro. (14) 


Substituting this in Eq. (13) and rearranging, we obtain 
P(E,) = — (0.0885x/j,/E)(dE/dt), (15) 


where E,=V—V,. From the experiment we obtain E 
and dE/dt as a function of time. Equation (15) then 
gives P(E,) as a function of time. From Eq. (6) 


t 
E,=V—V,.= f (Eldt/0.0885xARo)—V.. (16) 
0 


Thus knowing E from the experiment as a function of 
time, we can determine E, as a function of time. Using ¢ 
as a parameter, we can plot P(E,) as a function of £,. 
This will serve to determine the energy distribution of 
secondary electrons up to the time when the effective 
yield falls to unity, which corresponds to the voltage V 
for which the term in brackets in Eq. (12) goes to zero. 
The velocity distribution of high energy secondaries 
will not be measured, but this may not be too important 
for a high yield surface. 


Case III. Ultimate Surface Potential is Limited 
Both by Leakage and by Collector Potential 


This is the intermediate case for which the target 
potential exceeds V, but the ultimate effective yield is 
greater than unity. For V<V, Case I applies and the 
expressions for V and E are given by Egg. (7) and (8). 
These hold up to V=V, or ‘=7, where 7 is now given 
by the solution of Eq. (7) as 


7=0.0885xp-In[1— V./jppl(6—1) }. (17) 


For {>7 we have E given by Eq. (12) in Case II. 
However, from Eq. (6) 


, f E(t’) exp[— (t—?’)/ pananesnn 
= t’ 
: 0.0885xA Ro/l 





» (18) 


which gives V as a function of ¢. From Eq. (5) 
dV /dt=(1/0.0885xA)[(E/Rs)—(VA/pl)]. (19) 


Substituting Eq. (19) into Eq. (13) and rearranging, 
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we obtain 


P(E,) = — (0.0885«/j,/) 
XLE—(AR)/pl)(E.+V.) F'dE/dt. (20) 


As before, E,= V—V., and this can be determined as 
a function of time from the experimental data by means 
of Eq. (18). Equation (20) expresses P(E,) as a func- 
tion of time and hence, if ¢ is used as a parameter, 
P(E,) can be obtained explicitly as a function of £,. 
The analysis is more complex than in Case II and the 
accuracy is not as good. 


4. SUBSIDIARY MEASUREMENTS 


The actual values of p and « are not always known 
for the target material. However, we can determine 1, 
the time taken for the surface potential to equal V,, 
since there is a change in the slope of E at this point. 
We can determine 7 for two different values of V, and 
use these in conjunction with Eq. (17) to solve for 
x and p. If a low value of collector voltage is used, or 
if p is high, we may be able to neglect the leakage and 
obtain « directly from Eq. (11). 


5. SPACE CHARGE LIMITATIONS 


Throughout this discussion we have assumed that 
the emitted current is not limited by space charge. 
This assumption will be true if the absolute value of the 
actual potential in the target-collector space, measured 
relative to the target, is everywhere less than the 
absolute value of the retarding potential. The effect of 
space charge will be most pronounced for low values 
of retarding field; i.e., V~V-.. This will make the break 
in the observed voltage at /=7 less sharp and tend to 
over-emphasize the number of slow secondaries. How- 
ever, a reasonable signal-to-noise ratio can be obtained 
with currents sufficiently small to render this effect 
almost negligible. 

Another effect due to space charge has been pointed 
out by Williams and Kilburn.’ If a pulsed beam of 
electrons strikes an insulating target which is in a 
retarding field such as to make the effective yield equal 
to unity, there will be, of course, no net current flow 
to the target surface during the pulse. However, the 
mere presence of the retarded secondaries in the space 
in front of the target induces a positive charge on the 
target backing place. This appears experimentally as an 
impulse excitation of the amplifier at the beginning of 
the pulse and another in the reverse direction at the 
end of the pulse. With varying intensity this will occur 
for any retarding field irrespective of the effective 
yield. For this reason, the energy distribution of secon- 
daries emitted from an insulator is difficult to determine 
merely by measuring the initial yield from a target 
which is in a retarding field when the bombardment 
begins, since the initial yield has this impulse excita- 
tion superimposed on it. 


5 F. C. Williams and T. Kilburn, Proc. Inst. Elec. Engrs., Pt. IIT 
96, 81 (1949). 
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Let us see how this effect may influence the transient 
response considered in Sec. 3. It can be readily shown 
that under any normal circumstances such an effect is 
completely negligible when the target is in an acceler- 
ating collecting field. However, as the target surface 
potential increases so as to exceed the collector poten- 
tial, the density of electrons in the space between the 
target and the collector will increase and a correspond- 
ing charge will flow through the load resistor Ro. This 
will take place gradually rather than abruptly as in 
Williams’ case, so the voltage amplitude of the dis 
turbance will be correspondingly reduced. It appears 
probable that if the current densities are low enough 
to produce negligible space charge fields by the criterion 
of the preceding paragraph, they will also be low enough 
to prevent any appreciable modification of the transient 
wave form by this image charge. The only part of 
the wave form which is likely to be modified is the 
trailing edge where the bombarding beam is cut off. 
This may exhibit an impulse in the direction corre- 
sponding to electrons striking the target, but this 
portion is not of interest in the analysis. 


6. EFFECT OF PULSING THE COLLECTOR 


It is also possible to pulse the collector voltage and, 
in theory, obtain additional information. As an ex- 
ample, let us assume that the target has essentially 
reached its final equilibrium potential under bombard- 
ment for Case II where p=. The effective yield is 
now unity. We abruptly decrease the collector poten- 
tial V. to zero. The effective yield becomes less than 
unity and the target potential will decrease until unity 
effective yield is again obtained. The previous analysis 
is valid except for sign changes, and thus the range 
over which P(E,) can be determined can be extended 
by an amount of the argument equal to the change in J, 
However, when V, is changed abruptly to zero, the 
capacity between the collector and the target with its 
supports is sufficient to introduce a large transient into 
the input circuit. Under normal conditions this will 
overload the amplifier and consequently some form of 
bucking circuit would have to be used. This can be 
done, but it is not easy to accomplish it without losing 
part of the transient which is to be measured. 

The problem of the induced transient does not arise 
if the collector voltage is changed outside of the meas- 
uring time interval provided that sufficient time elapses 
after such a change to permit the amplifier to recover 
before the onset of the next pulse to be measured. This 
elapsed time interval can be greatly decreased by the 
use of a crude form of bucking circuit. Now, instead of 
using collector pulsing to obtain more information about 
the energy distribution, we use it to restore the target 
potential to zero. Suppose that at the end of the meas- 
uring pulse, the target has reached its equilibrium value 
of V.+V(o), where the effective yield is unity. The 
collector voltage is dropped to — V(«) and bombard- 
ment continues until equilibrium is again reached. The 
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target surface will now be at ground potential. Bom- 
bardment is stopped, the collector voltage is restored 
to a potential V., and the target is now ready for the 
onset of the next measuring pulse.* There are many 
variations of this sequence which are possible; and, 
where adequate bucking circuits are available, the 
functions of target potential restoration and extension 
of the energy distribution measurement can be com- 


bined. 


7. GENERAL PROBLEMS RELATED TO ENERGY 
DISTRIBUTION MEASUREMENTS 


In the foregoing analysis no mention has been made 
of the part played by the work functions of the target 
and of the collector nor of the effect of patch fields on 
the surface of the target. In the absence of bombard- 
ment, the equilibrium potential between target and 
collector will not be exactly that determined by the 
applied voltage on the collector but will be modified 
by the work functions of the collector and of the target. 
The work function depends on the position of the Fermi 
level relative to the energy bands, and in an insulator 
the Fermi level may fluctuate widely because of the 
existence of relatively small densities of impurities or 
trapped charges.® This introduces an uncertainty in the 
value of the surface potential which, in a polycrystalline 
or contaminated target would be aggravated by varia- 
tions in surface potential over the target area. This 
suggests that during the interval between pulses, the 
neutralization of surface charges to produce a known 
surface potential should be accomplished by bombard- 
ment of the surface by low energy electrons rather than 
by relying on volume conductivity. It is possible that 
the former method should produce a more uniform 
surface potential. These considerations suggest that no 
matter what method of measurement is used, the 
accuracy of the determination of the velocity distribu- 
tion of secondary electrons emitted from insulators may 
never equal that obtainable from metallic targets. 


8. NUMERICAL EXAMPLE 


It is instructive to consider the values of the various 
parameters which might reasonably be encountered in 
an actual experiment and to analyze a representative 
wave form. This not only establishes the order of magni- 
tude involved but also evaluates the accuracy with 
which the mathematical analysis can be performed. 

Let us assume that we have a video amplifier with a 
good noise figure and a band width of 20 mc/sec. The 
band width, together with the input capacity, sets an 
upper limit on the value of Ro. The voltage developed 
across Ro by the primary bombarding current should be 
at least five times the noise level and this sets a lower 
limit on ip. This value should be approached to minimize 
space charge effects. The target dimensions and the 





*A similar arrangement has been described by H. L. Heydt, 
Rev. Sci. Instr. 21, 639 (1950). 
*G. H. Wannier, Phys. Rev. 76, 438 (1949). 
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Fic. 3. Assumed values for numerical example. 


value of the collector voltage should be such as to 
include all of the interesting part of the voltage transient 
on a time scale which is compatable with the resolution 
time of the amplifier. We shall concentrate on Case II 
in which leakage is negligible. Bearing these factors in 
mind we have picked as suitable values those shown in 
Fig. 3. 

Rather than use an experimentally obtained transient 
response, we shall assume an energy distribution of the 
secondaries and from that derive the anticipated tran- 
sient response. This calculated transient response will 
be used as “‘experimental”’ data and analyzed to produce 
an energy distribution which is to be compared with 
the originally assumed distribution. This approach has 
the advantage that it enables us to make a check on 
the accuracy of the mathematical analysis that can be 
performed on a graphically displayed transient. Let us 
assume that the energy distribution of the secondaries 
is Maxwellian. Such a distribution function does not 
describe properly the distribution of high energy secon- 
daries, but that is irrelevant since we cannot determine 
their distribution by this method. The normalized 
distribution function which we assume is thus 


P(E,) = 26E,'e~2"*/aiK! 
= E,he- Fels 


for 5=10 and K=5 volts. 

Replacing E, by V—V-. we substitute Eq. (21) into 
Eq. (12), which can be integrated explicitly to yield E 
as a function of V. Substituting this result into Eq. (14) 
and integrating numerically we can obtain V as a 
function of ¢ and from the previously obtained relation, 


(21) 
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Fic. 4. Calculated transient response. 
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Fic. 5. Calculated variation of potential of target 
surface with time. 


determine E as a function of ¢, which is the desired 
transient. Figure 4 shows this calculated transient 
using the values assumed above. The break at the 
point where. V= V, is quite pronounced. This transient 
curve was treated as “experimental” data. It was given 
to a computer who, without knowledge of the steps by 
which it had been obtained, was instructed to analyze 
it according to Eqs. (15) and (16) so as to yield an 
energy distribution. Figure 5 shows the calculated 
variation of target potential V with time and Fig. 6 is 
the calculated energy distribution with the originally 
assumed distribution shown ‘as a dotted line. It will be 
seen that the accuracy leaves something to be desired. 
Probably the errors involved in deriving the transient 
are no greater than those that would normally be 
introduced by experimental factors. However, the peak 
of the distribution has been located within 0.5 volt and, 
when we ignore the fluctuations in the calculated curve, 
a still better reproduction of the assumed distribution 
is obtained. 


8. CONCLUSIONS 


It has been demonstrated that the transient response 
obtained from an insulator bombarded by a pulse of 


Fic. 6. (a) Calculated energy distribution of secondaries. 
(b) Originally assumed energy distribution. 


electrons can give not only a value for the yield but 
also values for the resistivity, the dielectric constant, 
and part of the energy distribution function of the 
secondaries. If a high yield target with negligible leak- 
age is used, most of the energy distribution function 
can be obtained. The accuracy of the method is not 
high since both integration and differentiation of an 
observed wave form are involved. However, in many 
instances even a crude knowledge of the energy dis- 
tribution would be valuable. Where leakage is negligible, 
all of the necessary experimental data are contained in 
one photographed transient. Thus, when the energy 
distribution may be changing as a function of time 
owing to changes in the target, this can readily be 
followed by this method. Another interesting aspect is 
that the lower the leakage, the more’ accurate are the 
results. This contrasts with most methods used pre- 
viously where the insulator was made temporarily 
conducting by using thin films, by heating or by 
irradiation with infrared, etc. 

I wish to express my appreciation for many fruitful 
discussions of this work with C. Herring, J. B. Johnson, 
and A. H. White. 
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Microwave Measurements of the Dielectric Properties of Gases* 


GeEorRGE BirnBavuM, S. J. Kryper, AND HAROLD Lyons 
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An accurate and sensitive method for measuring the complex dielectric constant (e’—ie’’) of gases in the 
microwave region is described and critically investigated for sources of error. A resonant-cavity method is 
used in which the cavity response curve is displayed on a cathode-ray tube. The variation of resonance 
frequency and Q of the cavity when filled with gas are determined from measurements with two frequency 
markers. The equipment is operated at 9000 Mc, and cavities with Q’s of 1 10* are used. In the determina- 
tion of e’—1 (dimensionless) of very low loss gases, an accuracy of 0.4 percent and a sensitivity of 4x 1077 
can be obtained. In the determination of the loss factor ¢’’, an accuracy of 2 percent and a sensitivity of 
5X 1077 can be obtained. This method is useful for measuring dispersion and absorption in solids and liquids 


as well as gases. 


Experimental results are given and briefly discussed for e’ — 1 of O2, Nz, COz, He, and air, and for e” of NH; 


as a function of pressure up to 20 cm Hg. 





N Part I of this paper a resonant-cavity method for 

measuring the dielectric properties of gases is de- 
scribed and critically examined for sources of error. In 
Part II results obtained by this method at 9000 Mc are 
given and briefly discussed. These results include ab- 
sorption in NH; and the dielectric constants of five 
nonpolar gases. 


PART I. MEASUREMENT TECHNIQUE 
A. Introduction 


A resonant-cavity method was used by Saxton! for 
measuring the dielectric properties of water vapor at 
9 cm, 3.2 cm, and 1.6 cm, early in the development of 
microwave techniques. The variations of the resonance 
frequency and the Q-factor of the cavity when filled 
with vapor were determined with a detector and gal- 
vanometer. This method gave an accuracy of approxi- 
mately 1X10~‘ for e’—1, and a sensitivity of approxi- 
mately 1X10~-* for the loss factor,” ¢’. Greater sensi- 
tivity in the measurement of e’—1, namely, 110-5, 
was reported by Jen*® who devised a more elaborate 
cavity method in which a swept frequency was applied 
to the cavity, and the changes in resonance frequency 
and Q were determined from measurements on a 
cathode-ray tube (CRT). For work with relatively high 
susceptibility and high loss gases, Hershberger* em- 
ployed a wave-guide system, less sensitive than the 
cavity methods. In addition to these methods, which 
measure both the susceptibility and the loss factor,5 

*Preliminary accounts of this work have been given by G. 


Birnbaum at the Washington, D. C., meeting of URSI-IRE, May, 
(toad and by Lyons, Birnbaum, and Kryder, Phys. Rev. 74, 1210 


J. A. Saxton, “The dielectric properties of water vapor at very 
high radio frequencies,” Meteorological Factors in Radio-wave 
Propagation (The Physical Society, London), p. 215. 

*The complex dielectric constant is given by e=eo(e’—ie’”), 
where ¢ is the dielectric constant for free space, its value depend- 
ing upon the units used, e’ is the familiar value of dielectric con- 
stant relative to free space, and é” is called the loss factor. 

*C. K. Jen, J. Appl. Phys. 19, 649 (1948). 

‘W. D. Hershberger, J. Appl. Phys. 17, 495 (1946). 

_*A review of the measurement of dielectric properties, espe- 
cially of solids and liquids, and a fairly extensive bibliography of 


many specialized techniques have been developed to 
investigate the microwave spectra of gases,® and a few 
methods have been developed which measure just the 
susceptibility of gases.” ® 

The present work was begun in 1946 and was under- 
taken to develop a more sensitive and accurate method 
for measuring the complex dielectric constant of gases 
in the microwave region at pressures where the absorp- 
tion line is quite broad. In addition to the data reported 
in Part II this method has been used to study disper- 
sion® in NH; and the dielectric properties of water 
vapor.” 

A cavity method is used in which the cavity reso- 
nance curve is displayed on a CRT by a sweep-frequency 
technique. A feature in the method for measuring e’—1 
is the use of two cavities: one contains the gas and the 
other acts as a frequency reference. This arrangement 
permits the frequency change of the test cavity due to 
the admission of gas to be measured directly by aligning 
a pair of frequency markers, in the form of intensified 
spots, at the peaks of the resonance pulses. By aligning 
these markers at the half-power points of the resonance 
curve, the band width and hence Q of the cavity can be 
determined. Another feature of this method is that it 
can be used to measure the complex dielectric constants 
of liquids and solids.” 


B. Theory of Measurement 


It is assumed that a matched generator and load are 
connected to a transmission-type cavity which operates 
at a high Q mode well separated from other modes.” 


work in this field is given in C. G. Montgomery, Techniques f 
Microwave Measurements, MIT Radiation Laboratory Series, Vol. 
11 (McGraw-Hill Book Company, Inc., New York, 1947). 

*These methods have been reviewed by W. Gordy, Revs. 
Modern Phys. 20, 668 (1948). 

7G. Birnbaum, Rev. Sci. Instr. 21, 169 (1950). 

8 C. M. Crain, Phys. Rev. 74, 691 (1948). 

® G. Birnbaum, Phys. Rev. 77, 144 (1950). 

10 G. Birnbaum and S. K. Chatterjee (to be published). 

1G. Birnbaum and J. Franeau, J. Appl. Phys. 20, 817 (1949). 

2 Tt is also necessary that (1) the direct mutual impedance of 
the cavity couplings is zero; and (2) the coupling losses are zero. 
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The power P which flows out through the output line 
is given by ™'4 


P/Pi=(1+402(f—fa)/fPeP, (1) 
where /; is the frequency at which maximum power P, 
is transmitted by the cavity, and 2(f—f1)/f; is the 
approximation for [(f//:)—(/i/f)]. With negligible 


error, f; is also the frequency of the free oscillations of 
the lossless cavity. When P/P,=}, the familiar relation 


for loaded-Q,'® 
Qi=fi/Afi, (2) 


is obtained, where Af; is the bandwidth of the cavity at 
the half-power points. 

When the cavity is filled with dielectric material 
whose complex dielectric constant is e’ —ie’’, the change 
in resonance frequency from /; to f2 and the change in 
Q from Q; to Q2 are given by 


(fi-—fe)/fo=e't—1, (3) 
é’ = (1/Q2)—(1/Q)). (4) 


The variations of e’—1 and e’ with frequency in a 
frequency interval approximately equal to the band 
width of the cavity are taken to be negligible. Another 
form of Eq. (4) will be found useful. Since the power 
transmitted by the cavity at resonance varies as (? 
giving 0:/Q2=(P:/P:)!, we have 


e”=[1/0, ][(P1/P2)'—1). (S) 


An idea of the values of the frequency differences which 
appear in these equations may be obtained from the 
following example. If Q:~1X10‘, fic~1X10* Mc, 
(—1)~1X10", and e¢’~1X10-, then (fi—f2)—5 
Mc, Afic1 Mc, and Afs~2 Mc. In the equipment to 
be described, these frequency differences are measured 
directly. 

Equation (3) is correct insofar as the losses in the 
dielectric can be neglected. The correction to fe taking 
into account these losses is of the order f2(e’’/e’)?, and 
is usually negligible for gases. 

Q; depends, in part, on the unloaded Q of the cavity, 
Q., which varies as 1//*. Actually, Q; should refer to 
the cavity-O when the cavity contains a hypothetical 
sample with dielectric constant ¢’ but zero loss. Since 
with gases the frequency change is very small, the error 
in taking Q; equal to the Q of the empty cavity is 
negligible. 

It should be noted that the Q and the frequency of 
maximum transmission depend upon the admittance of 
the generator and the load. Let the normalized ad- 
mittance of the generator be g,+7b, and that of the 


and 


48 Montgomery, Dicke, and Purcell, Principles of Microwave 
Circuits, MIT Radiation Laboratory Series, Vol. 8 (McGraw-Hill 
Book Company, Inc., New York, 1948), Chapter 7. 

“J. C. Slater, Microwave Electronics (D. Van Nostrand Com- 
pany, Inc., New York, 1950), Chapters 4 and 5. 

— otherwise indicated, Q refers to the total or loaded 
value. 


load be g:+%b; (at some reference planes in the input 
and output transmission lines). These admittances, 
which are taken to differ from the characteristic ad- 
mittance of the wave guide by a small amount, perturb 
fi to fi’ and Q,; to Q,':"4 


fi =fit(fi/20.)(b:+5,), (6) 
1/Q1’ = (1/Qu)+(1/0-)(gi+ 80). (7) 


In these equations Q, is the @ due to the loss coupled 
into the cavity when the transmission line is matched, 
For convenience, it is assumed that the cavity couplings 
are of equal strength. What are usually known in micro- 
wave circuits are the voltage standing-wave ratios 
(VSWR’s) of the generator and the load admittance, 
Depending on the phases of these VSWR’s at the refer- 
ence planes, f;’ and Q,;’ can have a maximum or a 
minimum value. For a single line coupled to the cavity, 
the extreme values in f,;’ correspond to b= -+(r?—1)/2 
and the extreme values in Q;’ correspond to g=r*! 
where 7 is the VSWR. For the two-line cavity, the 
extreme values are 


fi {t@—1 r?—-1 
film fot + ), @ 


Tq Tl 








e 


and 
1/Q1'= (1/0u)+(1/0.)(7,*'+11*"). (9) 


However, the measured values of ¢’ and e’—1 will be 
independent of the generator and the load admittance 
provided these admittances remain constant when the 
frequency is changed from f; to fo. 


C. Description of Equipment 


The arrangement of the apparatus'® is shown sche- 
matically in Fig. 1 and in the photograph, Fig. 2. A 
sawtooth generator simultaneously supplies a sweep 
voltage to an oscilloscope and a modulation voltage to 
the reflector of a klystron oscillator. The FM output of 
the klystron is applied to two cavities whose outputs are 
rectified, amplified, and displayed on a CRT. By means 
of an electronic switch, the two resonance curves can 
be presented on separate traces. A simple electronic 
circuit is used to control the polarity of one of the 
resonance pulses. 

The FM oscillator also serves as the local oscillator 
for a heterodyne receiver whose intermediate frequency 
is adjustable. Since the FM oscillator varies above and 
below the microwave continuous wave (c-w) oscillator, 
the signals produced by the i-f amplifier consist of two 
pulses whose frequency separation is twice the inter- 
mediate frequency. After rectification, these pulses in- 
tensity modulate the CRT, thus producing two bright 


16 This equipment, which combines the features of a cavity 
Q-meter and cavity comparator, was developed by modifying 4 
cavity Q-meter. Circuit details of these equipments are given I 
reference 5. For a description of somewhat similar equipment se 
R. A. Unterberger and W. V. Smith, Rev. Sci. Instr. 19, 580 
(1948). 
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Fic. 1. Schematic diagram of electronic and microwave compon- 
ents used in measuring the dielectric properties of gases. 


spots on the CRT trace. By tuning the i-f amplifier, the 
frequency interval between these markers can be varied 
from 0.6 to 10 Mc. The band width of the i-f tuned cir- 
cuit is high enough to give well-defined spots on the 
CRT trace, and low enough so that the pulses are not 
appreciably distorted or delayed. Hence, if it were. de- 
sired to increase the selectivity of the i-f tuned circuit, 
it would be necessary to lower the present sweep rate of 
60 cps. Even if there is some delay of the frequency 
markers, relative to the resonance pulses, no error re- 
sults in the measurement of frequency difference with 
these markers unless the sweep voltage is not linear 
with time. 

This is a versatile apparatus which can be used to 
measure (), resonance frequency, and very small changes 
in resonance frequency of a cavity, and to compare Q’s 
and transmission losses of two cavities. The equipment 
operates at 9000 Mc; by making suitable changes in the 
microwave components the operating range has been 
extended to the 3000-Mc and the 24,000-Mc region. 

It is worthwhile noting the following details pertain- 
ing to the electronic circuits." 


1. The shape of the resonance pulse depended somewhat on the 
balance of the push-pull stage of the vertical deflection amplifier. 

2. A small, spurious resonance was noted in the i-f amplifier at 
3 Mc. This was easily damped by a resistor. 

3. Appreciable reduction in the amplitude of hum on the oscillo- 
scope trace was obtained by inserting an LC-filter in the plate- 
supply lead to the first stage of the vertical-deflection amplifier. 
It was then possible to reduce this hum to 0.1 in. at nearly full 
amplifier gain by destroying the path for ground currents via the 
wave guide. This was accomplished by insulating a wave-guide 
junction in each cavity circuit by placing a very thin sheet of mica 
across the wave guide. 


The Microwave Circuits 


Type 1N23A crystals in tunable mounts were used 
for the mixer and the detectors. A satisfactory match of 
the detector to the wave guide was obtained by tuning 
the crystal for maximum power, as indicated by maxi- 
mum signal on the CRT. To make the latter adjustment 
with some accuracy, a small amount of attenuation was 
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Fic. 2. General arrangement of equipment. A—FM oscillator; 
B—to c-w oscillator; C—to i-f amplifier; D—reference cavity; 
E—evacuation chamber, test cavity inside; F—to preamplifier. 


introduced between the cavity and the detector’? in 
order to reduce the mismatch of the wave guide by the 
cavity. After tuning the detector for maximum power, 
the attenuation was increased to 7 db. 

Attenuators (VSWR= 1.06) were placed between the 
cavity and the rest of the microwave circuits to provide 
the cavity with loads which were well-matched and 
insensitive to changes in frequency. The klystron was 
more poorly matched to the wave guide than the crystal 
detector; consequently, most of the attenuation was 
placed between the oscillator and the cavity. Frequency 
pulling of the oscillator by the cavity was noticed if the 
attenuation between these components was reduced 
below 12 db. 

Frequency instability in the FM oscillator (a type 
2K25 klystron) causes the frequency markers and the 
resonance pulses to shift simultaneously on the oscillo- 
scope trace, while instability in the c-w oscillator causes 
relative motion between them. The latter instability is 
the more serious, since it decreases the precision in 
aligning the frequency markers. Two arrangements for 
stabilizing the frequency of the c-w oscillator have been 
used. In the simpler method, the factors which con- 
tributed to the frequency instability of a type 2K25 
klystron were dealt with separately: the electrode volt- 
ages were supplied by batteries, and the tube was 
shielded from changes in room temperature and from 
mechanical vibrations. Such an arrangement gave a 
short-time frequency stability better than 1 part in 10°, 
which proved to be adequate for most purposes. With 
the other frequency stabilization scheme, a Pound 
oscillator,'* a short-time stability of about 1 part in 
10’ was realized. Fine tuning of the Pound oscillator 
was obtained by inserting the spindle of a micrometer a 
small distance into the stabilizing cavity of this oscilla- 
tor. The spindle was silver-plated to prevent possible 
reduction in cavity-Q. 


The Cavity Resonators 


The cavities used in this work were standard, trans- 
mission-type wave meters, which operate in the TEou 
” Approximately 3 db was adequate to isolate the crystal from 


the cavity; more than this tended to make the tuning insensitive. 
18 R. V. Pound, Rev. Sci. Instr. 17, 490 (1946). 
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Fic. 3. (Upper) 
CRT pattern for fre- 
quency comparison; 
1=1.102:, Q,=1.0 
X10‘; vertical scale 
expanded. (Lower) 
CRT pattern for 
measurement of fre- 
quency difference; 
t (i-—fsy1.0 Mc. 
f For purposes of illus- 
tration, the size of the 
frequency markers is 
enlarged. 





= 


mode with a Q of about 1X10‘. At the frequency of 
operation, no evidence of spurious modes was noted in 
these cavities.'® Mechanical distortion of the test cavity 
with evacuation was prevented by enclosing the test 
cavity in a metal chamber, equipped with gas and wave 
guide outlets.” The reference cavity was provided with 
a vernier tuning control, similar to the one used in the 
stabilizing cavity of the Pound oscillator. 

The frequency difference between the reference and 
the evacuated test cavity must remain constant during 
the time required for the frequency change measure- 
ments. For cavities which are constructed from the 
same metal, this requires that the two cavities remain 
at the same temperature or temperature difference. In 
addition, the dielectric composition of the reference 
cavity should remain fixed. The first condition was 
realized by placing both cavities in a drying oven, which 
not only insulated them from fluctuations in room tem- 
perature but also provided a means for making measure- 
ments above room temperature. If the reference cavity 
is unsealed, its dielectric composition will depend upon 
that of the atmosphere; hence, its resonance frequency’ 
will vary significantly with small changes in the tem- 
perature, the pressure, and especially the water vapor 
content of the atmosphere. Since these changes were 
usually slow compared with the time of measurement, 
it was possible to use a partially sealed reference cavity. 


D. The Measurement of Dielectric Constant 


The determination of dielectric constant involves the 
measurement of the resonance frequency of the test 
cavity and its change in frequency due to the admission 
of gas. In a typical determination, these quantities were 


19 A discussion of mode crossing and its effect on resonance 
frequency and Q of a cavity is given by ne Loubser, and 
Penrose, Proc. Phys. Soc. (London) 59, 185(1947). 

2” Reference 7, Fig. 6. 


obtained in the following manner. After evacuating the 
test cavity, the resonance frequencies of the test and the 
reference cavity were equalized precisely by a method 
described by Sproull and Linder.” This method consists 
in superimposing on the CRT trace two resonance 
curves of opposite polarities. A typical pattern obtained 
for two cavities with nearly equal Q’s and whose reso- 
nance curves were of nearly equal amplitudes is shown 
in Fig. 3. At this point, the frequency of the test cavity 
was obtained from the calibrated tuning control of the 
reference cavity. The calibration was known with an 
error of 0.01 percent, which is negligible in comparison 
with the error in measuring the frequency change. When 
gas was admitted into the test cavity, the superimposed 
resonance pulses separated. To measure this separation, 
both resonance pulses were made to have the same 
polarity, and then the frequency markers were aligned 
at the peaks of the resonance curves, as shown in Fig. 3, 
The resonance curves were placed on separate traces, by 
the electronic switch, to avoid the slight shift in the peak 
of each resonance curve due to the tail of the other. In 
order to observe small motions of the frequency markers, 
the CRT scale was adjusted for a high dispersion in 
in./Mc. Finally, the gas was pumped out of the test 
cavity and the initial or zero adjustment was checked. 

This procedure was modified for measuring frequency 
changes less than 0.6 Mc, lower limit of the tuning range 
of the i-f amplifier. In this case, the cavities were 
initially displaced in frequency by at least 0.6 Mc, and 
this displacement was accurately measured by the 
markers. 


Sources of Error 


1. Measurement of frequency change.—Assuming that 
the patterns of the CRT have been adjusted to best 
advantage, the precision in measuring frequency change 
depends upon the Q’s of the cavities. The following 
results were obtained at 9000 Mc with cavities whose 
Q’s are equal to 1X10‘. In the manner described previ- 
ously, the resonance frequencies of two cavities were 
equalized with an error of 0.002 Mc. The precision in 
measuring frequency difference with the markers de- 
pends also on the frequency stability of the c-w oscilla- 
tor. With the battery-stabilized klystron the precision 
was 0.5 percent, and with the Pound oscillator the pre- 
cision was improved to 0.002 Mc or 0.2 percent, which- 
ever was greater. Except where otherwise indicated, all 
data given in this paper were obtained when the Pound 
oscillator was in use. 

The tuning scale of the i-f amplifier was calibrated by 
a signal generator with an error of 0.3 percent. This 
error was due mainly to the uncertainty in the calibra- 
tion of the signal generator. 

2. Effect of the cavity loads—Some VSWR measute- 
ments were made on the detector system (the attenuator 
and detector) primarily to obtain an estimate of the 


% R. L. Sproull and E. G. Linder, Proc. Inst. Radio Engrs. 4, 
305 (1946). 
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error introduced in a frequency change measurement by 
changes in the susceptances of the cavity loads. With 
the detector system matched to the wave guide as de- 
scribed previously, it was found that the VSWR changed 
from 1.08 to 1.09 when the frequency was changed by 
10 Mc. Assuming that these VSWR’s exist on both sides 
of the cavity, we find from Eq. (8) that if 0.=4 10‘, 
the maximum error in measuring a frequency change 
of 10 Mc could be only 0.02 percent, which is negligible 
compared with other errors. Taking into account the 
VSWR’s of the mica windows used to seal the test cavity 
does not significantly change this result. 

3. Shape of the resonance curve-—Asymmetry in the 
resonance pulses will cause an error, in general, in the 
frequency comparison of two cavities and in the meas- 
urement of frequency difference. The factors which can 
contribute to this asymmetry include: (1) distortion of 
the cavity response due to excitation by a frequency 
varying with time; (2) distortion by the amplifier; (3) 
amplitude modulation of the FM oscillator; and (4) hum 
on the CRT trace. The first factor is thought to be 
negligible ;” the second has been practically eliminated; 
and the third can be avoided as follows. As is well 
known, the power output from a klystron varies with 
reflector voltage, except for a small region at the peak 
of the klystron’s voltage mode. Hence, the tuning of the 
klystron should be adjusted so that the resonance fre- 
quency of the cavity coincides with the constant power 
region. 

The effect of hum on the accuracy of frequency com- 
parison and frequency difference measurements depends 
not only upon its amplitude, but also upon its shape. As 
an example of the magnitude of this effect, suppose that 
a voltage which rises linearly on the CRT is super- 
imposed on the resonance pulse. Then a simple calcula- 
tion shows that if this voltage rises 0.1 in. per Mc, the 
amplitude of the resonance pulse is 2 in., and the cavity 
band width is 1 Mc, then the peak of the resonance pulse 
will be shifted by 0.006 Mc. If this linear voltage were 
added to the CRT pattern obtained when two resonance 
pulses of opposite polarity were superimposed (see 
Fig. 3), the heights of the shoulders would be unequal; 
hence, an erroneous frequency difference between the 
cavities would be indicated. In the present equipment, 
the hum on the oscilloscope trace was reduced to 0.1 
in, and it is thought that the error introduced in a 
frequency change measurement by this hum is no 
greater than 0.004 Mc. 

4. Temperature stability of the cavities —For a homo- 
geneous cavity undergoing thermal expansion, the frac- 
tional change in frequency due to a change in tempera- 
ture is equal to — @ per °C, where a is the coefficient of 
linear expansion for the material. In the present equip- 
ment it was noticed that over a 15-minute interval, the 

® G. Hok, J. Appl. Phys. 19, 242 (1948). He defines a parameter 
a which may be written as (wAf)/2(xFr)}, where Af=band width 
of cavity, F=maximum frequency deviation, and 7=repetition 


rate. The distortion in the shape of the resonance pulse is quite 
small for a= 2 (Figs. 2 and 8). In the present case a°50. 
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temperature difference between the two cavities, at 
room temperature, might fluctuate by 0.03°C. Since 
the cavities are constructed from steel for which 
a~1X10~ per °C, the frequency difference between 
the cavities might vary by 0.003 Mc. Of course, it is 
possible to correct for a steady change in temperature 
difference. 

5. Summary.—The smallest measurable frequency 
change is determined by the precision in aligning the 
frequency markers as the ultimate limit. With the pres- 
ent equipment this value is 0.002 Mc, and from Eq. (3) 
the sensitivity in measuring e’—1 is 4X10~’. The total 
error in measuring frequency change is the sum of the 
aforementioned precision plus the errors discussed 
in the preceding sections. It is estimated from a survey 
of these errors and from experience with the apparatus 
that this total error may be taken as 0.008 Mc or 0.7 
percent, whichever is greater. If the gas temperature 
and pressure are measured each with an error of 0.1 
percent, the total error in measuring ¢«’—1 is increased 
to 0.9 percent. The corresponding rms error is 0.4 per- 
cent. These results, strictly speaking, apply for zero- 
loss gases. 

Dielectric loss decreases the Q and the power trans- 
mitted by the cavity. Both effects reduce the precision 
in locating the peak of the resonance curve: the first 
by broadening the curve and the second by increasing 
the noise to signal ratio. It is in the latter case that lack 
of power in the FM oscillator is a serious handicap. 
However, the obvious expedient of reducing the attenu- 
ation in the wave-guide circuit can be used until 
frequency-pulling effects become serious. It is estimated 
that the rms error in measuring «’—1 of a gas with a 
loss factor of 2X10~‘ is approximately 1 percent. 

When working with lossy gases, a cavity with an 
initial Q lower than 1X10‘, for example, can be used 
advantageously. As can be seen by inspecting Eq. (5), 
the decrease in power transmitted by a cavity contain- 
ing a lossy dielectric is smaller for a smaller initial Q. 


E. Loss Factor Measurements 


Two methods have been used to determine the loss 
factor: one involves measuring the band width of the 
cavity at the half-power points as shown in Fig. 4, and 
the other involves measuring the peak amplitude of 
the resonance curve. Very small changes in this ampli- 
tude were determined by comparing the amplitudes of 
the two resonance curves. The width of the resonance 
pulse was adjusted so that it was clear that it decayed 
to zero at the ends of the sweep. This precaution was 
necessary because the baseline was a reference In de- 
termining the amplitude. The initial amplitude was set 
at 2 in. For accurate band-width measurements, it was 
essential that the CRT trace be sharp and practically 
free from noise and hum. 

When a calibrated attenuator is available, the half- 
power points of the resonance curve can be found con- 
veniently by inserting 3-db attenuation in the wave- 
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Fic. 4. CRT pat- 
tern for measuring 
cavity band width 
at the _half-power 
points. For purposes 
of illustration, the 
size of the frequency 
markers is enlarged. 


guide circuit. However, if this is to be done with accu- 
racy, it is necessary that the attenuator be well matched 
on both sides. 


Sources of Error 


1. Measurement of band width and amplitude—The 
precision in measuring the band width of the cavity in 
the neighborhood of the half-power points was found to 
be better than 1 percent for a range of Q’s from 3X 10° 
to 1X10‘. However, the error of the measurement was 
essentially that of establishing the half-power level. 
This error, due to the combined effect of the finite trace 
width, noise, and hum, was approximately 2 percent. 
Since the error in determining resonance frequency was 
negligible, the rms error for a Q measurement was 
approximately 2 percent. From similar considerations, 
it was estimated that the rms error in measuring the 
peak amplitude of the resonance curve was 0.03 in. 

2. Shape of the resonance curve-—The accuracy of the 
loss factor measurements depends upon the assumption 
that the form of the resonance curve, as measured with 
the frequency markers, can be represented by Eq. (1). 
Since the power transmitted by the cavity is given by 
Eq. (1), it is necessary that: (1) the vertical amplifier 
pass undistorted the signals applied to it; (2) there be 
no amplitude modulation of the FM oscillator; and (3) 
the crystal detector operate as a square-law device. It is 
also convenient to require that the klystron frequency 


be directly proportional to reflector voltage, so that an | 


oscilloscope scale linear in frequency is obtained. This 
condition was realized by operating in the constant 
power region of the klystron. 

The first and second conditions have been discussed 
in other parts of this paper. However, the question of 
amplitude modulation of the FM oscillator needs further 
comment. Distortion in the shape of the resonance 
pulse due to this effect will be noticed when the band- 
width of the cavity becomes comparable to that of the 
mode curve of the klystron. However, it is easy to cor- 
rect for this distortion if the relative power from the FM 
oscillator is known as a function of frequency. A Q less 
than approximately 500 cannot be measured with a 
sweep-frequency technique, since the range of fre- 
quency modulation obtained with the type 2K25 
klystron is too small. 

It was possible to show that the crystal detector was 
responsible for the residual distortion in the shape of the 
resonance pulse; hence, this fact was used to check the 
operation of the crystal. In practice, it was possible to 
select crystals such that the correct shape of the reso- 


nance curve and, consequently, a constant value of Q 
was obtained for several values of rf power. 

If the shape of the resonance curve is correct, the 
value of Q calculated from band-width measurements 
made at various amplitudes of the resonance curve 
should be constant. The extent to which this was ap. 
proached is illustrated in Table I. An alternative pro. 
cedure was to plot P/P vs (f—f)* (see Eq. (1)). A 
straight line should be obtained if the resonance curve 
has the correct shape. 

3. Effect of the cavity loads.—The error in measuring 
é”’, unlike the corresponding error in e’—1, could be 
serious when the cavity loads vary even slightly with 
frequency. Thus, by using the data given in Sec. D2 in 
Eqs. (4) and (9), it is found that the error in é” could 
be 5X10~-7, which is comparable with other errors of 
measurement. 

4. Summary.—From the error in measuring Q (Ser, 
E1), it is calculated by the usual method of propagating 
errors that the rms error in measuring é’ by the 
Q-method is 3X 10-6 or 2 percent, whichever is greater, 
For small values of ¢’, the error of the amplitude 
method is somewhat smaller. The sensitivity or smallest 
loss factor which can be detected by this method is 
approximately 510-7. These values for the errors and 
sensitivities of the methods depend upon the initial 
value of Q. 

The dielectric loss decreases the power transmitted 
by the cavity. In order to maintain the same fractional 
accuracy in locating the half-power points, the ampli- 
tude of the resonance curve must be increased to its 
original value. This is done, of course, by increasing the 
amplifier gain, although the increase in noise may reduce 
the accuracy of the band-width determination. In the 
present arrangement this decrease in accuracy is not 
significant until the loss factor is approximately 2X 10“. 
To measure e” greater than this, the attenuation in the 
wave-guide circuit may be reduced until “Q-pulling” 
(Sec. E3) becomes serious, or a cavity with a lower 
initial Q can be used. 


F. Discussion 


The equipment and techniques.described in this paper 
have been in use for several years and have been found 
to be reliable and convenient. The same techniques and 
electronic apparatus have been used to determine the 
dielectric properties of small samples of solids and 
liquids as well as gases. 


TABLE I. The cavity-Q calculated from band-width 
measurements at various amplitudes. 











Relative 
amplitude Q 
0.1 4840 
0.2 4930 
0.5 4960 
0.8 4980 
0.9 4920 
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MICROWAVE MEASUREMENTS OF 


A lossy gas can reduce the power transmitted by the 
cavity to the point where noise on the resonance pulse 
decreases the accuracy of the method. Techniques for 
dealing with this problem have been discussed. Another 
approach is to limit the gas to a small portion of the 
cavity volume. This can be accomplished by inserting 
in the cavity a tube made from quartz or from a low 
loss glass. 


PART II. DIELECTRIC PROPERTIES OF 0:2, N2, CO, 
He, AIR, AND NH; AT 9000 MEGACYCLES 


A. Introduction 


The dielectric properties of NH; and some nonpolar 
gases were investigated at 9000 Mc to obtain data of 
interest as well as to demonstrate the accuracy of the 
methods of Part I. At this frequency, which is still far 
removed from the region of absorption in the nonpolar 
gases, the dielectric constant should not differ from the 
low frequency value. Hence, it is interesting to compare 
the present values with those obtained at low fre- 
quencies, especially since there appears to be dis- 
crepancies among the low frequency values of various 
observers. 

Absorption in NH; was measured at low pressures on 
the low frequency side of the inversion spectrum at 
24X10 Mc. The variation of absorption with pressure 
iscompared with theory. Data on the dielectric constant 
of NH; at 3X 10* Mc and 9X10* Mc are presented and 
discussed elsewhere.’ 


B. Dielectric Constants of O., N., CO., 
He, and Air 


The gases used in this work were obtained from com- 
mercially available cylinders. These gases were analyzed 
for impurities by a mass spectrometer at the National 
Bureau of Standards.” It was found that, except for He, 
the impurities were so low in concentration as to have 


TABLE II. Summary of experimental results: the dielectric con- 
stants of O2, N2, COe, He, and air, at 0°C and 760 mm Hg. 








Present results* Results of other 





Mc observers 

Gas (/ —1)104 ( —1)108 
O, 5.300+0.019 5.233+0.010» 

5.30°¢ 

5.325+0.0134 
Ne 5.869+0.029 5.796+0.010> 
CO, 9.855+0.030 9.875+0.020° 
He 0.705+0.011 0.684-+-0.005 

0.692+0.0024 
Air 5.754+0.014 5.669+0.010° 

§.72¢ 

5.7520¢ 








*The uncertainty is the rms value of approximately 15 determinations 
for each gas. The total error is larger. 

>L. G. Hector and D. L. Woernley, Phys. Rev. 69, 101 (1946). Measure- 
ments at 1 Mc. 

¢ Reference 8. Measurements at 9370 Mc. 

$3. G. Jelatis, J. Appl. Phys. 19, 419 (1948). Measurements at 1 Mc. 

*Extrapolated from the optical measurements of H. Barrell and J. E. 

, Trans. Roy. Soc. (London) 238A (1939-40). 





* Mass Spectrometry Section, Division of Atomic and Radiation 
Physics, National Bureau of Standards. 
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TABLE III. The dielectric constant of dry air (0°C, 760 mm Hg): 
a comparison between the measured value and the value computed 
from its components. 








Contribution 





Percent to air 
Gas (partial pressure) (e —1)104 (ef —1)104 
Ne 78.06 5.869 4.581 
O2 21.00 5.300 1.112 
A 0.94 5.542 0.052 
Air: calculated 5.745 
from components 
given above 
Air: measured 5.754 








negligible effect on the measured value of e’—1. The 
0.1 mole percent of N2 in He makes the measured value 
of e’—1 for He too high by 0.5X10-*; the value given 
for He in Table II was corrected by this amount. All 
the gases were dried in the process of filling the test 
cavity by being passed slowly through a tower contain- 
ing anhydrous CaSO, followed by P.Os5. Most of the 
measurements were made at room temperature and at 
a pressure of approximately 760 mm Hg. In computing 
e’—1 at 0°C, 760 mm Hg, the measured pressure was 
corrected by van der Waals’ equation to the pressure 
that would be measured were the gas ideal. 

The experimental results are given in Table II, which 
for purposes of comparison also gives the results of 
other recent investigations. In comparing the values 
given in Table II, it is interesting to note that Jelatis 
has shown excellent agreement between the values he 
obtained for the dielectric constant of some of the rare 
gases and the values extrapolated from optical measure- 
ments. The precision of these optical measurements is 
one or two orders of magnitude better than what is 
obtained with present day radio or microwave tech- 
niques. The present values are in close agreement with 
those of Jelatis. The values of Hector and Woernley are 
lower from 1 to 5 percent than those of Jelatis. Hector 
and Woernley, whose work precedes that of Jelatis, 
have given a survey of the literature which shows that 
considerable disagreement exists in the values obtained 
by various observers for the dielectric constant of 
many gases. 

The uncertainty attached to the present results is the 
rms deviation from the average of approximately 15 
determinations for each gas. The total rms error is esti- 
mated to be 0.7 percent for all gases except He. This is 
somewhat larger than the value given in Sec. I.D5 be- 
cause the less stable c-w oscillator was in use when these 
measurements were made. The percentage error for He, 
namely, 2 percent, is larger because of its much lower 
value of susceptibility. 

Thus far it has been tacitly assumed that the mag- 
netic susceptibility of the gas is zero. When this does 
not hold, the fractional change in the resonance fre- 
quency of the cavity due to the admission of gas is 
given by 


(fi—f2)/fo=3(e — 1)+3(u’— 1). 
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Fic. 5. Variation of loss factor ¢’”’ with pressure in NH; at 
9280 Mc. The curve is drawn through the ©-points. 


For Os, which is strongly paramagnetic, u’—1 is only 
1.8 10-* at NTP, and for air u’—1 is 21 percent of this 
value. The values of e’—1 for O, and air, given in 
Table II, were decreased by the value of »’—1 given 
above to correct for the very small change in resonance 
frequency because of the magnetic susceptibility. 

As a test of the internal consistency of the present 
measurements, the measured value of ¢’—1 of air, and 
the value computed from the measured value of the 
components of air are compared in Table III. It is seen 
here that the agreement between these values is well 
within the experimental errors. The values for ¢«’—1 of 
N2 and O, were obtained from Table II, and the value 
for A, whose contribution is small, was taken from the 
work of Jelatis. 


C. Loss Factor of NH; 


The loss factor of NH; was measured at 9280 Mc as 
a function of pressure in the range 0 to 20 cm Hg. 
Results are shown in Fig. 5 for the two methods of 
measurement: (1) by measuring Q; and (2) by measuring 
the amplitude of the resonance curve. The data obtained 
by each method, which are shown in Table IV, agree 
within the errors (Sec. I.E4) for each method. It should 
be noted, however, that the two sets of data were taken 
at slightly different temperatures. It has been noted, in 
connection with the absorption of microwaves by Oz, 
that if the absorption is measured on the low frequency 
side of a group of lines, then e” should be related to 
temperature’ by ¢’«7-*, It is supposed that this 
relation applies to absorption*by NH; at 9X10*® Mc, 
which is an analogous case. Then it is found that for a 


™ J. H. Van Vleck, Phys. Rev. 71, 413, reference 10 (1947). 


TABLE IV. The dielectric loss in NH; by the Q 
and the amplitude method. 











é” X104 e’ X104 
Pressure QO method Amplitude method 
mm Hg T =24.7°C T =23.5°C 
209.1 0.967 1.015 
180.1 9.799 0.841 
160.5 0.648 0.668 
140.5 0.482 0.518 
120.7 0.393 0.375 
80.9 0.177 0.167 
20.1 0.017 0.005 


— ——= —————$_—_—— — —— 


* For a pressure of 80.3 mm Hg. 


given pressure ¢” at 23.5°C should be 1 percent higher 
than at 24.7°C. If this correction were applied to the 
data in Table IV, the results of the two methods would 
be in even closer agreement. It seems then, that the 
accuracy calculated for these methods in Part I may 
be on the pessimistic side. 

The absorption in NH; at 9000 Mc is due to the 
contribution of many lines, the strongest of which are 
clustered about 24,000 Mc. This absorption can be 
represented by®~*? 


a/P=>>, Brp{LAvn/(vn—v)?+ Apr,? | 
+[Av,/(vntv)?+Ap,2]}, 


where a=2zve’’ (cm), 8, is an intensity factor (per 
cm Hg), p is the pressure (cm Hg), Av, is the line width 
(cm), and vy, is the resonance frequency (cm~). At 
least for pressures up to 10 cm Hg, Av, is proportional 
to pressure.”* At these pressures and at a frequency 
removed from the resonance frequency, Av, is negligible 
compared with the other terms in the denominators. 
Thus, the variation of a/v? with pressure can be 
written as 

a/v =(const.) p?. (10) 


It was possible to represent accurately the data, given 
in Table IV, for pressures up to 10 cm Hg by such an 
equation in which the constant is 5.24 10-* cm per 
(cm Hg)*. The data used were obtained by the Q- 
method. Above 10 cm Hg, these data fall below the 
values given by Eq. (10). 
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A Note on the Metallic Behavior of MoSi, 


FRANK W. GLASER 
American Electro Metal Corporation, Yonkers, New York 
November 8, 1950 


URING the course of an investigation conducted by this 
laboratory, electrical resistivity and the temperature coeffi- 

cient of resistivity were measured for the compound molybdenum 
disilicide. This alloy was prepared by direct synthesis, i.e., Mo 
and Si powders of high purity were mixed in stoichiometric pro- 
portions of MoSiz, cold pressed at approximately 3 psi and sub- 
sequently heated for 24 hr at 1300°C in a hydrogen atmosphere. 
This powder was then broken up and its average particle size 
brought to approximately 2 microns. Bars, approximately 1X1 
X24 cm, were then hot pressed, and a final density of 5.95 g/cc 
was measured on such specimens. The electrical resistivity was 
measured at various temperatures potentiometrically. The current 
employed during these measurements was of the order of 10 amp 
and the voltage drop was measured over a length of 14 cm. Table 
I shows linear dependence of the electrical resistivity on the 


TABLE I. Electrical resistivity of MoSiz as a function of temperature. 








Electrical resistivity 





Temp. °C Microhm-cm % increase per °C 
—80 18.9 Pare 
+22 21.5 0.135 
+65 22.7 0.129 








temperature. The temperature coefficient is positive and the 
resistivity value of 21.5 microhm-cm at room temperature is com- 
parable to that of a low carbon 1 percent Si-steel. 

In view of the above, it must be concluded that not only in- 
terstitial compounds between transition metals and nonmetals 
have metallic properties (Hagg’s rule). Compounds, not necessarily 
interstitial in structure—the radius ratio of Mo to Si being 0.86 
as against 0.59 for compounds covered by Hagg’s rule—can also 
have similar characteristics. 





A Comparison of Quenching Distance and 
Inflammability Limit Data for 
Propane-Air Flames 


DoroTtHy MARTIN SIMON 


National Advisory Committee for Aeronautics, Lewis Flight Propulsion 
Laboratory, Cleveland, Ohio 


October 2, 1950 


ECENTLY Friedman and Johnston! reported quenching 

distances of laminar propane flame as a function of pressure. 
They pointed out that the low pressure inflammability limits 
should correspond with their values if wall quenching determines 
the inflammability limit. In an obscure publication Huebner and 
Wolfhard? reported the low pressure limits of inflammability 
(propagation limit) for propane-air flames as a function of tube 











TABLE I. 
Equivalent 
Tube diameter lane;Parallel ——a4inimum pressure (mm) 
(mm) (mm) Experimental Calculated 
10 7.4 500-700 160 
18.3 13.5 170-220 83 
33 24.4 49 44 
58 43.0 25 23 
89 66 12 14 
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diameter. In Table I the low pressure limits of inflammability read 
from the composition-pressure curves for different tube diameters 
are compared with the extrapolated values of the minimum pres- 
sure for corresponding plane-parallel walls. Tube quenching di- 
ameters were assumed to be 35 percent greater than quenching 
distances for plane-parallel walls. The calculated values agree 
remarkably well with the experimental values for tube diameters 
from 33 to 89 mm; however, for smaller tubes the agreement is not 
so good, but the experimental values are quite uncertain for very 
small tubes. This correlation strongly suggests that wall quenching 
limits flame propagation in a tube. 


1 R. Friedman and W. C. Johnston, J. Appl. Phys. 21, 791 (1950). 

? Huebner and Wolfhard, Volkenrode Monograph, Die Verbrennung in 
Grossen Holken, Issued by Technical Information Bureau for Chief Sci- 
entist, Ministry of Supply (1946). 





Note on Static Electrification of Dust Particles on 
Dispersion into a Cloud 


Joun E. CooLIpGE AND GEORGE SCHULZ 


The Pennsylvania State College, School of Engineering, 
State College, Pennsylvania 


September 5, 1950 


HE writers wish to call to Mr. Kunkel’s! attention the work 

of V. E. Whitman? conducted in 1926, in which techniques 
similar to those described in the former’s article were used to 
study the properties of the electrification of dust clouds. It is 
gratifying to see that, in a field in which contradictory results 
are common, consistent results were obtained after 24 years. 
To be sure, the measurements of Whitman were not as refined as 
Kunkel’s so that quantitative measurements were not possible 
on individual particles, but the traces of the particles were ob- 
tained by time exposure. However, the general conclusion that 
the sign of the charge is independent of particle size but for 
dissimilar materials somewhat asymmetric in favor of the larger 
ones being negative is consistent with Kunkel’s results. 

There appears to be some contradiction in the effects of moisture 
content and dispersion methods on the resulting charge. For 
example, Whitman observed a large difference in net charge or 
asymmetry between wet and dry SiO». However, these differences 
could probably be resolved by a better understanding of the 
exact nature of the materials and methods used. 

Another interesting comparison is the fact that both Whitman 
and Kunkel explained the charging action by purely statistical 
means. Here, Kunkel has extended the theory to a mathematical 
formulation but the general theories are the same. It might be 
noted that the reason offered for the lack of neutral particles in 
Kunkel’s observations is obscure. 

The writers wish to congratulate both Hansen’ and Kunkel for 
the tremendous accomplishment in instrumentation described in 
their papers. It is felt that, when the tests are extended to include 
many more conditions, a great contribution to the understanding 
of frictional electrification will be made. 

1W. B. Kunkel, J. Appl. Phys., 21, 820 (1950). 


2V. E. Whitman, Phys. Rev. 28, 1287 (1926). 
*W. B. Kunkel and J. W. Hansen, Rev. Sci. Instr. 21, 308 (1950). 





Comment on Static Electrification of Dust Particles 
on Dispersion into a Cloud 
WuLF B. KUNKEL 


University of California, Berkeley, California 
September 25, 1950 


N the preceding “Letter to the Editor” J. E. Coolidge and 
G. J. Schulz indicate certain points needing clarification in 
my recent article. I was aware of Whitman’s work and regret I 
did not refer to it. However, since the sizes and charges of indi- 
vidual particles were not there determined, and owing to the 
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necessity of cutting down my paper to reasonable scope, it and 
the many other references to good but not directly relevant work 
were not included. The inclusion of such references would have 
entailed much discussion not cogent to the observations and 
their interpretation. The observations and interpretation were 
all that space would allow for in my paper. 

In reference to the apparent contradiction between Whitman’s 
and my work concerning the effect of moisture we should like to 
recall that Whitman did mot determine the moisture content of 
his samples. He mentioned drying only, which we showed to be 
usually ineffective. As pointed out by Whitman himself, the 
difference in electrification noted by him for dried and undried 
quartz powder could as well have been caused by the difference 
in surface condition of the two brass tubes used in the experiment. 

In order to understand why the simple theory of statistical 
random charging agrees with the observed scarcity of neutral 
particles we merely have to inspect the distribution equation 


she -(5 ae | eee 
n? 


=> 4 _— “fe 
a(s) (: waist ), 
in which we substituted N = 42a?S to express the proportionality 
between the number of contacts, NV, and the surface area S. This 
means that unless a’S is of the order of n? or smaller, n=0 is not 
noticeably more likely than, say, n=5. Evidently n=0 is much 
less likely than »#0, which proves the statement. Especially if 
aS is relatively large, P—~a(S)}, i.e., independent of m for a con- 
siderable range of n, so that |m|<10 is not much more likely 
than, say, 500<<520. 





A Condenser Aperture Device for Electron 
Microscopes 


J. D. Boapway 
Shawinigan Chemicals Limited, Shawinigan Falls, Quebec, Canada 
October 26, 1950 


T= main factor limiting the resolution of electron micro- 
scopes is considered to be spherical aberration of the ob- 
jective lens. This may be minimized by use of a small angular 
aperture, either by using a fine diaphragm in the objective or con- 
denser lens or by adjusting the illuminating electron beam so that 
the image of the source falls above or below the specimen.'? The 
use of diaphragms has the difficulty that the fine apertures con- 
taminate readily and that no adjustment is available in most 
modern instruments to align the hole with the optical axis of the 
lens. The adjustment of the condenser to move the crossover above 
or below the specimen has the difficulty that too large an area of 
the specimen is contaminated by electron bombardment.** 

It has been observed that hot surfaces do not become contami- 
nated by electron bombardment; hence, diaphragms which were 
heated would remain free from such contamination. The most 
convenient method of heating such diaphragms is by use of the 
energy in the electron beam. Although intensity of electron 
bombardment in the condenser lens, with a bias focused gun, is 
very high, the thick apertures normally employed carry the heat 
away too rapidly and become only warm; however, if the dia- 
phragm used is sufficiently thin, this no longer becomes the case. 
A piece of 0.001-inch brass shim stock used as a diaphragm in the 
condenser lens rapidly lost its zinc by evaporation until a porous 
sponge of copper remained. A similar thin platinum diaphragm 
0.001 inch in thickness remained free from contamination for 
over six months, in which time the hole became slightly larger 
and the crystals in the metal became large enough to be visible 
to the naked eye. 

Such thin platinum could, hence, be used to reduce the angular 
aperture without suffering any contamination. However, unless 
the fine hole in this diaphragm were to coincide with the optical 
axis of the condenser lens, the illuminating electron beam would 
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Fic. 1. Device for holding and permitting alignment of a condenser 
aperture in an electron microscope. 


undergo a lateral motion as the condenser was focused and would 
be liable to shift with any instability in the condenser current. The 
special condenser aperture device shown in Fig. 1 makes such an 
adjustment possible in an RCA type EMU electron microscope, 
replacing the aperture and screen normally employed in this 
instrument. Y 

This device consists of an outer piece “A’’ which fits snugly 
inside the condenser and may be expanded to a tight fit bya 
screw “D”, a central barrel “B”, which is a working fit in the 
hole at the lower end of part A and is centered at the upper end by 
three screws “E’”’, and a cap “C”, which screws on the lower end 
of the barrel and holds the platinum diaphragm “F”’ in place. 
Part A holds the barrel to the geometric center of the lens at one 
point. The barrel may pivot about this point giving a latenl 
displacement to the aperture which it carries at its lower end. The 
three position screws E have a two-to-one leverage over motions 
of the aperture. Since it is found difficult to center the fine bok 
in the diaphragm over the hole in the cap, it is preferable to place 
the thin platinum disk in position and then to punch the hole 
with a fine pointed instrument. Indirect but large free air passage 
is provided through the device in order that the electron gun may 
be rapidly evacuated. 

When this device is in the microscope, it may not be adjusted 
from outside; but this is not a serious disadvantage, since, one 
adjustments are made, they need not be changed for a year or ®, 
that is, as long as the diaphragm remains in the instrument 
Alignment of the aperture with the magnetic axis of the condense 
may be made by adjusting the screws to move the image of the 
crossover in the same direction that it moves when the condense 
current is increased. This requires that the direction in which the 
screws move this image be first determined and that ten to twelve 
adjustments be made to obtain an image of the source which dos 
not move but merely expands and contracts as the condense 
current is changed; for each adjustment it is necessary to stip 
down the top of the column to the condenser lens. As long as the 
hole in the diaphragm is not smaller than about 200 microns, tht 
optical center of the magnetic lens will remain within the dt 
phragm hole or close enough to it that movement of the sourt 
is small. 
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Fic. 2. Electron diffraction pattern of magnesium oxide obtained using 
a specimen in the object position of an RCA EMU microscope. 


The use of a small, well-aligned condenser aperture has other 
advantages besides increased ease of operation of the instrument 
and better resolution. The optics of the illuminating condenser 
are so improved by this system that excellent electron diffraction 
patterns may be taken with the specimen in the normal position 
by removing the objective and projector pole pieces (Fig. 2). 
Since the beam may be focused to comparatively small area of the 
specimen, electron diffraction patterns may be taken of such areas 
or of single crystals (Fig. 3). If the electron gun and anode are 





ng as the 
‘rons, the 








Fic. 3. Electron diffraction pattern of a small area 
of a specimen of powdered mica. 
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clean so that the source is stable, it is possible to examine an area 
of a specimen and then to take an electron diffraction pattern of 
that same area. 

With a diaphragm in the objective and lateral displacement of 
the condenser lens, dark field images may be observed by the 
electron microscope.’ These images are formed by scattered and 
diffracted rays rather than the electrons which pass directly 
through the specimen. The use of a finer condenser diaphragm 
leads to improved resolution in dark field and reduces the in- 
trinsic line breadth of the diffracted cone, so that fewer bright 
crystal spots, crystals properly oriented to the beam, are observed 
and the amount of displacement of the condenser necessary to 
show the particular type of crystalline reflection becomes more 
critical. As the condenser is displaced from correct alignment, the 
alignment of the condenser diaphragm will no longer be correct 
unless by good fortune it is the correct height in the lens to lie 
on the optical center. 

The use of a fine aperture made of thin platinum held in a 
centerable device thus reduces spherical aberration by use of 
smaller angular aperture without causing electron bombardment 
of large areas of the specimen. The thin platinum is held at a high 
temperature by electron bombardment so that it does not become 
contaminated. The optics of the condenser lens upon being im- 
proved makes possible better resolution in electron diffraction 
patterns produced with the specimen in the normal object position. 


1J. Hillier and R. F. Baker, J. Appl. Phys. 16, 469-483 (1945). 
2J. Hillier and S. G. Ellis, J. Appl. Phys. 20, 706 (1949). 
3J.H. L. Watson, J. Appl. Phys. 18, 153-161 (1947). 

4J. Hillier, J. Appl. Phys. 19, 226 (1948). 

5 C. E. Hall, J. Appl. Phys. 19, 198 (1948). 





Plasticity and Conductivity, Analogous Flow 
Phenomena in Copper Alloys 
ROLLAND SYDNEY FRENCH 


Research Department, Bridgeport Brass Company, Bridgeport, Connecticut 
October 10, 1950 


HE introduction of the solute atom to form a solid solution 
disturbs the periodicity of the solvent lattice and produces 

an increase in the electrical resistance.! Alloying also produces a 
lattice which exhibits a greater resistance to deformation and an 
increased ultimate strength. In a recent paper, French and 
Hibbard? studied the effect of various elements on the deformation 


TABLE I, Chemical composition, strain hardening coefficient, 
and resistivity values of alloys. 











. Coefficient Resistivity 
Percent solute m soft, microhm 
Alloy Wat Atomic 0.090 mm cm, soft Source 
Copper 0.575 1.7 a,b 
Al 2.09 4.80 0.540 5.0 
Al 5.96 13.00 0.510 11.3 a,b, d 
Be 2.26 12.60 0.436 10.0 b 
Cd 0.98 0.56 0.534 2.1 d 
Ni 9.58 10.30 0.490 14.5 b 
Ni 29.41 31.50 0.420 34.8 b 
Ni 31.03 33.25 0.428 38.4 b 
Si 1.14 2.55 0.550 8.0 c 
Si 2.11 4.51 0.524 20.0 a 
Si 2.97 6.47 0.514 24.8 a 
Sn 1.02 0.74 0.520 3.6 a,b 
Sn 5.37 3.95 0.448 10.0 a,b 
Sn 8.44 6.27 0.436 13.7 a,b 
Sn 9.90 7.38 0.430 15.3 a,b 
Zn 9.95 9.69 0.512 3.95 a 
Zn 20.60 20.15 0.490 5.41 a 
Zn 30.68 30.05 0.482 6.4 a 








® Copper and Brass Research Association Standards, Second Edition, 
1949. 


b Nat. Bur. Standards (U. S.) Circ. C 447 (1943). 
e L. L. Wyman, Gen. Elec. Rev. 37, 120 (1934). 
4 Bridgeport Brass Company. 
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of copper by means of the constants of the true stress—true 
strain equation: 
o= Ke", (1) 
where ¢ and ¢ represent stress and strain, K is a constant, and m 
is the strain hardening coefficient. Since m defines by its own 
value the limiting strain of uniform deformation prior to necking, 
it has been looked upon as an index of plasticity. Data reported 
indicated that the plasticity of copper was decreased by the 
addition of a solute atom. Inspection has shown that these de- 
creases were similar in form to the concomitant decrease in elec- 
trical conductivity. Should the foreign atom present an obstacle 
to the glide of the solvent lattice atoms in a manner similar to 
its effect upon the mean free path of the electron wave, a correla- 
tion of these properties might be expected. Table I lists the com- 
position and determined m values which were shown in the recent 
paper, and electrical resistivity values. 
As conductivity is the reciprocal of resistivity, the reciprocal of 
plasticity, or 1/m, may be looked upon as a resistance to atomic 
flow. The data are shown in Fig. 1, plotted as the change in 
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Fic. 1. Relation between plasticity and conductivity in copper alloys 
y the correlation of their reciprocals. 


resistance to flow, A(1/m), against the corresponding change in 
electrical resistivity, Ap, for each of the alloys studied as compared 
to the values for copper. It will be seen that correlation is evident 
of the form: 
A(1/m) = k(Ap)!. (2) 
It is surmised that since plastic flow essentially involves three 
dimensions of the specimen, whereas conductivity is a function 
of two, the solute atom’s effect necessitates correlation based upon 
these parameters and Eq. (2) could be written more accurately: 
[A(1/m) P= «(Ap)*. (3) 
It would seem, therefore, that the dispersion of solute atoms 
in copper controls the atomic flow of uniform deformation in an 
analogous manner to its control of the mean free path of the elec- 
tron. As the concentration increases, both plasticity and con- 
ductivity are decreased accordantly. 


!W. Hume-Rothery, Institute of Metals, Monograph and Report Series 
No. 3, 204 (1946). 
2R. S. French and W. R. Hibbard, Jr., Trans. A.I.M.E. 188, 53 (1950). 





A Noncontact Temperature Measuring Device 
J. E. Frecp anp S. D. GEHMAN 
Research Laboratory, Goodyear Tire and Rubber Company, Akron, Ohio 
October 10, 1950 

HERE are numerous occasions in industrial processing when 
it is required to measure, record, or control the surface 
temperatures of moving rolls, belts, or materials. Any method of 
temperature measurement involving contact with such moving 
surfaces is subject to obvious inaccuracies and practical difficulties. 
The temperatures are often too low for the application of con- 
ventional methods of radiation pyrometry. A low temperature 
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radiation pyrometer is a rather elaborate and expensive in- 
strument.) _ 

The following relatively simple type of radiation thermo- 
couple receiver has been found to be useful for such applications 
especially where temperature measurements are required at 8 
large number of stations. It differs in principle from a radiation 
pyrometer in that the receiver is mounted close enough to the 
moving surface to approach temperature equilibrium with it. 
By this expedient, the sensitivity of the receiver is increased as 
compared to that of a pyrometer because the receiving element 
undergoes approximately the same temperature changes as those 
of the surface being measured. In an ideal case of the application 
of this principle, the equilibrium response of the receiver would 
be independent of the emissivity of the surface being measured, 
Actually, a small dependence on surface characteristics is ob- 
served. This becomes less important with each feature in the 
design which reduces the temperature difference between the 
receiver and the surface and which makes radiation between them 
the dominant mode of heat transfer for the receiver element. , 

Figure 1 is a diagram which illustrates the principles of con- 
struction of the device. Ambient temperatures may affect the 
readings of such a receiver due to (1) radiation transfer to the 
receiver from any surroundings other than the surface to be 
measured, (2) air currents, (3) heat conduction through the 
mounting or the thermocouple wires. 

The receiving elements are thin copper foils, about 1 mil thick, 
blackened on the front surface and brightly plated on the rear 
surface. In use, they are spaced about 3/16 in. from the surface 
under observation. These features minimize radiation transfer to 
the receiver from any surface except that for which the tempera- 
ture is to be measured. 

The receiver may be protected from air currents by a fabric 
skirt around the mounting which is nearly in contact, or may 
actually make light contact, with the moving surface. 

Heat conduction to the receiver is reduced by using fine (No. 40) 
thermocouple wire and by mounting the receiver about 1/8 in. 
above a Celotex disk by means of very light wooden pegs or by 
means of the thermocouple wires themselves. 

In spite of these precautions, there is a residual effect due to 








Fic. 1. Views of radiation receiver. 
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Fic. 2. Circuit diagram for thermocouples. 


ambient temperature. To illustrate the magnitude of the effects, a 
reading of 175°F was obtained when the housing temperature 
was 210°F and the true surface temperature was 165°F. The 
necessary corrections could be accomplished by providing a 
thermostated housing and calibration curve, but a simple com- 
pensating circuit was found to be adequate as long as the ambient 
temperature did not fluctuate too rapidly. This method has the 
advantage of permitting the use of the device with conventional 
potentiometer type recorders and controllers. 

The circuit diagram in Figure 2 explains how compensation is 
effected. Assuming that the ambient temperature is higher than 
the surface temperature to be measured, it is evident that the 
temperature indicated by thermocouple 1 will be higher than the 
true surface temperature. In order to record the correct tempera- 
ture, the voltage generated by thermocouple 1 must be reduced to 
the proper value at the terminals of the recording instrument. 

This is accomplished by introducing a compensating receiver 2, 
which is identical with receiver 1 in every respect. The compensa- 
ting receiver is connected in a circuit which includes couple 3, 
which is exposed to the ambient temperature. When the ambient 
temperature differs from the receiver temperature, a current will 
flow in the compensating circuit. The magnitude of this current is 
proportional to the temperature difference. The constantan re- 
sistance R is inserted in the compensating circuit. The measuring 
thermocouple 1 is connected in series with this resistance, the 
polarity being arranged so that the voltage drop across R is sub- 
tracted from the voltage generated by thermocouple 1 when 
couple 3 is at a higher temperature than couple 2. The correct 
value of R can be calculated from the circuit resistance and the 
temperature correction involved. Thus in the previous case a 10°F 
correction was required when the temperature difference in the 
compensating circuit was 210 to 175 or 35°F. Therefore, R should 
be the fraction 10/35 of the total resistance of the compensating 
circuit. In the units which have been constructed, R has been 
about 10 ohms, the final adjustment being made in a calibration 
set-up using a stationary surface at a controlled temperature, the 
ambient temperature also being controlled. The compensation 
will then apply accurately and automatically for a wide range 
of temperatures. 

The output voltage of the device can be impressed across the 
terminals of a potentiometer or noncurrent drawing type of re- 
corder or controller to read directly the correct temperature. 
A number of these simple receivers have been constructed and 
used to record and control the temperature of a moving belt within 
+2°F in a range of 140 to 180°F, the ambient temperature being 
about 250°F. 

The speed of response depends upon the heat capacity and area 
of the receiver. With the construction described, 80 percent of 
full response was attained in 5 sec. 


J. C. Mouzon and C. A. Dyer, J. Opt. Soc. Am. 39, 203 (1949). 
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A Magnetic Scaling Circuit 
HELLMUTH HERTZ 
Department of Physics, University of Lund, Lund, Sweden 
November 8, 1950 


OR the counting of random pulses at high rate from a G-M 

tube different kinds of scaling circuits are used between the 

G-M tube circuit and the mechanical counter. The storing of pulses 

can be done in different ways, for example, in electric tube 

circuits, in condensers,! or in ferromagnetic materials.? Using the 

last method a scaling circuit has been developed on the following 
basis. 

If a condenser C is discharged through a gas-filled rectifier 
tube and the primary coil P (350 turns) on a small ring-formed 
iron core (Fig. 1), a voltage pulse is induced in the secondary coil 
S (500 turns). Its time-dependence as measured between A and B 
is shown in Fig. 2, curve 1. If the condenser used is not too large, 
the iron will become magnetized by the discharge only to a 
certain degree and not to its saturation value. If the condenser 
is now discharged a second time, a new voltage pulse will be in- 
duced in S as shown by Fig. 2, curve 2. The result of a third 
condenser discharge through P is shown by curve 3, of a fourth 











Fic, 1. 


by curve 4, etc. As is seen, the maximum voltage V, of the nth 
pulse increases with each following pulse and approaches asym- 
ptotically a limiting value V.. as the iron becomes fully saturated. 
The form of these curves depends, of course, on the parts used in 
the primary circuit, for example, the iron core, the number of 
turns on the coils, etc. If the coil S is connected to the grid of a 
thyratron tube in such a way that the voltage V, shown in Fig. 
2 drives the grid positive, the tube will fire after the first, second 
-+-mth pulse depending on the value of the negative voltage E, 
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Fic. 2. Induced voltage impulse measured between A and B in Fig. 1. 
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Fic. 3. The complete magnetic scaling circuit. 


on the grid of the thyratron tube IT. This effect works even better 
if one starts at negative saturation of the iron and drives it to 
positive saturation by the condenser discharges. 

A scaling circuit using this effect is shown in Fig. 3. Every time 
a short positive pulse is applied at the input circuit the thyratron 
I fires and the condenser C; is discharged through the coil -P, 
thereby partly magnetizing the iron core which at the beginning 
was at negative saturation. Since the discharge circuit is a LC 
circuit, the thyratron discharge is quenched automatically when 
the anode becomes negative. Thus, the recharging resistance can 
be held at a relatively low value. At each discharge of the con- 
denser C; a positive voltage V, is induced in S, which would fire 
the thyratron II, if the negative voltage E, did not prevent it 
as long as V,+E,<£;, where Ey is the ignition voltage of the 
thyratron II. Suppose now, a scale ratio of N:1 is desired. Then 
the value of E, is chosen so that E,+V,> Ey, for n>N, but for all 
n<N, E,+V,n<E;. Thus, first the Nth pulse will fire the thy- 
ratron II, thereby discharging the condenser C2 through the 
demagnetization coil D (1000 turns). By choosing the condenser 
C2 much larger than Ci, it is possible to drive the iron core to 
negative saturation in about 3.10~ second by this discharge. That 
brings the iron core to the starting point again and the next V 
pulses can be counted. By the recharging circuit of the condensor 
Cz a second scaler stage can be triggered or a mechanival counter 
directly operated. By using small thyratron tubes the scaler can 
be built into a small unit. 

Scale ratios up to 25:1 have been obtained with one scaler 
stage, but then the ratio stability was poor. Probably no higher 
ratios than about 10:1 are stable enough for practical use, while 
ratios of about 5:1 were absolutely stable. Pulses following each 
other in 2.10~* second can be separately counted. Difficulties 
encountered were exclusively due to instabilities of the thyratrons 
and not to properties of the iron core. In the present apparatus 
these difficulties are probably accentuated by the fact that that 
the peak current through the thyratron II at the discharge of the 
condenser C2 is higher than permissible. Thus, even though the 
condenser discharge is of very short duration, counting rates of 
more than 2000 pulses per second over long periods will damage 
the tube. By changing the dimensions of the iron core it will 
probably be possible to eliminate this difficulty. 

A quantitative explanation of the underlying magnetic processes 
has been given. 

A more detailed account of this work will be published in the 
Arkiv for Fysik. 

1 Lewis and Raffle, J. Sci. Instr. 27, 7 (1950). 

2 An Wang and Day Dong Woo, J. Appl. Phys. 21, 49 (1950). 





Erratum: Theory of the Parallel Plane Diode 


{J. Appl. Phys. 21, 974 (1950)] 
A. H. TAUB AND NELSON WAX 
University of Illinois, Urban, Illinois 


HE conditions for a single valued velocity theory given in the 
above paper were stated, incorrectly, to be both necessary 
and sufficient. The condition [inequality (4.7)] and its conse- 
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quences [inequalities (4.10) and (4.11)] are necessary and suff. 
cient conditions for a single valued velocity theory over the entire 
x—# plane, and are only sufficient conditions in the region be. 
tween cathode and plate. Mr. Alan D. Sutherland has kindly 
called our attention to the error in respect to the space charge 
limited diode. The necessary and sufficient condition, for all Cases, 
is given below. - 

Using our previous notation, let § be the values of € satisfying 
dx/d§=0, namely, the real roots of 


4(¢—8)*[h(&) — dE (8) /dé|g]— C—O) [axtdoo(t)/delg 
— Eo(&)]+%x*v0(€)=0. (1) 
The envelope of orbits, X(¢), will then be given by 


eX (1) = Sa —eHe Nat +40- BEB + 200-Hold, (2 


with ¢ >é. 
Let ¢ be the times at which some orbits intersect. These orbits 
can be identified by the real roots,*, of 


X(t) =x(€,t). (3) 
The inequalities 
0<x(t't) <1 (4) 


for all <i require that electron trajectories remain in the cathode 
anode region before, and at the times, they intersect. 
Similarly, the inequalities 


0< X(t) <1 (5) 


also require points on the envelope to be in the cathode anode 
region. 

Therefore, the necessary and sufficient condition that any two 
electron orbits shall not have a point in common in the space be. 
tween cathode and anode is that no points [#, X(é) ] can be found 
which satisfy inequalities (4) and (5). 





Spectral Emissivity of Coatings of Thoria and Other 
Refractories as a Function of Temperature 
F. H. MorGAn 
Bartol Research Foundation of the Franklin Institute, 


Swarthmore, Pennsylvania 
July 17, 1950 


EASUREMENTS are here reported for the spectral 

emissivity of coatings of several refractory compounds on 
tungsten or molybdenum filaments, in vacuum, as a function of 
temperature. It seems noteworthy that, unlike the other com- 
pounds studied, the thoria coating shows a decided increase of 
emissivity with temperature. Studies of the relation between 
thermal and thermionic properties of thoria are being reported 
elsewhere.! 

A prior study of the emissivity of bulk thoria? was performed in 
air and showed different temperature dependence than the 
coatings discussed here. 

Curves of brightness vs true temperature were obtained by 


two methods. The first employed tungsten-tantalum and tungsten- | 


moly thermocouples,’ prepared from 2-mil or 5-mil stock, spot- 
welded to a 30-mil tungsten filament. The filament was then 
coated with the material under consideration, mounted in a bell 
jar or tube and evacuated. Pyrometer measurements of brightness 
temperature were taken at the point of the thermocouple-filament 
weld. 

In the second method‘ a long directly heated tantalum sleeve, 
with a narrow slit in it, was coated. Radiation from the interior 
of the cylinder was assumed to approximate blackbody radiation 
and pyrometer readings through the slit were accepted as true 
temperature. This method was checked by spot-welding a thermo 
couple to the outside surface of the cylinder, and found to 
satisfactory. From these curves the spectral emissivity (0.655») 
can be easily calculated using the usual relation. 

Table I gives values of spectral emissivity for several materials 
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TABLE I. 








Spectral emissivity 





Material at 0.655 micron 
Thoria 0.40 
Zirconium carbide 0.96 
Titanium carbide 0.96 
Tantalum carbide 0.67 
Tantalum boride 0.70 
Zirconium boride 0.70 








For all materials except thoria, a single value of emissivity is 
obtained at all temperatures in the experimental range. Figure 1 
is a typical curve for zirconium boride and tantalum boride. 

In the case of thoria, 2-mil tungsten and moly thermocouple 
wires were spot-welded to a 20-mil tungsten filament which was 
flashed in hydrogen and then coated cataphoretically with thoria. 
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This was then evacuated ona mercury system to avoid contamina- 
tion by oil vapors. Figure 2 shows, for thoria, the temperature 
dependence of the spectral emissivity. The emissivity (¢€) was 
found to be 0.4 up to 1800°C at which point an increase in tem- 
perature brings about an increase in spectral emissivity. At 
2040°C, e=0.62 and is still increasing with further increase in 
temperature. If the filament is not subjected to temperatures 
higher than cited above, the curve may be run repeatedly and the 
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data are reproducible, provided that the filament has been 
thoroughly outgassed. (Weinreich' has found that flashing to 
2600°C results in a higher emissivity which persists at the lower 
temperatures.) Different lots of thoria have been found to give 
essentially the same pattern of increasing emissivity with tem- 
perature although the absolute value at 1600°C (for example) may 
vary between 0.3 and 0.45. 

The experiment was repeated using a molybdenum filament 
coated with thoria, giving identical results. These data are repre- 
sented in Fig. 2. Hanley has also investigated the spectral 
emissivity of thoria up to 1600°C, and some points from his data 
are recorded in Fig. 2. He has reported a value of 0.35 for the 
spectral emissivity. 

10. A. Weinreich, J. Appl. Phys. (to ~ published). 

2G. Liebman, Z. Physik 71, 416 (1931). 

*F. H. Morgan and W. E. Danforth, J. Appl. Phys. 21, 112 (1950). 

4A. G. Worthing, Temperature (Rheinhold Publishing Corporation, New 


York, 1941), p. 1164. 
5 T. E. Hanley, J. Appl. Phys. 19, 583 (1948). 





The Natural Width of a Grain Boundary in a Metal 


J. L. SNOEK 
Department of Physics, Horizons Inc., Cleveland, Ohio 
October 10, 1950 


HE natural width of a grain boundary in a metal is defined 

here as the width observed in the complete absence of in- 

ternal strains and of impurities.1 This width may be expected to 

be a function of the relative orientation of the adjacent crystals 

only, the boundary itself having ample opportunity during 

annealing to choose the orientation leading to minimum surface 
energy. Our considerations are restricted to small angles. 

In the analogous problem of determining the width of a bound- 
ary zone between magnetic domains—the so-called Bloch wall— 
the width which establishes itself is the result of two opposing 
tendencies.” 

The problem is to find those opposing tendencies in the structure 
of the grain boundary. It is believed that these opposing tend- 
encies have been found. 

Cahn’s experiments on polygonization*® show that uniform 
arrays of parallel edge dislocations on annealing tend to agglom- 
erate and thus form crystal boundaries of practically monatomic 
width. 

The counterpart experiment with screw dislocations has recently 
been carried out by D. C. ‘Jillson.t Whereas Cahn bent his zinc 
crystals around an axis in the basal plane, thus producing edge 
dislocations, Jillson twisted zinc crystals around an axis normal 
to this plane and thus produced a uniform array of screw dis- 
locations. 

According to Jillson, there is no tendency to form any dis- 
continuity under these conditions. This‘indicates that screw dis- 
locations of equal sign contrary to edge dislocations tend to repel 
each other. The grain boundary thus tends to occupy the whole 
of the length of the crystal, and the natural width under these 
ideal circumstances should be infinite. 

The width observed in the general case in which edge disloca- 
tions as well as screw dislocations are present is probably deter- 
mined by the two opposing tendencies indicated above. 

Experiments intended to verify our fundamental conjecture, 
namely, that no polygonization exists for zinc crystals which are 
twisted around an axis normal to the basal plane, are being 
started. 

To avoid misunderstanding, it should be added that is is known 
that parallel dislocations of equal sign in infinite crystals always 
repel each other, but that the mathematical problem of deter- 
mining the interaction in crystals of finite dimensions is unsolved.5 

1 See the discussion between K. W. Andrews and A. H. Cae in Report 
of a Conference on the Strength of Solids, Bristol, 1948, 

a R. Becker and W. Doring, Ferromagnetismus (Berlin, 1939). 

% ee . Cahn, Bristol Report, p. 136. 

C. Jillson, J. Metals 188, 160s (1950). 


‘ See A. H. Cottrell’s article in Bruce Chalmers, Progress in Metal Physics, 
Vol..1 (London, 1949), 
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Proceedings of the Electron Microscope Society of America 


HE annual meeting of the Electron Micro- 
scope Society of America was held at the 
Statler Hotel in Detroit, Michigan, September 14, 
15, and 16, 1950. Titles and abstracts of the papers 
presented are given below. The name of the person 
presenting the paper is marked with an asterisk. 


Electron Metallography and Related Subjects 


CHAIRMAN: CHARLES H. GEROULD 


1. Some Factors Affecting the Study of Martensite and 
Austenite. A. L. Extis* anp L. E. Smitu, Manufacturing 
Research, International Harvester Company.—This study is 
concerned with some of the effects of tempering on the differ- 
ential etching of martensite and austenite. Specimens of two 
different compositions of steel were quenched and then 
tempered. Micrographs are presented which show the differ- 
ence in structural detail, which resulted from tempering varia- 
tions. Evidence presented indicates that the degree of differ- 
entiation of martensite from austenite is dependent upon 
tempering for the electron microscope as well as the light 
microscope. The effects of etching and cleaning are discussed. 


2. A Method of Lineal Analysis with the Electron Micro- 
scope. F. K. IvERson* AnD A. L. ELLis, Manufacturing Re- 
search, International Harvester Company.—A summary of the 
principles of lineal analysis and some of the special problems 
which arise in applying it to the electron microscope are dis- 
cussed. A description of the Hurlbut counter and its use with 
the electron microscope is presented. The experimental pro- 
cedure used to determine volume relationships of phases in 
steel is described. The reproducibility of the lineal method is 
discussed. 


3. The Electron Microstructure of an Eutectoid Steel. 
Georce E. PEettisster (For joint Subcommittee XI of 
ASTM Committee E-4), Carnegie-Illinois Steel Corpora- 
tion, Pittsburgh, Pennsylvania.—For the past two years, 
several research laboratories have cooperated, as a joint com- 
mittee (now Subcommittee XI of ASTM Committee E-4 on 
Metallography), to investigate the potentialities of the elec- 
tron microscope as a means of obtaining new information on 
the microstructure of steel. The fidelity and reproducibility of 
existing methods of sample and replica preparation have been 
evaluated by comparing electron micrographs made by these 
methods, with each other, and with the best obtainable light 
micrographs on identical structures; where necessary, these 
methods were modified or improved. Those methods found to 
be most reliable and powerful were used to investigate the fine- 
scale morphology of the decomposition products of austenite 
and martensite in a plain carbon eutectoid steel. Electron 
micrographs, at a magnification of 15,000 diam of fine pearlite, 
bainite, and tempered martensite, clearly show the size, shape, 
and arrangement of carbide particles in the ferrite matrix. 


4. Selection of Etchants for Electron Metallography. 
Witiiam L. Gruse, Research Laboratories Division, General 
Motors Corporation, Detroit, Michigan.—An important factor 
in electron metallography is the proper selection of etchants to 
develop the microstructure of the specimen. In contrast to 
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light metallography, no characteristic films or stains can be 
tolerated on etched specimens to be replicated because of the 
danger of introducing artifacts and the difficulties of removing 
replicas. Therefore, the etchant must be capable of developing 
a relief upon the surface which, when reproduced as minute 
differences in thickness of the replica, is sufficient to differ. 
entiate between the microconstituents. When only two micro- 
constituents are present, the choice of a satisfactory etchant js 
not difficult. When three or more are present, the proper choice 
becomes more involved. The nature and importance of the 
problem are discussed as well as the characteristic action of 
various useful etchants upon particular microconstituents. The 
comparison of etchant characteristics is illustrated with elec- 
tron micrographs of representative ferrous and nonferroys 
metal specimens. 


5. A Technique for the Study of Etched Cellulose Acetate 
Fibers. WiLBuR KAYE* AND VIRGIL PECK, Research Labora- 
tories, Tennessee Eastman Corporation, Kingsport, Tennessee— 
A technique is presented for the preparation of high resolution 
replicas of the surfaces of etched cellulose acetate fibers. Etch- 
ing is achieved by immersing the fibers in acetone cooled to 
— 35° to —40°C for a few minutes. Theetching process is stopped 
by flooding with cold ethyl alcohol. Replicas of these surfaces 
are prepared directly by the deposition of a uranium shadow 
layer backed with an aluminum-beryllium alloy. The fiber is 
subsequently dissolved with cold acetone. Slides are presented 
showing the dispersion of pigment in the yarn and possible 
crystalline areas. 


6. The Preparation of Substrates and Replicas for High 
Resolution Studies. J. J. Comer* anp F. A. Hamm, General 
Aniline and Film Corporation, Easton, Pennsylvania.—A 
method is described for preparing silicon monoxide and silicon 
dioxide films by the evaporation of these materials onto the 
surface of freshly cleaved mica. These films of various thick- 
nesses and shadowed with equal amounts of Pt-Pd have been 
compared from the standpoint of inherent structure. The re- 
sults have indicated that a relatively thick (200A) silicon 
dioxide film exhibits the least structure and may be useful in 
high resolution studies of certain biological specimens or in 
size determination of small particles of relatively high scatter- 
ing power. Thin silicon monoxide films (40A) were found to 
exhibit more structure than the thick silicon dioxide films, but 
less than the usual collodion films. For this reason they are 
desirable for use as a substrate with substances of low electron 
scattering power when greater contrast is needed. The need 
for careful control of the thickness of the shadowing metal is 
illustrated by micrographs showing how background structure 
may be introduced by the metal itself as the thickness of the 
evaporated metal is increased. 


7. An Experimental Study of Image Contrast at 50, 100, 
and 150 kv. James HILLIER_AND S. G. Etis*, RCA Labora 
tories, Princeton, New Jersey.—Step-films of silicon monoxide 
were prepared by evaporation. Their thicknesses were deter- 
mined by a Tolansky multiple beam interference method. The 
densities of similar films were found by weighing. From elec- 
tron micrographs at 50, 100, and 150 kv, the image current 
density conjugate to the steps and to clear space were com- 
pared. The results show that it is advantageous to use the 
lowest voltage in the study of thin specimens. The increase in 
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penetration at the higher voltages is offset, in part, by the 
lowering of the contrast. The information from thicker speci- 
mens may also be limited by overlapping of the structures 
examined. The work has revealed some technical advantages 
in using higher voltages, such as decreased specimen loading, 
some reduction in sensitivity of the beam to disturbing factors 
and, within limits, increased photographic sensitivity. A com- 
plete analysis cannot be made until the variation of resolution 
with accelerating voltage has been studied experimentally. 


Instrumentation 


CHAIRMAN: G. D. Scotr 


8. A Small Electron Microscope. JoHN H. REISNER* AND 
EpmunD G. DorNFELD, Radio Corporation of America, Cam- 


den, New Jersey.—A new electron microscope of greatly simpli-. 


fied design has been constructed. The instrument has a resolu- 
tion of 100A, yet is small enough to be mounted on a desk or 
laboratory table. Magnetic lenses are energized by permanent 
magnets. An accelerating voltage of 50 kv is varied over a 
narrow range to provide means of focus. Images may be 
photographed on 2X2 plates. Plates may be changed in a 
minute, and specimens in fifteen seconds. Direct magnifications 
of 1500, 3000, and 6000 are possible depending on pole pieces 
used. Photographic images may be enlarged up to ten times. 
The instrument is free of x-radiation and completely inter- 
locked and provided with shorting devices for protection from 
high voltage. 


9. A New Type of Shadow Microscopy. M. J. CoLumBE, 
General Engineering and Consulting Laboratory, General Electric 
Company.—A simple method for viewing samples in an elec- 
tron diffraction instrument is described. Magnification of the 
sample up to several hundred diameters has been obtained by 
placing a thin film between the electron source and the sample. 
The sample may then be evaluated in terms of electron trans- 
parency, particle dispersion, and crystal habit to locate the 
best area for taking diffraction patterns. Illustrations will be 
shown. 


10. An Electron Microscope Photometer. F. A. Hamm, 
General Aniline and Film Corporation, Central Research Labora- 
tory, Easton, Pennsylvania.—This paper describes an electronic 
device for measuring the intensity of the focused electron beam 
as it passes through the final viewing chamber of the RCA 
electron microscope Model EMU. A portion of the electron 
rays serving to form the final image is collected on a metal 
probe; the electrons are passed to ground through a high 
resistor. The voltage developed across this dropping resistor 
is measured and is a direct measure of the intensity of the 
focused electron current. The uses for this photometer are as 
follows: (1).as an exposure meter in electron microscopy pho- 
tography; (2) as a means for determining the relative or 
absolute thicknesses of electron microscope specimens, (3) as a 
means for evaluating the energy incident to the electron micro- 
scope specimen so that it may be possible to correlate changes 
(polymorphic transformations, polymerizations, contamina- 
tions, etc.) with this incident energy. 


ll. A New 100-Kilovolt Electron Microscope. J. H. REts- 
NER,* R. G. Prcarp, AND E. G. DornFELD, Radio Corpora- 
tion of America, Camden, New Jersey.—A high resolution elec- 
tron microscope employing high and medium accelerating 
voltages and providing a maximum of flexibility along with 
constructional and operational simplicity is described. Provi- 
sions for large photographic plates and an extended stage 
motion permit large fields to be observed and photographed. 
A built-in magnification viewer permits accurate focus of 
images to maximum resolution from observation of contours. 


Extended range lenses permit direct magnifications from 1000 
to 20,000 times at 100 kv. A two-stage gun and double element 
condenser lens system permit great flexibility in beam control. 
Power supplies and control circuits are located remotely from 
the column for the reduction of fields and temperature rises. 
Disassembly of the vertically disposed column for routine 
maintenance and cleaning can be done rapidly without tools. 
Simple, rigid locking controls permit perfect realignment fol- 
lowing disassembly. Direct viewing of the image on a 4X5 
screen permits the brightest possible image for a given beam 
intensity. Cassette holds four 2X2 or 3} X4 plates permitting 
a permanent record on a dimensionally constant emulsion. 
Plates are exposed at viewing screen magnifications to keep 
subsequent optical magnification to a minimum. The vacuum 
system includes an auxiliary water-cooled trap to minimize 
back diffusion of vapors from the pumping systems. Magnetic 
vacuum valving is provided. 


12. A 100-kv Electron Microscope Voltage Supply. S. M. 
ZoLLERS,* H. E. REEBER, AND H. F. SCHNEIDER, Radio Cor- 
poration of America, Camden, New Jersey.—A dc high voltage 
supply has been constructed as a driving source of voltage for 
a new electron microscope. The supply has a stability to 1 part 
in 50,000 and can operate at 50 or 100 kv at a load of half a 
milliampere. A unique geometric arrangement of rectifiers and 
capacitors limits the potential difference across dielectric sur- 
faces to 50 kv permitting reliable use of air insulation in the 
supply. High rf voltage is generated by applying a 40 kc 
signal across a high Q inductor, and rectifying the voltage in 
a four-tube cascade. Filament power of three amperes is sup- 
plied by a 200 kc oscillator. Rectifier filaments are heated from 
the rf space currents in the supply. A resonance filter and a 
high gain feed-back amplifier provide a stable output voltage 
regardless of load or line fluctuations. All stabilization refer- 
ence is against batteries for the ultimate in stability. Simplicity 
of structure and use of standard components permits quick 
and easy servicing of the supply. 


13. Rapid Non-Photographic Measurement of Specimen 
Dimensions. HENRY FROULA, Department of Engineering, 
University of California, Los Angeles, California.—This paper 
discusses methods for the rapid measurement of specimen 
dimensions directly on the fluorescent screen of the electron 
microscope; i.e., without the use of photography. In particu- 
lar, the techniques and results of two such methods are de- 
scribed: In the first of these the specimen dimension to be 
measured is magnified to a given size by means of a continu- 
ously variable magnification control. In the second method, 
the image size remains fixed while, by means of an external 
control, a 0.200-in. circular aperture is moved along the axis 
between the projector lens and the final screen; at some unique 
position of this apertured diaphragm its shadow exactly cir- 
cumscribes the image dimension under investigation. In either 
method the final position of the external control can readily 
be interpreted in terms of the specimen dimensions. 


14. A Metal Evaporator Using High Frequency Induction 
Heating. R. G. Picarp* anpD J. E. Joy, Radio Corporation of 
America, Camden, New Jersey.—The difficulty of evaporating 
platinum from heated filaments and the desirability of trying 
this metal for shadow casting led to the development of a 
metal evaporator using high frequency induction heating for 
the charge. An rf generator was used to supply power to the 
metal through a special coupling coil. A new type feed through 
bushing for getting the rf power into the vacuum enclosure 
was designed. Successful evaporations of small charges of 
metal were made. The deposit is free of contaminating ma- 
terials which occur during evaporation from heated filaments 
or boats. 








1S. Improving Precision of Powder Diffraction with the 
RCA-EMU Electron Microscope. M. S. Jarre, Lamp Depart- 
ment, General Electric Company, Nela Park, Cleveland, Ohio.— 
Precision of about 0.1 percent in measuring diffraction rings 
can be attained with the electron microscope if certain pre- 
cautions are taken. The particle size of the specimen and the 
size of the source must be optimal to produce fine rings. The 
measuring instrument must be accurate to 0.01 mm. The elec- 
trical circuits must be carefully warmed up to avoid drift in 
ring diameter. The reference standard must be in the plane of 
the specimen, so that the standard pattern can be taken before 
and after the unknown without changing any electrical adjust- 
ments. Stray magnetic fields must be shielded or compensated 
to avoid elliptical rings. A graphical method must be used to 
compensate for the pincushion or barrel distortion introduced 
by the lenses. 


16. Effect of Coil Current Reversal on Distortion in an 
EMU-2A Electron Microscope with Extended Range Lens. 
J. R. Cooper, Lamp Department, General Electric Company, 
Nela Park, Cleveland, Ohio.—The eight possible combinations 
of field direction were studied for their effect on distortion. It 
was found that the distortign changed in magnitude and in the 
relative positioning of the center of distortion in reference to 
the alignment center. One arrangement of polarities was found 
to give both least distortion and best coincidence of distortion 
center with the field center. For this instrument this agree- 
ment occurred when the condenser lens field was South up, 
the objective South up, the extended range lens North up, and 
the projector lens South up. The results obtained indicate that 
the extended range lens will give a low power image with 
minimal distortion only when it is used with the most ad- 
vantageous polarity combination. With the least desirable 
arrangement the percent distortion is increased three to 
four times. 


17. Latex Size by X-Rays. K. L. Yupowitcu, Florida State 
University, Tallahassee, Florida.—Latex spheres in common 
use as magnification standards have been measured by light 
and electron microscope, light scattering and ultracentrifuge. 
The reported diameters range from 2520 to 3210A with prob- 
able errors of 1 to 74 percent; the accepted average is 2590A. 
The spheres have been measured by x-ray scattering. From 
the positions of the scattered rings, the computed average 
diameter is 2780A+0.06 percent. This value is obtained with a 
small angle x-ray scattering camera of high resolution, and the 
results corrected for collimation error. The increase of this 
value over the accepted electron microscope value of 2590A 
gives possible support to the contention that the electron 
microscope results suffer from an electrostatic artifact. 


18. Microscopical Resolution of the Morphology of the 
Test-Diatom, Pleurosigma Angulatum. T. G. Rocuow,* A. F. 
KIRKPATRICK AND F. G. Rowe, Research Laboratories, A meri- 
can Cyanamid Company, Stamford, Connecticut.—The diatom, 
Pleurosigma angulatum, has long been used to test the resolv- 
ing power of the microscope using transmitted light. The units 
of periodic structure have been described as hexagonal, circular 
or elliptical in cross section, depending on the optical condi- 
tions of illumination and observation. By reflected light, how- 
ever, the units appeared to be small or large ellipses, or slits, 
depending chiefly on the level of focus. Electron micrographs 
of replicas of the half-shell showed that on one side there were 
tiny elliptical openings and on the other side there were slit- 
openings. Electron micrographs of fragments of the shells 
showed that the unit-chamber was elliptical in most planes 
parallel to the shell. A model will be shown to summarize the 
evidence. Practically all the appearances by reflected light 
were explained by electron micrographs. Most of the appear- 
ances by transmitted light could be reproduced with photo- 
macrographic images of simple, hand-drawn, periodic test- 
patterns. 
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Biology 


CHAIRMAN: S. F. KERN 


19. Electron Microscopy of Residual Chromosomes. A. 
R. T. Denues, Detroit Institute of Cancer Research, Detroit 
Michigan.—Residual chromosomes were prepared from chicken 
red blood cells by the general method of Mirsky and Ris with 
reiterated extractions with M NaCl. The matrix-containing 
supernatants from successive extractions were found by ultra- 
violet absorption spectrophotometry to absorb maximally near 
2600A. Judging from this maximum absorption, the removal 
of matrix (desoxyribonucleohistone) from the chromosomes 
was incomplete in the first several extractions and approached 
completion only after about six washes when the volume-ratio 
of wash to whole chromosomes was of the order of 50. Pre. 
liminary electron micrographs revealed apparently coiled, 
filamentous submicroscopic structures that may intertwine 
and show crossbanding; these appeared cleanest after multiple 
extractions. 


20. A New Fibrous Structure Obtained from Extracts of 
Collagenous Connective Tissue. J. Gross,* J. H. HIGHBERGER, 
AND F. O. Scumitt, Biology Department, Massachusetts Insti- 
tute of Technology, Cambridge, Massachusetts, and Research 
Division, United Shoe Machinery Corporation, Boston, Massa- 
chusetts.—Various types of connective tissue including rat, 
calf and steer skin, rat tail tendon and the fish swim bladder 
were extracted with citrate buffer, pH=24. From the clear 
viscous extracts dialysis causes precipitation of a flocculent or 
fibrous material which was examined with the electron micro- 
scope. In addition to fibrils having a collagen-like axial peri- 
odicity a new type of fibrous structure was observed, namely 
fibrils with an axial structure, marked by dense thick bands, 
with repeating periods ranging from about 2000 to 3000A, 
depending on the source of material. Detailed intraperiod 
banding was frequently observed. Under certain conditions 
what appear to be individual segments of the long repeating 
structure were found. These appear as flat segments about 
2000A long, frequently showing axial banding. The nature and 
origin of this new long-spacing material (which has not yet 
been observed in native connective tissue fibrils) will be 
discussed. 


21. X-Ray and Electron Microscope Studies of Collagen. 
PAUL KAESBERG* AND M. M. SHURMAN, Electron Microscope 
Laboratory and Department of Physics, University of Wisconsin, 
Madison, Wisconsin.—A slit system and Geiger counter ar- 
rangement has been used to determine relative intensities for 
the first 30 orders of the x-ray diffraction pattern of a specimen 
of beef tendon collagen. These data are capable of yielding a 
Fourier series representation of the electron density distribu- 
tion along the length of the fibers if the phases of the Fourier 
terms are known. The phases of the lower orders at least can 
be calculated from electron micrographs taken of the collagen 
specimens. Tentative phases have been assigned to all 30 
orders and the resulting electron density distribution has been 
determined. Unstained specimens yield a relatively smooth 
rectangular density distribution. Phosphotungstic acid stained 
specimens give a characteristic fine structure similar to that 
obtained in electron micrographs of stained collagen. 


22. The Ultrastructure of Nerve Axons Regenerated in 
Tissue Culture. EDUARDO DE ROBERTIS AND GIUSEPPE LEVI, 
Department of Cell Ultrastructure. Institute of Biological 
Sciences, Montevideo, Uruguay, to be presented by A. R. T. 
DENUES, Detroit Institute of Cancer Research, Detroit, Michigan. 
—Nerve axons regenerated from pieces of brain tissue of six 
to nine days old chick embryos were studied with the electron 
microscope. Axons from a few microns in diameter down to 
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sizes below the resolution of the optical microscope can be 
observed flattening down against the plastic film. Within the 
axon denser parallel lines along the axis indicate the limits 
between double-edged cylindrical structures similar to the 
neurotubules found in vertebrate peripheral nerves after frag- 
mentation techniques. The diameter of these neurotubules 
varies between 300 to 400A, being smaller than the mean 
diameter of neurotubules from vertebrate nerves so far studied. 
In particularly favorable specimens the cross periodic banding 
with a period in the neighborhood of 600A can be observed. 
Observations are under way on nerve axons which are de- 
generating ‘in vitro” and on the growing processes of the axon 
where neurotubules are differentiating. The problem of arti- 
facts in relation to the axon ultrastructure is discussed. 


23. Uniformity of Lengths and Particle Weights of Tobacco 
Mosaic Virus. RopLey C. WILLIAMs,*:} RoBert C. Backus,f 
anp RussELL L. STEERE,{ University of Michigan, Ann Arbor, 
Michigan.—Determinations have been made of the length dis- 
tribution and of the particle weight of the particles of tobacco 
mosaic virus, by use of a modification of the spray-drop and 
counting technique developed by the authors. The lengths of 
the virus particles in spray-drop patterns containing less than 
15 rods per pattern have been measured, and the results 
analyzed to ascertain the most probable length distribution in 
the original virus suspension. It is concluded that over 96 per- 
cent of the particles in the original suspension exist either in a 
monomeric length of 2980+100A, or in a dimeric multiple of 
this length. The particle weight of the virus has been deter- 
mined by counting the number of virus particles in the electron 
micrographs of droplet patterns representing a known volume 
of a highly purified suspension, and by drying and weighing 
a known multiple of that volume. A value of 49 10*® g/mole 
has been obtained for the weight of the monomeric particle. 

+ Now at the Virus Laboratory, University of California, Berkeley, 


California. ; i i 
t Now at the Rockefeller Institute for Medical Research, New York City. 


24. Ovomucin and the Egg White Inhibitor of Influenza 
Virus Hemagglutination. D. Gorpon SHarpP, Duke University, 
Durham, North Carolina.—From studies of the egg white in- 
hibitor of influenza virus hemagglutination and of the en- 
zymatic destruction of this inhibitor by active influenza virus, 
some physical data on ovomucin have been gathered. This 
mucoid fraction, called semipurified egg white inhibitor, has 
a viscosity increment of 273 to 453, and it is up to 60 times 
more active, as inhibitor, than egg white. It is complex, show- 
ing three components in electrophoresis with mobilities —3.5, 
—6.7,and —10 at pH 7.2 and 0.1 ionic strength. Only a single 
component is seen in the ultracentrifuge sedimenting at 40 S 
in fresh preparations of about 0.2 percent concentration but 
strongly dependent on concentration. Electron micrographs of 
this material (estimated molecular weight 10’) show many 
threadlike particles, some as much as 1000A long. The widths 
are irregular, tapering to about 50A at the ends. These par- 
ticles are responsible for most of the viscosity of dilute egg 
white and they are presumably responsible for its fibrous- 
supporting structure. 


25. The Electron Micrography of the Wisconsin Pea-streak 
Virus. Mark A. STAHMANN, D. J. HAGEDORN, W. C. BURGER, 
AND PauL KAESBERG,* Departments of Biochemistry and Plant 
Pathology and the Electron Microscope Laboratory, University 
of Wisconsin, Madison, Wisconsin.—Perfected Wales peas 
grown in the field were inoculated with the Wisconsin pea- 
streak virus. Concentration of the virus by differential cen- 
trifugation of the frozen extracts of diseased plants yielded 
highly infective pellets. Uranium shadowed electron micro- 
graphs prepared from pellets of diseased plants showed an 
abundance of long particles of unusual morphology. They were 
threadlike, filamentous and flexible and often several thousand 
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my in length. Mounts made from pellets of healthy plants 
showed no such particles. Measurements of the particles indi- 
cated a width of about 12 my and lengths ranging from 150 to 
5000 my. The microscope was calibrated by means of a metal- 
shadowed collodion replica of a standard diffraction grating. 
The pictures showed that the virus readily aggregates end-to- 
end and end-to-side. On standing in distilled water for several 
weeks, the virus underwent further aggregation to produce 
bundles of parallel strands which were often coiled about each 
other. 


26. A Method of Obtaining Cultured Cells from Roller 
Tubes for Electron Microscopy. W. A. Hovis,* G. O. Gey, 
AND F. B. BANG, Department of Medicine and Surgery, Johns 
Hopkins University School of Medicine, Baltimore, Maryland.— 
Roller tubes offer advantages over slides for cell cultivation 
over long periods. Electron microscope visualization of cells 
grown under these conditions is possible by coating the tubes 
with a Formvar plastic coating. Such membranes are not 
loosened by the flowing culture media. Cell strains have been 
studied and comparisons made between the results of this 
method and the cover-slip procedure. Virus infections of cells 
have been followed. A 0.25 percent solution of Formvar in 
ethylene dichloride leaves a thin film easily drained, and dried 
rapidly by aspiration with a water pump. The coated tubes are 
stored in a moist chamber and are good for at least a month 
with good membranes. Many cells grown in such tubes are 
thinly spread out, as good as those on glass. The cell-coated 
membrane can be removed at any culture period, after fixation, 
by breaking open the tubes, and harvesting in the usual 
manner for E. M. 


27. Production of External and Internal Filamentous Struc- 
tures in a Non-Ciliated Strain of “Bacillus Subtilis.” VALEN- 
TIN BoNIFAS, EDOUARD KELLENBERGER, AND GEORGES H. 
WERNER, * } Electron Microscope Laboratory of the University of 
Geneva, Switzerland.—Filamentous networks including in their 
meshes some granules of cytoplasmic material are observed as 
remains in many cells of this strain of B. subtilis, that have 
been ruptured by a number of physico-chemical processes. 
Production of external filamentous structures is an effect of 
suspension of the cells in distilled water, in sodium bicarbonate 
solutions as well as of their contact with antiseptics in the 
culture medium, and this production is regularly observed 
during sporulation. This phenomenon affects only a rather low 
percentage of the cells. Some characteristics of these filaments 
are described. The significance of this observation is discussed 
in correlation with previous findings of R. W. G. Wyckoff, 
and W. van Iterson. 


+ Present address: Squibb Institute for Medical Research and Public 
Health Research Institute of the City of New York. 


28. Electronmicrography of Treponemas from Cases of 
Yaws, Pinta and the So-Called Cuban Form of Pinta. Juan J. 
ANGULO, JoHN H. L. Watson,* C. CouRTNEY WEDDERBURN, 
Francisco LEGN-BLANCO, AND GERARDO VARELA, Department 
of Experimental Pathology, University of Havana School of 
Medicine, Havana, Cuba; Edsel B. Ford Institute for Medical 
Research, Detroit, Michigan; Government Medical Serivce, 
Kingston, Jamaica, B. W. I.; Commission for the Prophylaxis 
of Syphilis, Leprosy and Cutaneous Diseases, Havana, Cuba; 
and Institute of Tropical Diseases, Mexico City, Mexico.—The 
morphologic and structural findings made with the electron 
microscope in unshadowed and in shadow-cast treponemas 
from typical cases of yaws, pinta and the so-called Cuban form 
of pinta are presented. Thirty T. pertenue, nine T. carateum 
specimens as well as eighty-nine treponema specimens from a 
case of the Cuban form of pinta constitute the material studied. 
No differences in morphology or structure were detected 
among these species or with reference to T. pallidum except 
for the lack of flagellae shown by T. pertenue which may have 





been an artifact. Measurements of lengths and diameters were 
made on the treponemas. Several examples of pseudostruc- 
tures were met, some of which had a bearing upon the sig- 
nificance of ‘‘ spore-like bodies’’ and ‘“‘end bodies.” 


29. On the “Fixation” of Electron Microscope Specimens 
by Electron Bombardment. J. HILLierR, S. Mupp, Anp A. G. 
Situ, presented by S.G. Ettis, RCA Laboratories, Princeton, 
New Jersey. RCA Laboratories, Princeton, New Jersey and the 
University of Pennsylvania, Philadelphia, Pennsylvania.—A 
number of the effects of the bombardment of specimens in the 
electron microscope have been reported. Small, osmium-fixed 
bacteria could be hydrolyzed after being subjected to the 
vacuum of the instrument but not after the minimum bom- 
bardment necessary for making a micrograph. A two-second 
exposure of a collodion supporting membrane to a bombard- 
ment of 0.01 amp./cm? made it insoluble in amyl acetate, 
acetone and ether-alcohol and raised its melting point above 
600°C. It is suggested that such a bombarded membrane will 
be useful for mounting materials from solvents. A collodion 
and paraffin embedded section subjected to a bombardment of 
only 0.001 amp/cm? for 3 or 4 seconds showed no visible 
change in the electron microscope, but was changed chemically 
such that the embedding material could no longer be removed 
by any of the common solvents. The stability of the specimens 
after bombardment is considered to be the result of a binding 
between adjacent molecules. The theory that considers the 
stable specimens to be the carbonized remains of the original 
is not supported by this work at low intensities. 


30. Recent Electron Microscopic Work at Leeds. W. T. 
AstBurRY, Chairman, British Electron Microscopy Group, De- 
partment of Biomolecular Structure, University of Leeds, Leeds, 
England. 


31. Light and Electron Microscopical Observations of 
Nerve Fibers Treated with Chemical and Bacterial Enzymes. 
P. LEPINE, Pasteur Institut, Paris, France. 


32. Electron Microscope Observations on Lysed and 
Ground Staphylococcus Aureus and Micrococcus Lysodeik- 
ticus. S. F, Kern, R. A. Kern,* O. K. BEHRENS, AND M. J. 
KINGKADE, Lilly Research Laboratories, Indianapolis, In- 
diana.—Staphylococcus aureus and Micrococcus lysodeikticus 
are affected differently by lysozyme. Electron micrographs 
made of Micrococcus lysodeikticus after various times of ac- 
tion of lysozyme show a sequence of events. The flattening of 
the cell is followed by the rupture of the cell membrane, the 
dissolution of the cell contents, and finally the dissolution of 
the cell membrane. Cell bodies in the Micrococcus lysodeik- 
ticus are not attacked by the lysozyme. Lysozyme on Staphy- 
lococcus aureus dissolves a portion of the cell but other con- 
stituents are apparently not attacked. Electron micrographs of 
ground Micrococcus lysodeikticus confirm the presence of cell 
bodies and the cell membrane. Grinding also reveals a definite 
cell membrane on Staphylococcus aureus. 


33. Electron Microscopical Study of Crystalline Macro- 
molecular Diethyl Germanium Oxide. E. G. Rocnow, 
Harvard University, Cambridge, Massachusetts, AND T. G. 
Rocuow,* American Cyanamid Company, Stamford, Connec- 
ticut.—(C;H;),GeO can be made to polymerize to form macro- 
molecules which are electron microscopic in size, a high propor- 
tion of which are in the range of sizes and shapes of viruses. 
Likewise, the “germanione’”’ macromolecules form primitive 
crystals. Electron micrographs will illustrate these observa- 
tions. 


34. Electron Microscopy in Japan. Nosoru Hicasui, M.D., 
Present address, Research Fellow, Department of Infectious 
Diseases, School of Medicine, University of California, Los 
Angeles; Permanent address, University of Kyoto, Japan 
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Microtomy and Miscellaneous 
CHAIRMAN: JOHN J. KELSCH 


35. Techniques for Use in the Preparation of Thin Sections, 
SANFORD B. NEWMAN AND EMIL Borysko,* National Bureay 
of Standards, Washington, D. C.—Techniques are described 
which surmount some of the difficulties encountered in the 
preparation and study of thin sections. A method for handling 
partially polymerized methacrylate, used to prevent tissue 
damage in the embedding process, is described in which a 
drawn-out test tube serves as a polymerization vessel and 
dispenser. A technique has been developed for centering spe- 
cific areas of a section on weakly magnetic stainless stee] 
mounting screens by means of an electromagnet held in a 
micromanipulator. A technique is described for digesting sec. 
tions with enzymes, resulting in the differential removal of 
cellular components. The value of this technique in the study 
of tissues is discussed. A density-volume method for determin- 
ing the thickness of sections is presented. The possibility of 
using sapphire, tungsten carbide, beryllium copper and phos- 
phor bronze for microtome knives is discussed. 


36. Electron Microscopy of the Kidney. DANIEL C. PEase* 
AND RICHARD F. BAKER, Departments of Anatomy and Ex- 
perimental Medicine, School of Medicine, University of South- 
ern California, Los Angeles, California.—Ultrathin sections 
of rat kidney have been studied with the electron microscope, 
Technique is discussed. It has been found that the brush 
border of the proximal tubule consists of myriads of minute 
processes extending into the lumen which presumably in- 
crease vastly the surface area available for resorption. The 
mitochondria of the proximal tubule presented a varying 
picture depending upon their state of activity. Two somewhat 
independent processes were recognized, one leading to the 
formation of large vacuoles, the other to diffuse liberation 
of mitochondrial material into the cytoplasm. Glomerular 
capillaries were found not to have a continuous endothelium, 
although the epithelial layer may have been complete. The 
basement membrane was peculiarly specialized with a ribbed 
surface, possibly to afford support. The extraglomerular capil- 
lary system of the cortex, and the venous capillaries of the 
medulla also lacked a continuous endothelium. Other matters 
considered include the special morphology of different parts of 
the nephron, connective tissue elements, unusual features of 
the arterial capillaries of the medulla and of the interlobar 
arteries, the role of cytoplasmic elements in the orientation 
of mitochondria, and a general discussion of basement 
membranes. 


37. Further Developments in the Electron Microscopic 
Study of Tissue Sections. James HILLIER, RCA Laboratorus, 
Princeton, New Jersey and Sloan-Kettering Institute for Cancer 
Research, New York, New York, to be presented by CECILE 
CANNAN, Sloan-Kettering Institute, New York City.—A number 
of methods of dissolving the embedding were studied, but none 
was found in which the distortions introduced could be reduced 
to a level below the thickness of the section. Judicious bom- 
bardment by the electron beam removes most of the em- 
bedding and appears to preserve structures to the 200A level. 
A new objective lens pole piece was designed specially for the 
micrography of sections. This lens operates at a focal length 
of 12 mm. It includes a diaphragm which is placed at the image 
side focal point to give large bright field with angular aper- 
tures as low as 2X 107 rad. With the pole piece removed, the 


aperture can be centered or shifted along the axis of the lens. . 


Some examples of the results obtained are shown. 


38. Electron Microscopy of Thin-Sectioned Spirostomum. 
Haron E. FINLEY, Department of Zoology, Howard Universuy, 
Washington, D. C_——The National Bureau of Standards micro- 
sectioning method was used in a study of the ciliated protozoan 
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Spirostomum ambiguum. Fine details of many parts of thin- 
sectioned organisms were revealed by the electron microscope. 
Among the fine details of morphology disclosed, the following 
were prominent: Compact bundles of fibrils in locomotory 
cilia; basic architectural units of the ectoplasmic matrix 
(fibrils); basal bodies of membranellae and interciliary fibrils; 
particles in the macronucleus; and ingested organisms in food 
vacuoles. These fine structures will be illustrated and discussed. 


39. A Method of Preparing Thin Sections of Grease for the 
Electron Microscope. R. BAKER,* O. WARREN, H. CorFeEr, 
R. VoLp, AND D. PEASE, University of Southern California, 
Los Angeles, California.—A technique which allows 0.1-micron 
sections of a simple two-component grease to be cut is de- 
scribed. The grease used is 25 percent calcium stearate mono- 
hydrate and 75 percent cetane. After freezing with dry ice, a 
slab 20 by 5 by 3 mm is cut and mounted in a modified Spencer 
microtome. A ribbon of sections is collected in a cardboard 
trough containing water which is sealed to the knife edge. The 
block is kept frozen during cutting, and it is necessary also to 
chill the knife and collecting fluid below the freezing point of 
cetane (18°C). The microtome is motor-driven and optimum 
cutting speed is approximately 150 sections per minute. Cetane 
is extracted from the sections with benzene, which is then 
removed either by air-drying or freeze-drying. A simple mount- 
ing procedure is described. 


40. On the Sharpening of Microtome Knives for Ultrathin 
Sectioning. JAMES HiLL1ER, RCA Laboratories, Princeton, 
New Jersey and Sloan-Kettering Institute for Cancer Research, 
New York, New York, to be presented by CECILE CANNAN, 
Sloan-Kettering Institute, New York City.—Microtome knives 
which have become dull cutting ultrathin sections show little, 
if any, visible change under the high power light microscope. 
This indicated that only a minimum amount of repolishing 
should be necessary to regain an edge. A study of conventional 
methods showed that most of the sharpening time involved 
the unnecessary removal of material in order to fit the edge to 
the sharpening means. A short permanently attached sharpen- 
ing back was designed, which eliminated the two most impor- 
tant sources of error: change of sharpening angle and lack of 
parallelism between the back and the edge. With this back, it 
is possible to obtain ideal edges in as little as five minutes of 
sharpening. The technique of preparing the blade for this 
technique and the sharpening procedure will be described in 
some detail. Prepared glass plates are used as sharpening sur- 
faces. Levigated alumina is used for grinding and Linde A5175 
Metal polishing powder is used for polishing. The edges are 
never stropped. 


41. A Simplified Microtome for Electron Microscopy. G. G. 
Cocks AND C. M. Scuwartz,* Battelle Memorial Institute, 
Columbus, Ohio.—A microtome has been built for cutting sec- 
tions suitable for electron microscopy. The essential feature of 
the design is the elimination of bearings and ways ordinarily 
required for control of the traverse of the specimen with respect 
to the knife. The specimen is fixed to the end of a long canti- 
lever which when deflected carries the specimen across the 
knife. The bending stresses are well within the elastic limit of 
the cantilever material so that the sample returns precisely to 
its original position. Provision for torsional rigidity and sta- 
bility is incorporated in the design. No precision machining 
or heat treatment of parts is required, and the cost is low. 
Specimen feed is by thermal expansion, at present. 


42. A Microtome Specimen Holder Advanced by Thermal 
Expansion. M. EpEeN,* A. W. Pratt, and H. KaHLer, Na- 
tional Cancer Institute, Bethesda, Maryland.—A microtome 
specimen holder that advances the specimen by thermal ex- 
pansion is described. The holder is heated by an electrical cur- 
rent, the value of which can be regulated to give any desired 
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rate of heating and expansion. The rate of expansion does not 
diminish by more than 20 percent for a range of over three 
microns. The rate of expansion is reproducible to within three 
percent over the same range. A quantitative comparison has 
been made between the heating and expansion rates of the CO, 
precooled instrument and the electrically heated instrument. 


43. Electron Microscopical Determination of Macromolecu- 
lar Weights in Resins. T. G. Rocnow,* M. C. Bortty, ANnp 
F. G. Rowe, Research Laboratories, American Cyanamid Com- 
pany, Stamford, Connecticut.—Using the example of a high 
polymer of unit density with its macromolecules retracted as 
spheres, a diameter of 50A corresponds to a molecular weight 
(M) of 40,000 and 140A corresponds to M=1,000,000. Such 
dimensions are electron microscopical and the corresponding 
molecular weights (or higher ones) are dominant in practical 
plastics and extensomers. The molecular weights are easily 
computed from the density (d) and Avogadro’s number (J), 
thus: M=(2/6)Nd*=3.15d*X10%. Two other methods of 
calculation are independent of N. Such calculations give 
distributions and averages of molecular weight. The elec- 
tron micrographs also depict rather than infer the shapes of 
the macromolecules. For soluble resins, electron microscopi- 
cal data will be compared with those obtained by conven- 
tional methods. Macromolecular data may be uniquely ob- 
tained on insoluble resins by replicating the fracture surfaces 
of the embrittled resins. 


44. The Structure of Certain Aircraft Lubricating Greases. 
J. I. WitTEBorT* AND BERNARD RuBIN, Air Matériel Com- 
mand, Wright-Patterson Air Force Base, Dayton, Ohio.—Tech- 
niques of electron microscopy have been found useful in deter- 
mining the structure and morphological differences in the solid 
phase of several aircraft lubricating greases. Greases having a 
solid phase consisting of the stearate soaps of sodium, calcium, 
lithium, barium, strontium, and aluminum have been studied. 
With the exception of aluminum stearate grease each of the 
various stearate greases has a characteristic fibrous structure 
which goes to form a matted felt-like mass entrapping the oil 
phase in its interstices. The fiber size of lithium stearate greases 
gave evidence of being influenced by the chemical nature of 
the oil phase. Lithium greases having the oil phase composed 
of petroleum, diester, silicone and silicone-diester types were 
investigated. Electron microscopic methods offer a rapid and 
effective means of identifying the solid phase of lubricating 
greases and studying the effects of various chemical and 
mechanical treatments on lubricating greases. 


45. The Effect of Heating Evaporated Metal Films. R. S. 
SENNETT, University of Toronto, Toronto, Ontario.—Thin films 
of a number of metals have been heated to different tempera- 
tures and allowed to cool in vacuum and the changes in struc- 
ture and properties have been studied. In the case of thin 
silver films the aggregates became more regular with greater 
separations between them while thicker films which ap- 
peared continuous before heating became aggregated. This 
caused marked changes in the optical and electrical properties 
of the films. The characteristic maxima in the variation of the 
absorption with thickness became broader and moved to 
greater thicknesses. Also after heating the thickness required 
to show measurable electrical conductivity was greater. Similar 
changes on a smaller scale were observed in gold, chromium, 
and aluminum films. 


46. Electron Microscopy of Cotton Fiber Constituents. 
PAULINE E. HOLBERT* AND WANDA K. Farr, Celanese Cor- 
poration of America, Summit, New Jersey.—Dissection of the 
cotton fiber into its sheath-like primary wall and fibrillar 
secondary lamellae has been followed by identification of the 
constituents cellulose, pectic material, protein, and wax by 
means of microchemical, polarized light, and refractive index 
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techniques. Electron micrographs of the untreated, non- 
cellulosic, primary wall reveal no structure at magnifications 
of 5000 and 15,000 diameters. The primary wall substance is 
comparatively insensitive to the electron beam (bombard- 
ment). Dissected fibrils from the secondary wall have a much 
greater density than the primary wall material and are ex- 
tremely sensitive to the electron beam. Until suitable mounts 
were made which provided protection, the constituent cellu- 
lose particles in these fibrils suffered gross expansion and dis- 
tortion of their internal structure, although their original 
ellipsoid shape was maintained. In the final preparations the 
particles from both young and old fibers have the dimen- 
sions and physical properties of those described in previous 
publications. 


47. Electron Microscopy of Radiation Polymerization and 
Condensation Products from Controlled Experiments. JOHN 
H. L. Watson* AND MARCEL VANPEE, Edsel B. Ford Institute 
for Medical Research, Detroit, Michigan.—Solid and liquid 


residues form when certain gases are subjected to radiations, | 
As a possible new approach to the study of the reaction mech- 
anisms of radiation chemical processes these residues formed 
under controlled conditions are investigated by the methods © 
of electron microscopy, some of the physical effects of radiation | 
upon matter being observable by these means. In the present © 
experiments the gases CO, C:H2, and CH:CHCI have beeg 
bombarded individually under a variety of conditions with 
alpha-particles from radon and the residues collected directly 
upon prepared specimen screens within the chamber. The 
characteristics of the deposits are studied with varying ex. 
posure times and varying distances from the alpha-particle 
source. Information is made available on the particle size and 
shape of the solid fraction and the liquid droplets; on the rela- 
tive abundance of solid and liquid phases and on the mor- 
phology of the whole. Inferences, regarding the mechanism of 
the reactions, may be drawn from these observations. Crystal- 
line forms of the C:H: and CH»CHCL were observed clearly 

in the residues. 





